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THE RELATIVISTIC ELECTROMAGNETIC EQUATIONS IN A 
MATERIAL MEDIUM 


By N- W. TAYLOR* 
[Manuscript received August 18, 1952] 


Summary 
It is shown how the general relativistic electromagnetic equations for a material 
medium can be expressed in the form of a single four-vector density equation. The 
field tensor has six different complex components instead of three, as in the case of a 
freemedium. The classical equations are obtained by separating the real and imaginary 
parts. 
I. INTRODUCTION 
It has already been shown how, for empty space, Maxwell’s equations in 
General Relativity may be expressed as a single complex vector density equation 
from which the complete set of classical equations can be deduced by equating 
the real and imaginary parts (Taylor 1952). It was pointed out (loc. cit., 
Section VI) that this seems to be the natural generalization of the quaternionic 
form used by Silberstein (1924, pp. 46, 206) for classical and special relativistic 
theory. The purpose of the present investigation is to extend this method 
of the complex field components to the case of a material medium, for which 


D=cE, B=vH. 


Some work related to this topic has been attempted before. Following 
the success of the quaternionic notation in dealing with the electromagnetic 
equations for a vacuum in classical theory and in Special Relativity, Silberstein 
(1907) tried a similar treatment for material media. He considered the classical 
equation (our notation) 


@ = —iv curl », 
where 4 
j= VeE +iVyH 
and a 
o=elVeu. 


This is obviously unsuitable for inclusion in a relativistic theory, and besides, 
the equations div B=0, div D=p cannot be brought into this scheme. Using 
a different line of attack (1924, p. 260) he obtained the complete set of Maxwell’s 
equations for a ponderable medium in Special Relativity in terms of two quatern- 
ionic equations involving the two different bivectors (our notation) 


Bee! hs ae. oe (a) 


* Department of Mathematics, New England University College, Armidale, N.S.W.. 
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In the usual method there are two tensor equations depending on the two 
antisymmetrical tensors, each with six independent components, corresponding 
to the bivectors (a). In our notation, the components of these tensors are, 


respectively, 
0 —B, Bey 0 —H, Heya, 
ie 0 =B8; 16, and)” 2; 0 —H, iD, 
—B, B, 0 if, —H, H, 0 iD, 
if, if, if, 0 iD, —iD, —iD,; 0 J 


en eee (b) 


In this form the equations may be readily extended to the continuum of General 
Relativity. Examples of this tensor method are given in works by Silberstein 
(1924, pp. 288, 462), McConnell (1936), Costa de Beauregard (1949), and Schouten 
(1951). The method is based on the investigations of Minkowski (1910) in Special 
Relativity. He uses a matrix notation, obtaining two equations (loc. cit., p. 38, 
equations {A} and {B}) in terms of the two matrices corresponding to (b). By 
simply adding Minkowski’s two equations we have the equivalent of the single 
field equation of the present theory (equation (1)), for the special case of Cartesian 
coordinate systems. 

Sommerfeld (1948) mentions two bivectors similar to (a), but gives the 
electromagnetic equations in their usual tensor form. 


Il. MAXWELL’S EQUATIONS AND THE FIELD COMPONENTS 


Consider the equation* 
0 


ZgviDey)=J?, SEO ROR MR. WORT ITY CM SPO. (1) 
where JU is the current four-vector density 
Pe oors 
00 Von Use ICP) le ahen aoe ees (2) 


and Dvy is the field tensor density derived from the field tensor Dey, whose 
components in the geodesic Cartesian system (a, y, 2, ict) are 


Dy) hohe a 
? 


where 

F,=iK, —H,, ete. 

eens nc t A eee Pee (4) 
it will be noticed that (3) may be obtained from (b) by combining one with 
the dual of the other. However, (4) are not the components of Silberstein’s 
bivectors (a) except in a free medium, the case previously considered. 

If (1) is written out in the geodesic Cartesian system, we have, from the 

real part, 


7) 
ap tie curl H, 
div B=0, 


* Roman type shall denote tensor densities, while italics shall refer to tensors. 
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and from the imaginary part, 
OB 
“Ot 
div D==6: 
Equations (1), (2), (3), and (4) therefore define the complete set of Maxwell’s 
equations in macroscopic terms, for a material medium at rest relative to the 
observer. Instead of two sets of equations depending on two field tensors, 
each with six terms, we now have one equation depending on one tensor with 
Six distinct components. 

If it is assumed that (3) and (4) determine the classical components of the 
field in any system of coordinates, an inconsistent set of equations is obtained 
for the transformation of the field components. We must therefore postulate 
some other tensor, having fewer distinct terms, whose transformation is to define 
the field in all systems of coordinates. This tensor shall be, in the geodesic 
Cartesian system, 


=—¢é curl E 


Ew= 0 M, —M, M, ) 
= M, M, (5) 
M, —M, 0 M,z Gu Pcileheuiens:-s: ejleiete):e)re 
BON oi as Soa a 


where 
MT iB CUR. os sos 46/8 oa es (6) 

This is constructed from the first of (b), the tensor which defines the transforma- 
tion of the field components in the usual relativistic theory of the material 
medium, and it has the same form as the /¥Y which was used in the case of fields 
in free space (Taylor 1952). 

The relation of the field components in one Cartesian system of coordinates 
(zt) to the components in another system (#’¥) is then given by the transforma- 
tion equations 


where, according to our postulate we have 
ea =1b';—B',, ete. 
as well as (5) and (6). Writing this out, using the coefficients dx’v-/dx% calculated 
from the Lorentz transformation, we obtain the required classical equations 
E'",=EH,, B =f, 
RE’ _ Fa3F (0/6) Baye RB’ _ Bays -£(v/¢) L340 
IVa Me 
for the case where the space of (x) is moving relative to the space of (#-) with 
velocity v in the a direction. 
The fact that the components of Hv’ are arranged as shown in (5) can be 
stated in the covariant form 


Hev=tervotigr. Onno See Ct ecno.O Sedeongeo fo" 6 (7) 


A tensor which satisfies an equation of this type is described by the term “ self- 
dual ’’ since the operation indicated on the right-hand side (that is, the formation 
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of the ‘“dual’’) reproduces the original tensor. Guided by (7) we shall try 
expressing Evy in terms of a potential function as follows : 


Bey =(V gge-ogyt + devor) Es oe), fein eee (8) 

This identically satisfies (7). By comparing with the similar treatment for 
Fv in the case of empty space, we find that (8) includes the classical equations 

B=curl A, 

E=—grad V—A/e, 
where 

x= (Aj, A,, As, iV). 

We now show that the six-component system DY can be expressed in terms 

of Hvy and another three-component system, Bvy. Take, for the case of the 
geodesic Cartesian system at rest in the medium, 


Bu= 0 0 ys 
0 0 OMeeLe 


where 
L,=N,—F,=i(D,—E,) —(B, —G,), ete. 
This tensor vanishes in an empty region, and is of an appropriate form for 
matter at rest, since it attributes a special distinction to components involving 
a time index. It therefore seems a suitable tensor for describing the departure 
of the field, in the presence of matter, from the completely isotropic (i.e. invariant 
in form under coordinate transformations) part represented by Evy. We then 
have 
Dev = Bey + TBYY — het TR Boz, we ee ee eee (9) 

where the I, R operators denote that the imaginary and real parts, respectively, 


are taken, the factor i being preserved in the imaginary part so that 
Bev=(R+Bey. For the Cartesian system, 


IBey— 0 0 0 i(D, —E,) 
0 0 0 i(D, —E,) 
0 0 0 i(D; —E3) 
—i(D,—E,)  —i(D,—E,) —i(D,;—E;) Quy 
and 
—tetvotTR Bor = 0 (B;—H;) —(B,—H,) 0 
(hes) 0 (B, —H,) 0 
(B,—H,) —(B,—H,) 0 y 
0 0 0 


Hence (9) implies 
DY —iF,—B,+0-+(B,—H;)=if, —H,, etc. 
D“=ik, —B,+i(D, —#,)+0=iD, —B,, ete. 
as required. 
Using (9) the field equations can be expressed by one equation involving two 
tensors with complex terms, each having three distinct components. 
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It will be observed that the space-space components of the tensor Dv, 
given by equation (3), are the components of the self-dual tensor Fey, which 
has been used in the treatment of fields in free space. Since Fv is independent 
of the properties of the medium, and since it is a characteristic of the self-dual 
part that it does not indicate motion relative to the medium (being preserved 
in the same form for transformations of coordinates), it might at first seem 
more reasonable to choose #'¥¥ instead of Huy as the self-dual portion of Dv. 
However, if this were done, results would not agree with those of classical theory 
except when u=1. Hence Hy, but not Fy, is an isotropic tensor in a material 
medium in which p+. 


III. RELATIONS BETWEEN THE FIELD COMPONENTS 
The next step is to express the classical equations 
D=cE, B=vH 
for a homogeneous medium, as a single tensor equation. Since there are six 
different equations involved here, we shall attempt to solve the problem by 
assuming a completely self-dual set such as 
Dey + 4el-vot D5 7=aREey+bIRPY, 2.1... (10) 
the Evy being split up into its (self-dual) real and imaginary parts to admit the 
appearance of two constants. The comparison of (10) with the classical 
equations provides a, b in terms of ¢, pu. 
When the indices u,v—1,2 or 3,4 in a Cartesian system at rest in the medium, 
F,+N,=aRM,+01M. 
Therefore 
(i; —H3) + (iD; —B;)= —aB, +bik,, 
with similar expressions for the other components. The real and imaginary 
parts of this will respectively reduce to the third components of the classical 
equations quoted above, provided 


bimbo alates 3 toa Lia) RMIT ord cee (11) 
poles Mee ee rae 
From (10) and (11) therefore, 
Dev + detvotD go =EYY + oREYV+eIEYY. 2.2.2... (12) 


Other forms may be obtained by substituting from (9) in this equation, or they 
may be derived directly by the method just described. For example, 


commencing with the completely self-dual equation 
Dev + fe-V0T Dor =a HUY + B(BYY +4eVOT Bot), 
we find 
ae 2(e—w) a= we —1 : 
ye—2u.+1’ ye—2u+1 
In the case of a crystalline medium we require an equation reducing in the 
rest system to 
D,=¢,,H;, B,=p,H;, 
where i,j=1,2,3. The second equation may be solved to give 
There is also the additional requirement that the nine-component systems 
E;;, ~ Should be symmetrical. 
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Consider the equation* 


Dey +4evot Dox —Bey = 4 (pgR eR) Eee. Be oe mye (13) 


Since there are only three independent terms in the tensor which constitutes 


the whole of the left-hand side, and only three in the E#?, the Py and oy must 


each have only 3x3 independent components, as required. 


Using geodesic coordinates at rest in the medium, (13) gives for u,v=1,2 ; 
2,1; 3,4; or 4,3 


DY + DP EP —4(97gR cpl) Be. 
In the sums over «,8 there are four terms equal to that in which x, p==1,2. 
Similarly for «,8—2,3 and 3,1. Hence 
DY + D4 —E? = (p12R +121) BY + (pBR +281) H+ (pik eZ De®. 

Equating real and imaginary parts, this gives 

H,=912B,+0)2B,+932B,, 

D,= e}2H, + 57+ 62K). 
The formulae for H,, D, and H,, D, are found similarly. The results can be 
summarized by 


030g 299) 05 eee Teed eA 
S—t5, ai 0s Sia es aa | 

Sie StaesT 24 24 24 

&53 €3; "19 are Are ey ; etc., 

i} i ae 34 --34 34 

So, ©31 "19 Sra, "24. &e 0} 
each independent oe corresponding to one of the e;; Similarly for the 9;;. 
The symmetry of ¢,; shows that 

eV — oa 


’ 
and similarly oe 


tn = OR. 
These two latter equations are not transformable in general coordinate systems. 


In the usual theory, different methods of deriving covariant forms of the 
classical relations D=cE, B=uH have been used. Schouten (1951) obtains a 
single tensor equation with six components, while McConnell (1936) takes, for 
the more general case of the crystalline medium, two tensor equations. 


IV. THE PONDEROMOTIVE FORCE 
Consider 


we —» DARE SIe ONE)” wee Gare ane (14) 


Take the case of geodesic Cartesian coordinates. In such a system a force/power 
four-vector PY would be given by 
PU=R(W1, W2, W?), I(W4). 


* The dielectric constants must not be confused with the e-systems, in which the suffixes 
will always appear as superscripts. 
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Now 
P!=R(D¥J2+4+ D834 Dj) 
cee ; : ; 
=R} — a (Pode —F'yj3) —Mie| 
il : : 
= ((Asj2—He)s) +Djp. 
Also 
Pp = I (D4 J1 + D* J? + D4 ey 2) 
i 
=. A D. 
Therefore 


Pu=(—D-+1xH, a D). 


Hence (14) corresponds to the classical force/power per unit volume. 

The conservation of charge is deduced exactly as before. 

The law of propagation of electromagnetic waves has lost its fundamental 
significance—the velocity is no longer the same for all observers—and so the 
wave equations cannot be derived as neatly as before from the general four- 
dimensional equations. They can best be obtained by way of the classical 
equations. 


V. THE PROPAGATION OF POTENTIAL 
We now attempt the deduction of the wave equation for the potential 
function from the four-dimensional expressions. Consider the case of a homo- 
geneous isotropic medium at rest with respect to a geodesic system of coordinates. 
Equation (12) becomes 
Dev + fet-vot Dot — Hy =(pR+cl)HYY. ........ (15) 
Also, from (9), 
Dev = Hey + [Bey —detvotR Bot, 2... i. cee (16) 
From the definition of the potential function (8) and equation (7) which it 
includes, 


Buy =O pe | pero ad ae (17) 
Ey COO IGS tem aM tists. oie 3, Ss adn as Sree Sono (172) 
From (16) and (17’) 
delvot Dot — Hy + tel-vot| Bot _RBMV, ........ (18) 
Substituting from (18) in (15), 
Dev + te-vot] Bot -RBUV—(pR-+el)Hev=0._....... (19) 


We shall let Greek suffixes range from 1 to 4, and Latin suffixes from 1 to 3. 
In (19) we take p,v=4,i. Then in the second term o,z must be of the type j,k. 


But Bi*—0. Hence 
D%—RB“—oRE“—cIB¥=0. .......... (20) 


Assuming that there are no currents or free charges, we have, from (1) 
0D" /da'=0, 


8 N. W. TAYLOR 


and so, operating on (20) with 0/dx', and choosing the imaginary part, 


But, from (17) 


Un Os, ann: in ( O%5_ O*R' 
i Be seth or aa) 


Hence 


OH 0 (Ox, 0%; 
oat = Oar'\ Oa dat} 

For a reason which will appear later we cannot here use dxy/d74+—0, as in the 

case of empty space. Since x, and a* are both imaginary, (21) becomes 


0 & za) = 


Oat\ Oat dat 
Writing x,=A, x,=1V, this gives 


vv + div A0)y ty ee eee ee (22) 


Now let us take u,v=i,j in (15) and (16), noting that BY—0, and also that 
ot hag the two sets of components <¥*4— —ci4k, Subtracting the two equations 
thus obtained in order to eliminate D%, 


eth kt (OR + el) Hi —ctM4R Bo — 0, 
We next differentiate this with respect to 24. Now 


oD /dx“¥=0, 
and so 
oD*4/da4= —dD™ dx". 
Hence 
..,, ODn 9 ¥ eee) 
— eijk4 aes a! iG — = ka 9 Bs 
e aah aya PR +l) BY J a,a(RE )=0. 


From (19), using B’"=0 again, 


Din = —eknpt] prt (pR+el)H™. 
Hence 


at? ae 
See —eknpt] Bvt + (oR +ch) Bir — wal@R +el) Hii — cite 2 (RB**)—0. 


The real part of this is obviously 
Pret 5) 0 - 
eu (PRE™) a alelav)=0. ee resale! Mi" el obs tale (23) 


ann 
Now, from (17) 


pi Ox; , (Ox, OX, 
Oxi out \ dat dak!’ 


where 1,j,k is an even permutation of 1,2,3. Hence, 


i (Ohi OK 
a ie a) 


0 0 (0x, Ox 0 (ex, dx 
Annee Lo i 2 1 3 
apn RE ) males ani) +an( 35! Bet) 
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Putting 7,j=2,3 in (23) and substituting from these, 


(-O FO, - On, O«</0n, 0%, 0 [Ox, Ox 
©) aaal gat ait) + pal az an) “ata za) re 


Substituting for v4 and x, this is seen to be the x-component of 
=A +- grad V+o grad div A—9\?A=0. 
Putting 7,j=3,1 and 1,2 gives the other components. This can be written 
“HK —V2A-+grad (aiv A+%y) ep iy eoter: (24) 


In order that the propagation of the scalar potential V and the vector 
potential A should be consistent, we require 


div A+=V=k, eh rt ee (25) 


where k is a constant, usually taken to be zero. This causes (24) to be reduced 
to 


cu ee 
VA=—aA, 
and on substituting in (22) gives 
eu ee 
We fern A 


The condition (25) shows why it was not possible to assume dxy/dv4+—0, 
asforempty space. This equation must be replaced by the (covariant) statement 
that all components of the potential function are propagated with the same 
velocity. 
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THE SURFACE TEMPERATURE OF THE*MOON 
By J. CO. JAEGER* 
[Manuscript received November 10, 1952] 


Summary 

Results of numerical calculations are given for (i) the fall in surface temperature 
during a lunar eclipse, (ii) the variation in surface temperature at the equator during 
a lunation, and (iii) the variation in microwave temperature at the equator during a 
lunation. These calculations are made on the assumption that heat is lost from the 
surface by radiation according to the fourth power law. Two models are considered, 
firstly, that in which the surface material of the Moon is homogeneous, and secondly, 
that in which it consists of a thin skin of poor conductor on a better conducting sub- 
stratum. 

The experimental results are discussed in the light of these calculations and it is 
found that none of the proposed models fits them all adequately, and, though there is 
a slight preference for the thin skin model over the homogeneous solid, it is not possible 
to discriminate between the two on the information at present available. 


I. INTRODUCTION 

Observations of the surface temperature of the Moon have been available 
for many years and attempts have been made to deduce information about the 
nature of the surface from them. The theoretical background necessary for 
such attempts is the theory of conduction of heat in the semi-infinite solid with 
prescribed supply of heat at its surface from the Sun, and with loss of heat 
from its surface by radiation according to the fourth power law. The accurate 
fourth power law must be used because of the large range of temperatures 
involved, and, since this makes the problem non-linear, calculations are difficult 
and must be carried out numerically. The object of this paper is to give 
numerical information about the solution of this problem for a fairly wide 
variety of cases, and also some discussion of the experimental results. 


In considering the radiation from the Moon as a whole, each element of its 
surface may be regarded as a semi-infinite solid with its own thermal properties 
and angle of incidence of the Sun’s rays. To get a strict comparison between 
theory and experiment it would be necessary to integrate the emission from 
these over the relevant portion of the disk, but as a first approximation all that 
can be done is to assume that the restricted portion of the disk observed in the 
optical experiments will behave as a sort of average semi-infinite solid, and to 
determine the properties of this material. 


-With regard to the nature of the surface material, three possibilities are 
to be recognized. Writing K, o,c, and x=K/oc for the thermal conductivity, 
density, specific heat, and diffusivity of the material, and using ¢.g.s. units, 
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calorie, and °K., these are: (i) normal igneous rock for which (Kec)-* has a 
value of about 20, (ii) a granular or cellular substance such as pumice or lava 
gravel for which (Koc)? is of the order of 100, or (iii) fine dust for which 
Wesselink (1948) has shown that, under the conditions of low atmospheric 
pressure existing on the Moon, (Kec)-+ will be of the order of 1000. It has algo 
been suggested by various authors that the surface layers may not be homo- 
geneous in depth, for example, that a thin layer of dust might lie on the surface 
of a better conductor such as gravel or solid rock. It will be assumed throughout 
that the thermal properties of the material are independent of temperature ; 
in view of our ignorance of the nature of the material it seems hardly worth while 
introducing the additional complication of variation with temperature: this 
matter is referred to again in Section II. 


Three types of experimental information are available, (i) infra-red observa- 
tions of the fall in temperature during a lunar eclipse, (ii) infra-red observations 
of the variations in surface temperature during a lunation, and (iii) observations 
of the variation in radio-microwave temperature during a lunation. Any 
proposal about the nature of the surface must be consistent with all three. 


II. EcLipsE OBSERVATIONS 


Pettit and Nicholson (1930) in 1927 and Pettit (1940) in 1939 made observa- 
tions of the fall in temperature of the surface during a lunar eclipse. Epstein 
(1929) attempted to calculate the thermal properties of the surface from the 
results for the 1927 eclipse and obtained a value of 120 for (Kec)-? from which 
he concluded that the lunar surface is covered with some substance such as 
pumice. He used a linear theory (in effect assuming that the surface loses 
heat at a rate proportional to the fourth power of its initial temperature instead 
of to the fourth power of its actual temperature), and it was pointed out by 
both Wesselink (1948) and Jaeger and Harper (1950) that, when the accurate 
fourth power law of radiation is used, a much higher value is obtained: both 
these authors give single curves calculated for values of (Kec)? of the order 
of 1000 and compare them with the experimental results. A family of such 
curves for various values of (Koec)-? is given in Figure 1 which makes the com- 
parison with experiment clearer. 

The problem in conduction of heat proposed by the eclipse experiments 
may be stated as follows. The homogeneous semi-infinite solid # >0 is initially 
at constant* temperature v) (°K.) and in equilibrium with the solar radiation 
Eov,' absorbed by it, where # is its emissivity and o is the Stefan-Boltzmann 
constant. During the penumbral stage of the eclipse, the radiation absorbed 
from the Sun may be written Hov,‘f(t), where f(t) can be calculated from the 
circumstances of the eclipse and vanishes at the beginning of the umbral phase. 
During both umbra and penumbra the surface loses heat at the rate Hov,', 


* The initial temperature is in fact that due to the monthly periodic variation of surface 
temperature ; if this is used instead of the constant value the change is very small. 
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where ¥, is its temperature. Then if ¢, is the duration of penumbra, and v is the 
temperature in the solid, the equations to be solved are : 
ay 1 dv 


Prk prem eo, tO.) teense poise (1) 
D=U5, o20,) t=), 9 eet kee (2) 
with the boundary condition at 7=0 
ie =—Nov'—Movsft), 0ctaig «-.4s- esas (3) 
=Hov', the ons (eee (4) 


Because of the occurrence of the fourth power in (3) and (4) the problem is 
non-linear and a simple explicit solution for v cannot be obtained. Wesselink 
(1948) and Jaeger and Harper (1950) have made numerical calculations using 
Schmidt’s method which is very well adapted to problems of this type (cf. 
Jaeger 1950). 

In Figure 1 a family of curves showing the ratio of the surface temperature 
v, to the initial temperature v) as a function of ¢/f) is given: the curves are 
specified by the single parameter 


and the chosen values of P are 2, 1-5, 1, 0-2, and 0-03, corresponding, for 
to =74 min., 4 =370°K., and H=1, to values 1370, 1026, 685, 137, and 20 of 
(Koec)-?. The time interval used in the Schmidt process was ¢,/20 or 3-7 min. 
For f(t) a smooth curve drawn through some figures given by Pettit and Nicholson 
(1930) has been used ; this is the curve marked ‘ Insolation ”’ in Figure 1; the 
temperature is not very sensitive to the form of f(t) and in fact a linear 
fall f(t) =(t—t)/t) gives curves very little different from those of Figure 1. 

The results of Pettit’s 1939 eclipse observations are shown by the crosses 
in Figure 1 and reasonable agreement is obtained if P lies between 1-5 and 2, 
that is (Kpc)-* between 1370 and 1030. The values P=0-2 and 0-03 correspond 
to pumice and bare rock respectively, and it appears that the possibility of any 
large proportion of the surface being covered with these is quite ruled out. As 
remarked above, Wesselink (1948) has shown that values of (Koc)-? of the order 
of 1000 are likely for dust under lunar conditions, so it seems probable that the 
surface, or a very considerable fraction of it, is composed of dust. 

The most notable discrepancy between the calculated curves of Figure 1 
and the experimental values is that the latter fall more slowly in the umbral 
phase. Both Jaeger and Harper (1950) and Lettau (1951) remark that this may 
be due to an increase of thermal conductivity, either with depth or with 
temperature. 

Variation of conductivity with temperature is an attractive explanation 
but a difficult one to discuss. Some calculations have been made with con- 
ductivity varying as the cube of the absolute temperature but these yield curves 
which still fall too rapidly in umbra. 

The other explanation, an increase in conductivity with depth, which could 
easily be provided by a layer of dust on a substratum of rock or pumice, 
can easily be made to give an adequately slow fall of temperature during umbra. 


ta 
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Further, Piddington and Minnett (1949), in interpreting their microwave results, 
Suggested a model consisting of a thin layer of dust on a better-conducting 
substratum. Using a figure given by them, Jaeger and Harper (1950) give a 
family of curves for various possible surface layers and get a best fit with 2 mm. 
of dust on a substratum with (K oc)—* of the order of 100. 
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Fig. 1.—Fall in temperature during a lunar eclipse. The numbers on 
the curves are values of the parameter P. The crosses are the 
experimental values of Pettit. 


To sum up, the eclipse observations at present point definitely to a surface 
with (Koc)? of the order of 1000, which may be interpreted as dust, and suggest 
that there may only be a few millimetres of this overlying a better conductor. 
Eclipse observations are much the most satisfactory for a comparison of theory 
and experiment and it is to be hoped that more will be made so that it may be 
possible to settle some of the questions raised above. 
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TIT. Tue VARIATION OF THE SURFACE TEMPERATURE AT THE EQUATOR 
DURING A LUNATION 

This has been observed by Pettit and Nicholson (1930) with results which 
are rather disappointing from the point of view of theoretical interpretation. 
During the lunar day the temperature reaches a maximum of 374 °K. and 
is very nearly in equilibrium with the insolation. During the lunar night 
observations are very difficult and Pettit and Nicholson give the single figure 
of 120-+15 °K. at lunar midnight. 
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Fig. 2.—Surface temperature of the homogeneous solid. 
The numbers on the curves are the values of (Koc)-?. 


Wesselink (1948) has given a single curve, calculated for (Koec)-?—920 by 


the Schmidt method, which is in reasonable agreement with Pettit and Nicholson’s 

results. This method is not very suitable for this problem, and Jaeger (1953) 
has developed a method which permits fairly rapid calculations for periodic 
problems of this type ; this method, with 20 intervals, has been used for all the 
calculations described subsequently. 

The problem now is to find the steady periodic solution of period 7 of the 
equation of conduction of heat (1) for the semi-infinite solid #>0 with boundary 
conditions at «=0 

Ov Qrt it 


Ky =Hov'—A COS Ts l¢#|<57, sileyisjrelic, (eileveli eis eis (6) 


=Hov', -T <t<Gf, eee ane, (7) 
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where A is the amplitude of the insolation. In all the calculations below we 
shall take H=1,; this is justifiable since the emissivity of the lunar surface is 
known to be high, and reducing the value of E to 0-9 is found to make a change 
of at most one or two degrees in temperature. The value 0-0258 cal. em.—2 sec.—1 
will be used for A ; this quantity again is not well known and varies with position 
in the orbit, but a 10 per cent. change in A gives a change of only one or two 
degrees in temperature at lunar midnight. 
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Fig. 3.—Surface temperature of a solid for which (Kec)-?=125, 
covered by askin of poor conductor. The numbers on the curves 
are the values of D specifying the skin. 


Figure 2 shows the surface temperature of homogeneous semi-infinite solids 
with the boundary conditions (6) and (7) and with the values 1000, 500, 250, 
125, and 20 of (Kec)-?. Taking 120 °K. as the temperature at lunar midnight, 
and having regard to the large uncertainty in this value, it appears that values 
of (Koec)-} between 200 and 1000 are possible and in particular, as remarked by 
Wesselink, that dust with (Kec)—! of the order of 1000 will satisfy both the eclipse 
observations and the present ones reasonably well. 

Next, in view of the suggestion from the eclipse and microwave observations 
that a two layer model consisting of a thin skin of poor conductor on a better- 
conducting substratum may fit the results better, it is desirable to make calcula- 
tions of the surface temperature with this model. Since the skin is thin its 


B 
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thermal capacity may be neglected* for these long period processes, and the 
model becomes that of a skin of thermal resistance R on a substratum with 
thermal properties K,p,c. The situation may be described in terms of two 
parameters, (Kec)-#, and 

Deals Koe)-Aik. | ae ak 2 Coen ee (8) 


Since the results are most interesting if the substratum is a much better 
conductor than the skin (which we shall assume in the calculations to be dust), 
only the values 20 and 125 for (ec)? will be considered. Also, since Piddington 
and Minnett (1949) have deduced the value D=v2zx from their microwave 
observations, the results have been calculated for this value and simple fractions 
of it. The results are shown in Figures 3 and 4 for (Kec)-?=125 and 20, 
respectively. The curves for D=oo are those of Figure 2 for the homogeneous 
solid with no surface skin. It appears that the effect of decreasing D is to lower 
the night-time curves and to flatten them, an effect similar to that remarked in 
the eclipse calculation. It would be most interesting to have complete experi- 
mental curves during the lunar night for comparison. 

It appears that ‘“‘ midnight ”’ temperature as low as 120 °K. can be attained 
with suitable values of D. For solids with (Kpec)-? of 20, 125, and 250 the 
necessary values of D would be of the orders of 0-1, 0-6, and 2 respectively. To 
see the orders of magnitude involved, suppose the skin has conductivity K’ 
and thickness d, so that R=d/K’. If we assume the skin to be dust with the 
reasonable values K’=2-8 x10-%, p’=1-8, c’=0-2, (K’p’c’)-4=1000, the values 
of its thickness d for various values of R and (Koc)-* are shown in Table 1. 


TABLE | 


THICKNESS OF DUST CORRESPONDING TO VARIOUS VALUES OF D anv (Koc)~? 


)-3 250 125 20 


2°5 0-45 0-22 0-04 
1-25 0:89 0-45 0-07 
0-625 0-89 0-14 
0:25 0-36 
(iol 0-89 


It appears that in all cases skins of thickness less than 1 em. are involved. 

It may be concluded that, as for the eclipse observations, the results are 
reasonably well fitted either by a homogeneous solid for which (Kee)-?=1000 
or by a layer of such a solid some millimetres thick on a better-conducting 
substratum. 


* It should perhaps be remarked that the thermal capacity of the skin is not neglected in 
the eclipse calculations ; in fact much of the heat extracted in the penumbral phase comes 
from the skin. 


OO 
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IV. RADIO-MICROWAVE OBSERVATIONS 
Rock material is partially transparent to radio microwaves whose wave- 
lengths are of the order of 1 cm. Thus the radiation observed from a solid on. 
these wavelengths is not determined merely by the surface temperature but is 
the total effect of emission from a region near the surface. If v is the temperature 
at depth «# below the surface of the semi-infinite solid, we shall call 


the microwave temperature at normal incidence. Here « is an attenuation 
coefficient characteristic of the material and depending on its electrical con- 
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Fig. 4.—Surface temperature of a solid for which (Kec)-?=20, 
covered by a skin of poor conductor. The numbers on the 
curves are the values of D specifying the skin. 


ductivity. If the surface is seen from a direction included at 0 to the normal, 
a is to be replaced by «sec9. The whole question is discussed in detail by 
Piddington and Minnett (1949). 

Formulae for the calculation of microwave temperatures are given, by Jaeger 
(1953). They involve two parameters, (Koc)-* and 

CORPO OEE ear ce cisuae itt ueetc how (10) 

Microwave temperatures at normal incidence, for the homogeneous semi- 

infinite solids for which (Koc)-* has the values 1000 and 125, and with the 
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boundary conditions (6) and (7), that is, for the Moon at its equator, are shown 
in Figures 5 and 6 respectively. It appears that decreasing C reduces the 
amplitude of the oscillation and increases the phase lag of the maximum. C=a 
gives the surface temperature as in Figure 2. 

Microwave temperatures may also be calculated for the case of a 
homogeneous solid covered with a thin skin of poor conductor of negligible 
heat capacity and from which the microwave emission may be neglected. In 
this case three parameters are involved, viz. (Kec)-*, D, and C, so that it is 
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Fig. 5.—Microwave temperatures for a homogeneous solid 
for which (Kec)-=1000. The numbers on the curves are 
the values of C=a(x7’)?. 


impossible to give complete results, but the values of the maximum, mean, and 
minimum temperatures for a number of cases are shown in Table 2, while curves 
for the case 


D2 CV ln ech eee ee (11) 


which is of special interest in connection with the work of Piddington and 
Minnett, are given in Figure 7. 


The comparison of the experimental microwave results with theory is 
extremely difficult. It is possible only to observe the whole disk, and not a 
relatively small area of it as in the optical case: further, the sensitivity of the 


SURFACE TEMPERATURE OF THE MOON 19 


equipment varies with position in the aerial beam. Thus the observed result 
is an average over all latitudes and longitudes, allowing for the angle of emergence 
of the radiation and position in the aerial beam. Piddington and Minnett. 


TABLE 2 


MAXIMUM, MEAN, AND MINIMUM MICROWAVE TEMPERATURES FOR VARIOUS VALUES OF THE 
PARAMETERS C AND D 


| 
(Kec)-?= 1000 (Kec)? = 125 (Kec)-?= 20 

D Cc Max. Mean Min. Max. Mean Main. Max. Mean. Min. 
ice) (ee) 310) 241 89 SOOUEL OT LAs 347 264 207 
5-0 325 9211 114 329° 237~- 164: 22D OL Oe 

2-5 298 211 134 306 237 #179 308 264 229 

1-25 269 211 157 ee VEY iI) 7/ 292 264 240 

2-5 00 304 8231 170 308 257 218 
5-0 284 231 #185 294. 257 227 

2-5 27 23K 195 2845257 233 

1-25 257 231 206 275 257 241 

1-25 oe) rks) ORAS NGL 289° 251 221 
5-0 263 226 193 DYE 43) e+) 

2-5 254 226 200 Dey Psi BBR 

i-25 244 226 208 265 251 239 

0-25 (oa) 210 23225 
5-0 DHE DR) BX) 

2-5 O41 232) 9223) 

1-25 938 232 226 

0-1 io) 227 219) 20 
5:0 Dey pal iT 

2°5 223 219 214 

1-25 02 ee | OumeeG 


represent their results for the average temperature over the disk by the sinusoid 


amt * Tc 
239 +40°3 cos ee) Sty SRC ore eee (12) 


From this they deduce 
2rct i) 


249 +52-0 cos (a yi 


for the microwave temperature at normal incidence at the equator (that is, the 
quantity calculated above). Clearly, the derivation of (13) from (12) involves 
a great deal of approximation. Finally, they conclude from the phase lag of 
45° in (13) that the surface layer of the Moon cannot be regarded as homogeneous 
but can be represented fairly well by the thin skin model mentioned above and 
subject to the conditions (11). 
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Fig. 6.—Microwave temperatures for a homogeneous solid 
for which (Kpc)-?=125. The numbers on the curves are 
the values of C=«(xT)3. 
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Fig. 7.—Microwave temperatures for a solid with a surface 


skin for which D=C=‘V2r. The numbers on the curves 
are the values of (Koc)-3. . 
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Their discussion has been criticized by Bracewell (personal communication) 
who has shown by a more refined analysis of the experimental results (involving 
both phase and amplitude) that, while a best fit is obtained with values near to 
(11), a wide range of variation in these parameters is consistent with the experi- 
mental results and in particular that the homogeneous solid is not altogether 
ruled out. 

Comparing (13) with the results of Table 2 and Figure 7 , it appears that it is 
difficult to fit both the optical and microwave results with any model. The 
discrepancy is essentially between the rather high mean temperature demanded 
_ by the microwave results and the rather low temperature during the lunar 
night which the models of Section III were designed to fit. If either of these is 
relaxed somewhat, reasonable agreement can be obtained with either a homo- 
geneous solid with (Koc)? in the range 500 to 1000 or with a thin layer of such a 
solid on a substratum with (Koc)~? of the order of 100; the third possibility, 
that of a thin layer on a substratum of rock with (Kpc)-? of the order of 20, 
seems less likely because it leads to low values of the amplitude of the oscillation 
of the microwave temperature. 
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EMISSION OF RADIATION FROM MODEL HYDROGEN 
CHROMOSPHERES 


By J. T. JEFFERIES* 
[Manuscript received October 8, 1952] 


Summary 

On the basis of earlier work of Giovanelli (1949), the characteristics of the radiation 
fields of Ha, La, L8, and the Lyman continuum have been calculated for model solar 
atmospheres consisting of a photosphere and an overlying chromosphere which scatters 
coherently, and which is isothermal at one of a number of kinetic temperatures in the 
range 1x10* to 2:5 x10° °K. 

The computed central intensities (of Ha«) suggest that the kinetic temperature 
of those regions responsible for the observed solar H« radiation lies somewhere in the 
range up to about 3:5x10!°K. The best agreement with observation, for those 
temperatures considered, is obtained for 2-5 x 104 °K., with an electron concentration 
2x10" per cm.* at the base of the chromosphere. Too much reliance should not be 
placed on this result, for the obvious non-uniformity of the solar chromosphere and 
its effect on the hydrogen lines has not been taken into account. 

The effective black-body temperature for the centres of the La and L@ lines and 
for the Lyman series limit have been calculated ; the results indicate that the intensities 
in each case pass through a maximum at a kinetic temperature about 5x104°K. The 
half-widths of La and L@ show a steady decrease with increasing temperature up to 
5x104°K.; for higher temperatures the half-width increases. 

The contours of La and H« have also been computed on the basis of a simple model 
of non-coherent scattering in which the absorbed radiation is redistributed over a 
Doppler profile ; the results indicate that the type of scattering is unimportant for Ha, 
but may considerably modify the profiles of the Lyman lines. 


I. INTRODUCTION 

The discovery that the temperature in the Sun’s atmosphere increases 
outwards has stimulated studies of the emission of radiation from hot atmos- 
pheres, such, for example, as those of Thomas (1948, 1949), Giovanelli (1949), 
and Miyamoto (1951a, 1951b). There is considerable uncertainty, however, as 
to the temperature distribution in the chromosphere, and to assist studies on, this 
Subject, and on the temperatures of disturbed solar regions such as flares and 
prominences, computations are given here of the radiation emitted by model 
hydrogen chromospheres over a temperature range 2-5 x105 to 104°K. Below 
10* °K. collisions between neutral atoms become relatively important, but as 
there are no data for the excitation cross sections for these collisions, it has not 
been possible to extend the calculations tu lower temperatures. 

Investigations by Thomas (1948, 1949) and Giovanelli (1949) on the intensity 
of Lyman and Balmer radiation in the solar chromosphere, the former assuming 
a temperature of 35,000 °K., the latter 25,000 °K., have yielded results in 
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substantial agreement. The methods adopted by the two authors were rather 
similar, and involved calculating the equilibrium populations established in a 
hydrogen atmosphere when transitions between atomic states take place as a 
result of electron collision or the emission or absorption of radiation. Using 
an equation of radiative transfer, atomic populations and radiation, intensities 
were obtained. 

More recently Miyamoto (1951a, 1951b) has dealt with the excitation of 
hydrogen and helium in a 30,000 °K. chromosphere. The results obtained for 
hydrogen are generally in quantitative agreement with those obtained here. 

The present method follows closely that of Giovanelli, although itnproved 
collision cross sections have been used. The distribution of intensity in the 
Lyman, continuous spectrum and the profiles of La, L8, and Ha are obtained 
for chromospheres having a scale height either defined by the observed chromo- 
spheric electron gradient, or appropriate to hydrostatic equilibrium. Electron 
concentrations assumed for the base of the chromosphere range in general from 
10" to 10% cm.-*. Results are obtained first for an atmosphere which scatters 
coherently ; non-coherent scattering is considered in Section IX. 


II. List oF PRINCIPAL SYMBOLS 


The more frequently occurring symbols are as follows : 
T, kinetic temperature, 
2, vertical height above the base of the atmosphere, 
ey, ay, “true’’ emission and absorption coefficients for radiation of 
frequency vy, 
By, defined as Hy/a,, Hy being the total emission, coefficient, 
Ay, A’y, Scattering parameters in the chromosphere and photosphere 
respectively, 
Jy, total monochromatic intensity, 
N,, concentration of hydrogen atoms in the /th substate, 
N+, electron, and proton concentrations, 
Ny, N, at the base, 
6, electron density gradient in V,—N, exp(—f2), 
AqN,, rate of absorption of Lx radiation per unit volume—similar symbols 
are used for L@ and Lyman continuum absorption, 
ty, optical depth for the appropriate radiation, 
T%1, 71°, values of t at the base of the atmosphere ; at an arbitrary frequency 
and at the centre of the line (or series limit) respectively. 


III. THe EQUILIBRIUM EQUATIONS 
‘The outward diffusion of radiation from an atmosphere which scatters 
coherently is given by the approximate relation (see Giovanelli 1949) 


dy =Arey/ayAv +dy exp (V32vtv) +by exp ( == V/3rvtv), AS ( 1) 


where Jy is the total intensity of the radiation ; ey and a are respectively the 
emission and absorption, coefficients ; Ay is a scattering parameter, and is the 
probability that an atom which undergoes an upward transition under the 
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influence of radiation will be ionized, or return to the ground state by some 
process not involving the emission of radiation of frequency vy ; and ty is the 


g . . . 
. optical depth defined by v= | aydz. This solution of the equation of radiative 


transfer assumes that 4 is constant and ¢/« is either constant or varies linearly 
with optical depth. To satisfy these restrictions and simplify the calculations 
we consider the radiation emitted by an atmosphere of uniform electron con- 
centration and thickness equal to the scale height. 

The values of ¢, «, and 4 depend on the populations of the various atomic 
states and on the kinetic temperature of the atoms, which we assume equal to 
the electron temperature. 

The populations may be obtained from the condition that, at equilibrium, 
the rate at which atoms arrive in any quantum state is equal to the rate at which 
they leave. This may be expressed by the following general equation for the 
jth substate : 


XA); +Bn Ne tL(vyj)IN i +yj, NF +5,NF 
i 


aes jt pe LE (Ving) L(y Vi9i) TEji WV, 1N;, cree (2) 


where NV, and N, are respectively the concentrations of atoms in the / and j 
substates; WN, is the electron concentration, assumed equal to the proton 
concentration ; A,,,N, is the rate of the spontaneous atomic transition /—j ; 
6,,,N.N, is the rate of the collision excitation or de-excitation for the transition 
lj, and I(v,,,)N, is the rate of the same transition under the influence of radia- 
tion. The terms on the right of equation (2) are the corresponding transition 
rates for processes which remove atoms from the j substate. The last two terms 
on the left of equation (2) represent the rates of spontaneous and three-body 
recombination ; corresponding terms on the right represent the rates of ionization 
from the j substate due to absorption of radiation and to electron collision 
respectively. The rate of the transition /—j induced by radiation, denoted by 


I(v,,,)N,, is given by 
I(v,,,)N, =|" PT varydy 


The set of simultaneous equations represented by (1) and (2) cannot be 
solved exactly. Following Giovanelli (1949) we shall restrict consideration to 
the 18, 28, 2P, 38, 3P, 3D, and ionized states, and in equations (2) put the 
intensities of Ha and of the Balmer and Paschen continua in the chromosphere 
equal to those in a black body at 5000 °K., assumptions which do not greatly 
influence the results obtained. 


IV. THE TRANSITION RATES 
The rates of radiative transition between two substates of the hydrogen 
atom, i.e. the A,,,’s in equation (2), are well known (see, e.g. Unsold 1938). 
The terms {,,; and 6’;,,. which represent collision excitations, may be 
calculated from the appropriate excitation cross sections as functions of the 
energy of the exciting electrons. Values of the cross sections for excitation from 
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the 1S and 2P states for a number of energies, calculated on the assumption of 
Born’s approximation, were kindly made available by Dr. D. R. Bates, of 
University College, London. Some of these have subsequently been published 
(Bates et al. 1950). 

TABLE 1 


RATES OF COLLISION BXCITATION 
(10° N,N, cm.* sec.—*) 


T (°K.) 1828S 18S—>2P 1838S 1S—>3P 1S—3D 2P—3S | 2P—-3P | 2P-+3D 
1-0 x 104 1-08 x10 | 3-82x10-4 | 2-51 x10-* | 9-14x10-* | 9-90x107” 18:3 27-4 191 
1-5 x10* OF ON 1052s) 2221 X10; 4 | 2 86x10" 1-08 K10e? | te x04 35-3 53°7 417 
2-5 x 104 1-46 X10 | 5-83x10™ | 1-28 x10 | 5°:10x10™ | 5:40x10— 56-9 85-6 773 
5-0 x 104 1-50 7°06 2-01 x10 | 8-90x10 | 9-14x10~? 77-6 107 1210 
1-0 x10° 4-40 25-4 7-26 x10 3°83 3-69 X10? 86-0 101 1450 
2°5 x 105 6-42 46-8 1-20 7:64 6-76 x 1073 80-0 74-4 1385 


The rates of electron collision excitation have been found from these values 
by numerical integration assuming a Maxwellian energy distribution for the 
electrons at an electron temperature 7’, results being givenin Table 1. Rates of 
collision ionization and spontaneous recombination are given in Tables 2 and 3. 


TABLE 2 


RATES OF COLLISION IONIZATION 
(10-7N,,N, cm. sec.~) 


(KS) 1S—1 2S, 2P—>14 38, 3P, 3D1 
1:0x 104 6°41 x 10-8 8-70 x 10-2 2-86 

1-5 x 104 1:38 x 10-5 3°83 x 10-4 5°40 

2°5 x 104 1095c1, Or 1-15 8-49 

5:0 x 104 Zr SOO Oe 2°50 WOU D 
105102 1:46 x 1071 aol 1:13 x10 
2°5x105 3°68 x 10-2 3°48 9°27 


It is worth noting that because of corresponding changes in the rates of 
superelastic collisions, uncertainties in cross-section data have in many cases 
little effect on the computed populations and, therefore, on the emergent 
radiation. 

Inelastic collisions resulting in transitions between states of very small 
energy separation as, for example, 2S—>2P are of some interest. Purcell (1952) 
has recently calculated the cross section of this transition using an impact 
parameter method finding that proton collisions are considerably more important 
than, electron, collisions, the effective cross section being of the order of 107’ra)?. 
Such a high cross section would greatly simplify our calculations since the 28 
and 2P states would be populated in the ratio of their statistical weights ; similar 
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conditions would presumably apply in other fine structure states. Because it 
still seems uncertain, however, whether cross sections computed in the above 
way yield reliable results for states of very small energy difference, we have 
chosen, to neglect 2S-+2P transitions. From results obtained here, it would 
appear that this type of transition will have little effect, in any case, except at the 
higher temperatures where the 2P and 28 populations are markedly different. 


{TABI iO 


RATES OF SPONTANEOUS RECOMBINATION 
(10-15 ,? cm.—* sec.—*) 


T (°K.) i>18 i>28 | 138 
1-0x 104 2:07 x 102 2°15 x10 5-20 
1-5 108 1-56 x 102 1:60 x10 3°77 
2-5 x 104 1-14 102 1-11 x10 2-52 
5-0 x 104 7:30 x10 6-36 1-31 
1:0 10° 4+51X10 3-4] 6-68 x 10-1 
2-5 x 105 2-10 10 1:36 |} 2-44x10-72 


However, the emergent H« intensity is unlikely to be significantly affected, 
even at these temperatures, because of the small optical depth ; the La intensity 
computed here may be slightly low. 


V. THE POPULATION OF THE BASE STATE 
In a model chromosphere at 25,000 °K., the ratios of the 2P and 3P popula- 
tions to that of the ground state are effectively maintained by the absorption 
and re-emission of Lyman line radiation (Giovanelli 1949); i.e. the rates of 
radiative excitation AxN, and AgN, defined by 


AoW, = [2 vavdv/hkv and AgN,= [2 vaydy/hy 


may be respectively equated to Agp,>Nop and Agp,,N3p, where Aj;,, is the 
appropriate spontaneous transition probability. The same results apply to the 
cases considered here, provided the atmosphere is optically thick to the Lyman 
line radiations. In this case the total intensities of L« and L@ inside the chromo 
sphere will be given by J=4re/ai. 

We now evaluate N, on the assumption that this relation holds (in the 
chromosphere) for all electron temperatures ; this assumption will be shown to 
break down for the higher temperatures, for which a different procedure is 
required. 


For any given temperature, it may then be shown (Giovanelli 1949) that 


2 
YN, Sn ae Se Oe (3) 


to within a factor less than 2 over the range of V, from 10" to 1012 cm.-3, AN, 
being the rate of photoelectric ionization from the ground state per unit volume, 
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and A and B numerical constants obtained directly from the equilibrium equa- 
tions. Value of BN, are shown in Table 6. If A, is neglected in comparison 
with BN, a procedure whose validity is discussed later, the approximate values 
of NV, shown in Table 4 are obtained. 


TABLE 4 
BASE STATE POPULATIONS : FIRST APPROXIMATION 
(SEE TEXT) 
fh N, 

(Gis) (Gea) 
TOSGLOE 6-86 x1074N, 
Ta >G10* 82718: < 1052 Ne 
2°5 x 104 2°09 x104N, 
5:0 x 104 8-78 x 10-*N, 
E-0><105 1-28 x10*N, 
2°5 x 105 2°63 x 10-7N, 


The total optical depth of the chromosphere at the centres of the Lyman 
lines and at the Lyman series limit may readily be calculated, using the approxi- 
mate base state populations given in Table 4, from the relation 


= =| Ay AZ, © 141-9; 8) (ofele lis) eie! feel (e! vo ysreleKe (4) 
0 
where ts 
Oyyp = 2°83 KX 10?9N,/vo? per cm. for Lyman series limit, 
=6-02x1029N,/V2 per cm. for the centre of La, 
and 


=9-66 X10-4N,/VT per cm. for the centre of Lp. 


Values of the optical depth in the Lyman continuum and of the quantities 
V/3n1,° for La and L@ are shown in Table 5 for Ny»=5x10" cm.-, 
6=6 x10-* cm.-1, N, being the electron concentration at the base of the chromo- 
sphere, and the electron gradient. 


TABLE 5 
OPTICAL DEPTH OF HYPOTHETICAL CHROMOSPHERES FOR LYMAN RADIATION (SEE TEXT) 


CK) V/ 3dr, °(Lex) V34,°(LB) | 71 (Lyman Limit) 
1-0 104 5-85 x 104 9-90 x 104 4°53 x 102 

1:5 x 108 7-30 x 102 1-23 x 108 5-82 

2-5 x 108 1-84 10 2-76 x10 1:40 x 10-4 
5-0 x 104 6-65 xX 10-2 9°70 x 10-1 5-78 x 10-8 
1:0 108 7-32 x 10-2 8-51 Xx 10-2 8-45 x 10-4 
2-5 x 105 9°38 x 10-3 1-18 x 10-2 1:73 x 10-4 
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It can be seen that the optical depth of the chromosphere is appreciable 
in the Lyman continuum, for temperatures of 1-5 x 104 °K. or less, and may 
be small for the Lyman lines when the temperature is 5 x10*°K. or more, 
depending on the value of N,. We shall now reconsider the values of N, in 
such cases. 

(a) Effect of the Lyman Continuum 

Neglecting reflection at the base of the chromosphere, the total mono- 
chromatic intensity in the Lyman continuum, Jy, at the top of the chromosphere 
is given by the relation (see Giovanelli 1949, equation (73)) : 


Jy=n@GH-2[1 —(1+a) exp (—a)—a?Hi(—a)], .... (5) 
where 
G=1-72 x 10-87-32 exp [(EH,'—hy)/kT], 
H=2-83 x107 N,N y, 
a=N,16-, 
and 


—Hi( —a)= | i [exp (—a)/x]da. 


HE,’ is the ionization potential and the other symbols have their usual meanings. 
If T>2:5x104 °K. it may be seen from Table 5 that self absorption in the 
. Lyman continuum will be small and so the intensity of this radiation inside the 
chromosphere may be taken equal to that escaping from the top, which is given 
by equation (5). 
When T is appreciably less than 2-5 x104 °K., the optical depth becomes 
much greater than unity and so the intensity Jy will be approximately equal to 
4rBy, where By is defined as the ratio of the total emission coefficient to the 
absorption, coefficient and for the Lyman continuum is given by (cf. Giovanelli 
1949, equation (20)) 
B _ 6-1 10-83 exp (H,'—hv)/kT 
Vis NT /2 ©, © ey 6) ele. wi @ebe le ieel el 
Assuming for simplicity that the function f(a)=1—(1-+a)e*—a?Hi(—a) 
of equation (5) is independent of frequency, which introduces no great error, 
and substituting numerical values we find that 


i oo J yaydy 
A= 5 | oR =1-19 x10°J,[b+2b? +53], ........ (7) 


for T>2-5 x10* °K., where b=kT/hvy and J, is the intensity at the head of the 
Lyman continuum. 


For T<2:5 x10* °K., Jy~4rBy inside the chromosphere, so that 


3-25 x10-7N,2 
VPP 


Ne exp (#,'/kT){ —Bi( —H,'/kT)}. 


Thus, since H,'/kT>1 at these temperatures 


ey a 
Sa ce Bh ee (8) 
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Values of A, obtained in this way are given in Table 6 for two values of the 
electron concentration. For T>2-5x104°K., where A, is in general much 
less than BN,, photoelectric ionization from the ground state may clearly be 
neglected. 

At the lower temperatures, 1 x 104 and 1-5 x 104 °K., values of A, obtained 
by using the approximate NV, given in Table 4 are of the same order as the BN 
terms. We may find both A, and \, in this case by combining equations (3) 
and (8). Ground state populations determined in this way are as follows : 

T CK) NE 
Si ce ci Rie 6:09 x10-1N, 
1-5 x104 7-33 x10-3N, 

These values are little different from those of Table 4. 


TABLE 6 
COMPARATIVE VALUES OF A, AND BN, (SEE TEXT) 


A, 
T 
(°K.) BN, 
N,=5 x 104 N,=10# 

| 
1-0 x 104 0-0171 0-0342 3-63 x 10-2, 
1-5 x 108 2-12 4-24 2-13 x10-4N, 
2-5 x 104 16-4 64 6-52 x 10-2N, 
5-0 x 104 42 149 9-65 x10-°N, 
1-0 x 105 110 364 3-96 x 10-8N, 
2-5 x 105 92 347 8-67 x 10-8N, 


(b) Effect of the Lyman Line Radiations 
For T>5 x104 °K. the ground state populations will be greater than those 
shown in Table 4, since the rate at which atoms are removed from this state 
by absorption of La and L6 radiation is less than the rate of entry from the 3P 


and 2P states. We shall now compute JN, in this case. 

The intensity of Lyman line radiation at the base of the chromosphere may 
be seen from results of Giovanelli (1949) to be given approximately by : 

Ate 2 exp (—27,V/32) 
- = ot we | . (9) 
A 142V2)3+(1 —2V/2/3) exp (—27, 32) 
which may be written as 
Jy=k(4re/aa). 

The values of As and Ag to be used in calculating the constants A and B 

of equation (3) should then be no greater than k times the values obtained by 


assuming the atmosphere to be optically thick to La and Lf. 
Using Table 5, the approximate values of the k’s may be calculated, and 


are found to be given, for the line centres, by ka~kg=10~ for 7T=10° °K. and 
kaczkp=10-+ for T=2-5 x10° °K. 


Jy 
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Substituting the new values of Ax, Ag in the equations for NV, we find 


eK) N, 
1 x105 3-50 x10-"N, 
2-5 x105 7:38x10-7N, 


Although these values of NV, will, in turn, modify the values of k, the resulting 
change in J, is insignificant. 
TABLE 7 


BASE STATE POPULATIONS FOR HYPOTHETICAL 
CHROMOSPHERES (SEE TEXT) 


TCI) N, 
1-0x104 6:09 x10-1N, 
1-5 x 104 7°33 x10-3N, 
P< Me 2-09 x 10-4N,, 
5-0 x 104 8:78 x10-*N, 
(or 2-0 x10-5N,) 
ia) s< (oe 3°50 x10°N,, 
225X105 7°38 x10-7N, 


The values of NV, adopted here for V,<10!" cm.~* are set out in Table 7. 
These values include the effect of photoelectric ionization at low temperatures 
and of the small optical depth in the Lyman lines at high temperatures. The 
results should be correct to within a factor of about two. 

For T=5 x 104 °K. (where the optical depths in L« and L@ are about unity), 
the value of NV, shown in brackets has been used for V,<5 x10" cm.-3; this 
is the value obtained by application of the appropriate correction factors to 
Aw and Ag, as above. 


VI. THE LYMAN CONTINUUM 

The values of V, shown in Table 7 may be used, with specified values of N,, 
6, and temperature, to calculate Jy from equation (5). These results, expressed 
in terms of the equivalent temperature for hemispherical radiation from a black 
body, are shown graphically in Figure 1. Giovanelli’s value for T=2-5 x 104 °K. 
and N)»=10" cm.~* is also plotted and it will be seen that the improved cross 
sections have not significantly affected the results. 

Emission of Lyman continuous radiation reaches a maximum at a 
temperature of about 5 x10* °K. At high temperatures, where the atmosphere 
is effectively transparent, the emission depends only on recombination and so 
falls off as 7-3. 

VII. THe LyMAN LINES 


The intensity of the escaping radiation in the Lyman lines is given (Giovanelli 
1949) by 


nat = 1+exp (—2t,V3)) 
aA (1422/3) +(1 22/3) exp (—2t, V32) | 
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On substituting numerical values of ¢/x and A (estimated by the method 
used by Giovanelli (1949)) into (10), the central intensities of the Lyman, lines 
Shown in Figure 2 are obtained for Ny=5 x 101! cm.-3, 6B=6x10-° cm.-!. Ag 


r 


10"7cm.3 


EFFECTIVE TEMPERATURE AT 
LYMAN SERIES LIMIT (103 °K.) 


ioe 
ELECTRON TEMPERATURE (°k.) 


Fig. 1.—Effective temperature at the beginning of the Lyman continuum 
for Nj—10'* 5.104; and 10" icm-—3) 6 —6 X10 em:s!: 


in the case of the Lyman continuum, the intensity of the emergent radiation 
passes through a maximum at T~5 «104 °K. 

The contour of a Lyman line may also be obtained from equation (10). 
Calculations show that A does not vary very rapidly with electron temperature, 


EFFECTIVE TEMPERATURE (104 °k,) 


10° 10° 
ELECTRON TEMPERATURE (°K.) 


Fig. 2.—Effective temperature at the centre of Lx and L®. 
ISiee ly SC Cay 3, (SOO em.—!, 


and so the factor governing the intensity at a frequency of v) --Av is the optical 
depth, which takes the form PN, exp[—y(Av)?], where P and y are quantities 


which decrease with increasing 7. 
(S 
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At the lower temperatures for which V3A7,°>1, the ratio Jo/(47e/aA) 
is effectively independent of 7, and so the frequency at which this ratio is 
reduced to one-half will be such that V3i 7, is almost constant with 7. 

For high electron temperatures where V3i 7,°<1, the profile of the emission 
line is undisturbed by self absorption, and is, at least not too far out in the wings, 
of the Doppler form. Consequently, at half-width, exp[ —y(Av)?]=4, and since 
y varies as 7-1, the half-width of the line varies as 7’. The term half-width 
is used for La and Lf to denote the distance from the line centre at which the 
intensity has dropped to one-half of its value at the centre (our half-width is 


TABLE 8 


HALF-WIDTHS OF La AND Lf 
Ny=5 X10 em, B=6x 10-9 cm: 


uD Le Lg 
(°K.) (A) | (A) 
NkO se UF 0-18 0-155 
ileayec I 0-17 0-15 
2-5 >< 104 0-16 0-14 
HOSGLO# 0-12 0-11 
1-0x105 0:14 0-12 
2°65 x LO 0:22 0-18 


sometimes known as the ‘ half-half-width’’). The half-width increases with 
the value of the electron concentration at the base of the chromosphere— 
through the neutral atom concentration—for all temperatures, although the 
increase with Ny may become negligible at high temperatures. The calculated 
half-widths, in Angstrom units, for the Lx and L@ lines are tabulated in Table 8 
for Ne=—5 x10" em.-*, C=6 x10" cm 


VII. Tot Ha INTENSITY 

Whereas the Lyman lines are of much greater intensity than the neighbouring 
continuous spectrum from the photosphere, the H« line appears dark against a 
brighter photospheric continuous spectrum. The computation of the Ha 
contour is thus much more complicated, in that photospheric radiation cannot 
be ignored. The contour, which depends on the optical depth of the chromo- 
sphere, may be determined either by the chromosphere, by the photosphere, or, 
as is more probable, by a combination of both. In general, the chromosphere 
exerts its maximum effect near the centre of the line, where its optical depth is 
greatest. In the far wings, where the chromosphere is transparent, the computa- 
tion of the contour will need to take account of the change with wavelength of 
the photospheric absorption and scattering coefficients. 

In investigating these matters, we do not propose to consider in detail the 
processes of photospheric absorption and scattering, nor to take into account 


— oe 
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variations in physical conditions with optical depth. It is sufficient to assume, 
in the photosphere, By to be constant, and that the scattering parameter dy’ 
does not change with optical depth. In the chromosphere we again take 
4ne/xd and A to be constant both with frequency and with optical depth. The 
approximate solution of the equation of radiative transfer then becomes 


I= +0 exp (V3) bexp(—V3i0). ...... (11) 


in the chromosphere, and 
J = AmByey xp (— VENT) ave den sakes aces (12) 


in the photosphere, a, b, and y being integration constants and + and +’ being 
optical depths measured from the top of the chromosphere and photosphere 
respectively. For the sake of clarity, frequency subscripts have been omitted. 


To obtain the required intensity of the radiation in the chromosphere we 
make use of the boundary conditions that (i) across the interface of the two 
atmospheres the intensities and fluxes are continuous, and (ii) at the outer 
boundary of the chromosphere there is no incident radiation. These conditions 
are equivalent respectively to 


aI, Oy 
FoF 0 Oe Oe 
at the interface, and 
2 a3, a 
3 apa at t=0. 
With these conditions we find that 
ae Stk 2 eee a a (13) 
1—3V 1/3 
V2’ (4rce/ak —47- By) +b(V 2’ — V2) exp (—V3AT}) 
> (VA+ V2’) exp (V3A7,) : 
ie oh Ae a ee re (14) 


where 7, is the total optical depth of the chromosphere and B, is the value of 
By at the top of the photosphere. 

At the outer boundary J,=4re/zA+a-+b. Substituting values of a and 6 
found from the solutions of the equations (13) and (14), we find that the emergent 
intensity is given by 


FEF P28 a a a (15) 
where | 
4tte And BAY VX) exp (—2%, V3) =i 
Jo= oH | (1+42V2/3)(VA+EV2') +(1—2-V2/8)(VWA— V2) exp (—27,V3A) 
and 
. AV IBV exp (—V3A7,)[4r¢/0d —40By] 
= 


~ 142V2/3)(VA+V 2) (1 —2-V9)8)(VA— V9’) exp (—27,.V30) 
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In estimating the value of B, in (15), we may note that over the wavelength 
range concerned, B, is independent of frequency. In the far wings of Ha, 
where + tends to zero, 


2V 2/3 
(= TU. 0° 
129/373 
Since, as will be shown later, A4’=1 here, 
4 By 
=_ EET OP ne (16 
14+ V3/2 


This, however, represents the emergent continuous radiation which for the case 
of the Sun at Ha approximates to the hemispherical radiation from a black body 
at 6150 °K. Denoting this by J,,, we have, from (16), 


dn bee EV SOE oe ee eee (17) 
Finally, substituting for 4B, from this equation into equation (15) we find 
J,.= 
ae (VA+V2') +4-V AN /3 exp(—V BAT) +(VA—V 2) ieee TY) 
an D 


2(1 42/73) Van’ exp(—V3a7,)J, 
D = ny Gracey esee ue eRe ener oasicctees (18) 


where 
D=(14+2V/3)(WA+ V2‘) +(1 —2V/9]3)(W A —V'2) exp( —27, VA). 


We shall now consider the evaluation of ¢/« and of A and 2’ in equation (18). 


(a)-The Ratio e/a 

The ratio </x depends to some extent on the H« intensity, a lower intensity 

allowing a higher population in the metastable 2S state. Consequently the 

evaluation of ¢/x and « from the equilibrium equation must be in terms not only 

of atomic constants, but also of the rate of absorption of Ha quanta by atoms 

in the 28 state, which may be written 

i J yaydy 

Bay ee 


Since the maximum value of ay occurs at the centre of the line, and Jy varies 


Nos-3pN o5= 


less rapidly with v than does ay, the integral is given quite closely by (Jy/hvp) } ay dy 


© 


where J, is the intensity at the centre of the line. 

The emergent radiation at the centre of the line comes, on the average, 
from regions where Vv 3At°=1, and a study of conditions at this level enables 
e/x, and consequently the Ha intensity, to be estimated. The approximate 
electron concentration at this level has been obtained by assuming a suitable 
value for the Ha intensity—in the case of the Sun this corresponds approximately 
to that inside a black body at 5000 °K.—calculating V3r2° in terms of J, 


and finding V, for V3A1°=1. For V3Az,°<1 the values of ¢/x and « have been 
computed for the electron concentration at the base of the chromosphere. 


OE a a ———— a 
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(b) The Scattering Parameters 
The photospheric scattering parameter ’ is defined by the equation 


Oy 


Cy + Xy 4G, 


where oy and xy are the coefficients of scattering and “ true ” absorption for the 
Ha line, and x is the coefficient of continuous absorption by negative hydrogen 
ions, at the frequency v. Values of x) may be obtained from tables given by 
Chandrasekhar and Breen (1946). To evaluate Ay’ we make use of A,, the line 
scattering parameter defined by the equation 


1—a)y’ 


— Ov 
re eRe ee (21) 
Then from equation (20) 
; Oy +Xy Xo 
= IN 
4 Oy +Xy +X L Aeeene fae 
ayAy %o 
a ccc ccc eee 24) 
dy +X ay tx ( ) 


aS cy+xy=—ay. We see at once that, as ay—0, Ay’>1. 

.To estimate A, we make use of the result obtained by calculation that the 
Ha scattering parameter in the chromosphere has a value (about 0-35) which is 
relatively insensitive to variations in V, or 7; for the high rate of spontaneous 
3P—-1S transition, which is independent of the physical conditions, determines 
its magnitude. For higher J,, collision transitions from the 3-quantum state 
would become increasingly more frequent and A approach unity. Thus A, 
will differ from A only if collision transitions from the 3 states are much more 
important in the photosphere than in the chromosphere. 

Using cross-section data based on general theorems due to Bohr, Peierls, 
and Placzek (1949) for low energy inelastic collisions, it may be readily shown 
that, in the photosphere, transitions from the 3P state are still predominantly 
spontaneous provided the electron concentration does not. much exceed 
1015 em.-%. In the layers responsible for the radiation in the wings of Ha, 
however, NV, may exceed this value, and it is a little difficult to see what A, will 
be. It is possible, however, to obtain its value in the wings from observation, 
as shown later, and as this also turns out to be about 0-35, it presumably applies 
closer to the line centre, where collision transitions will be of less importance. 


In the wings of Ha the optical depth of the chromosphere is effectively zero, 
and the emergent intensity can be obtained by substituting t,=0 in equation (18), 


when we find 


ds ope eee. 5 8) ga ee (23) 
J 12 iy /3 
Hence 
3 Yy 2 
ee Hagen caanate « 4 
a Amaaak Ce 


where 7y=dy/J,,. 
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Far enough away from the line centre, the Ha absorption coefficient may 


be written 
oy =D Av Ayn is oso tee eerie (25) 


where b is a function of V,;, Nap, and V,. Its dependence on JN, arises from the 
Stark broadening of the energy levels, compared with which natural broadening 
may generally be neglected in the photosphere. 


From (25) and (22) we find 


or 


1)" 1p de 
where g=x,/b and #=(Av)?. 
This relation may now be compared with observations of the contour of Ha 
emitted by the sun. 


ie) 10 20 30 40 sO 60 7O so 90 100 
2/0 
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Fig. 3—Graph of 1/(1—A’) v. (Ad)? for Ha; see text. 


Figure 3 shows 1/(1—Ay’), obtained from Evans’s (1940) results via equation ~ 


(24), plotted against (Av)?. From the linear nature of the graph it would appear 
that, beyong 4 A from the centre of the line, the effective values of A; and x%/b 
are constant, being 0-35 and 4-3 x10-*4 sec.?._ Using data given by Chandra- 
sekhar and Breen (1946) and well-known expressions for Stark broadening (see, 
e.g. White 1934), the ratio x9/b may be calculated, for a gas in thermodynamic 
equilibrium, in terms of V,(=N)and 7. The value found above is numerically 
equal to that which would be obtained for an atmosphere in thermodynamic 
equilibrium at about 5700 °K. if the energy levels are Stark broadened and 
N,=10 cm.-%, and 6000 °K. if N,=108 em.-3. 

Equation (26) may be used to calculate Ay’ from 2, and g. Itis clear that 
if the wing intensities are now computed from equation (23), they must fit 


a 


RADIATION FROM MODEL HYDROGEN CHROMOSPHERES 37 


Evans’s experimental results over the region of wavelengths where the curve of 
Figure 3 is linear. 

Evans’s results from the H« contour were used in plotting Figure 3, since 
they provide data at a large number of wavelengths. The photospheric para- 
meters have been also computed from the means of four sets of observations 
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Fig. 4.—Ha contour calculated for T=2.5 x 104 °K., Ny>=2 x10" cm.-3, 
B—=6x10-* cm.—!, compared with observational results. 


(Minnaert 1927; Thackeray 1935; Evans 1940; ten Bruggencate et al. 1949), 
the resultant values of a, and A, obtained being 


ba 10% 
Pe (Aglay 
A,=0-37, 


for 

LOS? em 
This value of A, is closely equal to the value computed for the chromosphere, 
so that A, may be taken to be constant for the whole line. 

Figures 4 and 5 show Ha contours computed from these data for 
T=2-5 x104 °K., No>=2x10"§= cm.-*, and B=6x10-° cm.-1. Figure 5 also 
shows the effect of an increased electron concentration at the base of the chromo- 
sphere. The shape of the line is clearly sensitive to Np. 
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Central intensities of the emergent Ha line have been computed over the 
full range of temperatures, with the approximation Avy =A. For a given 
electron concentration WN, at the base of the chromosphere, the intensity depends, 
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Fig. 5.—Contour of Ha near the centre of the line calculated for 
No=2<10!* em. and No—5< 10 em.=* wath) T2555<10* ik, 
6=6 x 10 em-at: 


through the optical depth, on the electron gradient @. Results of calculations 
are shown in Table 9 for 8B=6 x10-® cm.—? and in Table 10 for an atmosphere 


in hydrostatic equilibrium. These tables show the contributions of the chromo- 
spheric and photospheric components to the central intensity of the emergent 
TABLE 9 


CONTRIBUTIONS OF CHROMOSPHERE AND PHOTOSPHERE TO HX CENTRAL INTENSITY 
6=6x10-° cm. 


ot - 
(cm.~*) 
5 x 1012 1022 5x10 | 104 

T | 

(°K.) | 
1:0x 104 9 0 9 0 9 0 9 0 
1:5 x 104 12 0 12 0 12 0 12 2 
2-5 x 104 16 0 16 0 16 0 14 16 
5:0 104 62 0 62 0 42-5 2 68 
1:0x105 128 0 50 = 48 14 59 Oe 275 
2°5 x 105 81 63 0 76 0 6 | 0 176 

| 


H« radiation in units such that the intensity of the surrounding continuum 
equals 100. The chromospheric component is shown on the left of each column. 
The total central intensity is given by the sum of the two components. 
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The central intensities depend upon the optical depths and for the lower 
temperatures, T’<2-5 x 104 °K., should be fairly reliable. For 72-5104 ALES 
however, the optical depth is more difficult to estimate owing to the low value 

TABLE 10 


CONTRIBUTIONS OF CHROMOSPHERE AND PHOTOSPHERE TO Ha CENTRAL INTENSITY 
HYDROSTATIC EQUILIBRIUM 


~ No 
(cm.~3) | 
OS 1012 | 5x10 104 
a | | 
CE) S| | 
1-0.x 108 | 0 9 0 9 0 
15x 104 | 12 0 12 0 12 2 
2-5 x 104 0 16 0 14 16 
5:0 104 | 30 0 30 o | 9 61 
1:0 105 | 68 0 4] 28 0 73 
2-5 105 | 30 62 | 2 73 0 76 
| 


of V3dz,° in the Lyman lines, making the calculated ratios N. ap/Ni5 and N,p/Ny5 
somewhat uncertain. Nevertheless the errors in central intensity should not 
be very great, as the errors in photospheric and chromospheric contributions to 
some extent balance one another. 


TABLE 1] 
CENTRAL INTENSITIES AND HALF-WIDTHS OF Ha AT VARIOUS CHROMOSPHERIC 
TEMPERATURES 
We 5>61 04 ems, Sb — 6 x 10s tems 
Te Central Half-widths 
(°K.) | Intensity (A) 
TO <104 0:09 0: 64 
1°5X104 | 0-12 0-71 
2-5 x 104 0:16 0-86 
5:0x 104 0:67 ~3 
1-0'x 105 0:73 ~4 
2-5x105 0:76 ~4 
Observed Bs ae 0-166 0:79 


Half-widths of the emergent H« lines for various physical conditions may 
be calculated from a knowledge of the quantities occurring in (18) and are 
shown in Table 11, together with central intensities, for Ny=5 x10" cm.~* 
and §==6 x1022em.—\ 

When the optical depth in H« is very small, the emergent intensity will be 
given approximately by equation (23) which, from equation (26), represents a 
line of half-width about 4 A, and central intensity about 0-75 J,,. 
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On the other hand, when the central intensity is relatively low the photo- 
spheric component contributes to the emergent radiation as soon as the chromo- 
spheric optical depth becomes small enough to allow it. In normal circumstances 
this occurs about 1 A, or even less, from the centre and consequently the half- 
width in this case is controlled by both photosphere and.chromosphere, being 
of the order of 0-5 A. This accounts for the very great differences among 
the values of the half-widths.shown in Table 11. 

The mean central intensity and half-width from the above four sets of solar 
observations are given at the bottom of the corresponding column of Table 11. 
The agreement between observed values and those calculated for T=2-5 x 10% °K. 
is probably only fortuitous, owing to the approximate methods involved in the 
calculations and the uncertainty in the data. It would seem, however, that 
observations are compatible with temperatures up to about 3-5 104 °K. in 
those regions of the chromosphere which give rise to the observed Ha radiation. 


TX. NON-COHBRENT SCATTERING 


The results obtained above for the contours and central intensities of the 
Lyman and Hz lines are based explicitly on the assumption of coherent scattering 
whose intensity is independent of direction. We shall now obtain the form 
of the contour in La and Ha with a simple model of non-coherent scattering 
whose intensity is still uniform with angle. We assume that non-coherency is 
introduced by a Doppler shift in frequency associated with a Maxwellian velocity 
distribution at the kinetic temperature 7’, implying that the finite width of the 
line is due to thermal velocities alone. Doppler shifts are not uniformly 
distributed with angle, but for simplicity the angular variation is neglected. 
This should give reasonable results at frequencies not too far from the centre of 
the line. 

With coherent scattering a quantum of frequency v’ which is absorbed and 
subsequently scattered is re-emitted with the same frequency. In the present 
case, however, the probability that the frequency of the scattered quantum will 
lie between v and v+dy is given by 


p(v)dv= V y/x exp[ —y(v—v,)2]dv, .........00- (27) 
where 
_ [to 
vl bE yy’ 


M being the mass of the hydrogen atom. Then the total energy emitted per 
second from unit volume into unit solid angle per unit frequency range is 


(1—A) Vy /x exp[—y(v yf Jy'ay'dv’ 
0 


y= An ty, 


where cy is-the “ true’’ emission of the medium. 


For simplicity we take Jy’ to be constant for all frequencies and equal to Jo, 
the value at the centre of the line, an assumption which makes little difference 
to the value of the integral. ; 
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Since aa exp[—y(v—v )2] over the region of Doppler absorption, it 
follows that equation (28) then becomes 


Loe ie (a oe ND 
re A) exp[ i Vy) JJor%o ore ae (29) 


and 
_fy _(1—A)Jy , &v 
= es po eo oe 

Making use of Eddington’s approximation we may write the equation of 
radiative transfer in the form (see, e.g. Rosseland 1936) 


1 Oy _ 


By 


3 dpe Uy 4 By, Mijfe ala iet iste) "ssi us| ale), sel sitsrs an (e's) Sire (31) 
which by equation (36) gives 

1 Ody Arey 

3 ane cy Ng my tid bere (32) 


Assuming, as before, that A is uniform throughout the atmosphere, and that 
4ne/xA 18 constant or varies only linearly with optical depth, the solution of 
equation (32) for the central intensity is 

Ip +a exp (V3At) +b exp (—V3At), ........ (33) 


where subscripts in v, have been omitted on the right-hand side. 
Substituting J, from (33) we find 


2 — oe 
u Coa, ee —})[a exp (V3rkty) +b exp (—V3akt)], 
3 Oty? ar 
2p Ras Ie RR na (34) 
where t,=kty, that is, k=exp y(v—v)?. 

The solution of (34) follows simply, giving 
Jy= FA exp (V3ty) +B exp (—V3ty) 

x 

Ar. exp (V3Akty +b exp (—V3rktv)). Bic ote nts or (35) 


The relevant boundary conditions are the same as in the case of coherent 
scattering and are applicable to each frequency. For Lyman line radiation, 
evaluation of the constants a, b, 4, and B gives the following expression for the 
emergent intensity 


inejan 2 SE 5 Re ee eee & (36) 
where a 
R,=(1+exp (—27,"V3)] 
| 1—2 (1-42k-V4/3 +(1—2h-V973) ats; 
fe isa 142V2/3+(1—2V 0/3) exp (—27,°V 3A) | 
442/73 + —2/3) exp (—27,"V3) 
an Leah 1-texp (—27,°V/3A) | = 
a i 4277/3 +(1—2 V2/3) exp (—27,°V 3A) 
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For Ha, the expression for Jy is very unwieldy but follows in a straight- 
forward manner on application of the boundary conditions. 

The La and H« intensities at various distances from the line centres are 
shown in Tables 12 and 13. The calculations are made for an atmosphere with 
T=2-5x10!°K. and §8=6x10-® cm.-1. N,)=5x10" em. for La and 


TABLE 12 
EMERGENT INTENSITY ACROSS La 
Pe Deiy <08 Ke B= Oe Om? CMsen eg —= i> One Gone 


Air | Non-coherent | Coherent 
(A) Scattering Scattering 
0 0 0-018 
0:05 0-022 0:°018 
0:10 0-041 | 0-018 
0°15 0-156 0-011 
0:17 0-298 0-004 
0:20 0:442 0-001 
0-225 | 0-419 0 

0°25 0°149 0 
0:°275 0-025 0 

0:30 0-002 0 


2x10" em.-? for Ha. The double entries in the second and third columns of 
Table 13 represent the chromospheric (left) and photospheric (right) components 
of the emergent radiation. With Ha, non-coherent scattering over a Doppler 


TABLE 13 
EMERGENT INTENSITY NEAR THE CENTRE OF Ha 
= 25 XO? eee ==6 <i O52 Crd G0 Grae 


Ar Non-coherent Coherent 

(A) Scattering Scattering 
0 0-158 0-008 0-158 0-008 
0°14 0-161 0:009 0-158 0-012 
0:29 0-166 0-019 0-152 0-038 
0:43 0: 164 0:072 0-133 0:127 
0°57 0°136 0: 266 0: 092 0-320 


profile is assumed in both the chromosphere and photosphere. This restriction— 
to a Doppler profile—means that we are only able to compare the profiles near 
the centre of the line as the two cases are clearly not comparable in the wings. 
It will be seen that the contour of the Lyman line is considerably affected by 
the introduction of non-coherent scattering; the H« contours are practically 
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identical for coherent and non-coherent scattering in the particular case 
considered. 

With the Lyman lines, the introduction of non-coherent scattering results 
in a broadening, and formation of an M-shaped contour in the emergent line, as 
may be seen from Table 12. The contours at the base of the atmosphere are 
similar for both types of scattering, each being flat-topped. The non-coherent 
profile is, however, still the broader of the two. It is clear that the computed 
central intensities of all lines will be the same as those obtained on the assumption 
of coherent scattering since, by replacing Jy with Jo in the integral of equation 
(34), we have recovered the equation of radiative transfer for the case of coherent 
scattering. 

The very great difference in behaviour between the La and Ha contours 
for coherent and non-coherent scattering is due primarily to the differences in + 
for the two lines. In the case considered, the absorption coefficient for La 
radiation is of the order of 100 times that for Ha, at the centre of the lines. La 
quanta are virtually trapped at the centre of the line, but may escape freely 
in the wings when their frequencies are redistributed by non-coherent scattering. 

The variation of the shape of the contour with kinetic temperature may 
readily be seen. At temperatures greater than 5 x104°K., the optical depths 
in H« and La for normal values of 2 and Ny, are so small that chromospheric 
scattering is unimportant. At temperatures below 5 x10*°K., non-coherent 
scattering broadens the contour, the M-shaped profile appearing when the 
optical depth becomes fairly large. 


X. DISCUSSION 


It is rather difficult to see to what extent the results obtained in this paper 
may be applied to the Sun. The only direct observational evidence which is 
available for check is the H« contour, in particular the central intensity and 
half-width. The computed values of these quantities are based on an 
approximate solution of the equation of radiative transfer, whose terms are 
calculated with reasonable values of NV, variations of which do not in general 
greatly affect the computed central intensity. 

In, the absence of a detailed knowledge of the physical structure of the 
chromosphere it seems difficult to improve on the approximations, or to estimate 
the error involved. It seems, however, that on the models adopted here the 
results quoted for central intensities should be correct to rather better than a 
factor of 2 at the lower temperatures, and so we should be justified on the basis 
of the computed central intensities in saying that the kinetic temperature of the 
regions responsible for the observed Ha radiation lies somewhere in the range 
below 3-5 x104 °K. 

It is possible to make some inferences on, the chromospheric temperature 
from observations of the H« profile. The observed rapid initial increase in 
intensity as we move away from the centre of the line must almost certainly 
be attributed to the effect of photospheric radiation penetrating the 
chromosphere, rather than one due solely to variations in the composition of 
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the chromosphere, since calculations indicate that the quantity 47</aA does not 
vary sufficiently with electron concentration for this latter effect to be significant. 
The most important parameter in determining the contour at a given electron 
temperature is the total optical depth, which in turn depends on No, the electron 
concentration at the base. If this is large enough, the intensity of the emergent 
line will be effectively constant for some distance from the centre, as may be 
seen from Figure 5. The value of WV, for T=2-5 104 °K., which best fits the 
observations, is 2x10" cm.-*, and this is the value adopted in Figures 4 and 5. 


For P=10' °K. and Ng=2 x10" cm; V 3A7,°230. This is rather too large 
to allow the photosphere to contribute at all before A=0-5 A. For this temper- 
ature the central intensity is rather low, viz. 0-09, suggesting that, if it possesses 
a temperature in the range discussed here, i.e. 104 °K. or more, the Ha-emitting 
region of the chromosphere has a temperature of at least 1-5 x 104 °K. 
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NEUTRONS EMITTED IN THE DISINTEGRATION OF BERYLLIUM 
BY DEUTERONS 


By A. J. DyER* and J. R. Birp* 
[Manuscript received November 25, 1952] 


Summary 


Neutrons obtained by bombarding a thick beryllium target with 600 keV. deuterons 
were studied by the photographic plate technique at angles of emission of 0, 90, and 
150°. Five previously reported neutron groups were confirmed giving energy levels 
of B’ at 0-73, 1-75, 2-20, and 3-64 MeV. An additional group corresponding to an 
energy level of 2-85 MeV. was observed and the evidence for regarding these as genuine 
beryllium neutrons is discussed. The Q-value for the ground state transition is found 
to be 4-35+0-02 MeV. which agrees with the value 4:36+40-04 deduced from the 
most recent masses. 


I. INTRODUCTION 

The energy spectrum of the neutrons obtained from deuteron bombardment 
of beryllium was first investigated with cloud chambers by Bonner and Brubaker 
(1936) and Staub and Stephens (1939), and their results indicated the presence 
of energy levels in B’° at 0-7, 2-2, and 3-6 MeV. An early demonstration of 
the photographic plate technique for neutron detection gave similar results 
(Powell 1943). Whitehead and Mandeville (1950) using [ford C, emulsions 
showed the presence of a further level at 5-1 MeV. ) 


Using a bombarding energy of 3-4 MeV. and a thin beryllium target, 
Ajzenburg (1951) demonstrated that neutrons hitherto attributed to the D-D 
reaction were in fact a genuine beryllium group, and reported levels at 4-8 MeV. 
and higher energies. Pruitt, Hanna, and Swartz (1952) obtained similar results. 


A study of the reaction Li’(«,n)B' by Haxel and Stuhlinger (1939) indicated 
levels at 0-8, 1:3, and 2-1 MeV. 

The y-radiation from the excited B? nucleus, has been studied by Rasmussen, 
Hornyak, and Lauritsen (1949) who suggested levels at 0-412, 0-713, 1-017, 
1-42, 2-14, 2-86, 3-58, and 5-16 MeV. and commented on the possible existence 
of an equally spaced set of levels 0-713 MeV. apart. Not all of these levels, 
however, are necessary to explain the observed y-radiation. 


The purpose of the present experiment was to investigate further the 
possibilities of weak neutron groups from this reaction and verify the existence 
of the 1-79 MeV. level reported by Ajzenburg. 


* Physics Department, University of Melbourne. 
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II. EXPERIMENTAL TECHNIQUE 

A thick target of beryllium metal 2 mm. in diameter mounted on a thin 
copper dise was bombarded for 100 wAh. by a 600 keV. deuteron beam. Pre- 
liminary investigations using a thin evaporated target gave insufficient yield 
for the detection of weak neutron groups. 

Quarter sections of 50u. [ford C, plates were placed at various angles to 
the incident deuteron beam and with the surface of the emulsion in the direction 
of the neutron flux. The plates were supported by fine wires inside a thin-walled 
brass doughnut at a distance of 12 cm. from the target. The two straight edges 
of each quarter section were used to locate the plates to within 0-5° of the 
required angles. 

Prior to use the plates were vacuum dried overnight and a phosphorus 
pentoxide drying agent was used to prevent absorption of moisture by the 
emulsion during the exposure period. 


III. MEASUREMENTS 

Measurements were made on plates exposed at 0, 90, and 150° to the 
deuteron beam over areas subtending +1° at the target. The range distribution 
of the proton recoil tracks was measured at two magnifications covering the 
energy intervals 0-3 and 2-5 MeV. respectively. Proton recoils were selected 
which made an angle of not more than 5° with the neutron direction. This was 
effected by accepting tracks whose initial direction lay within 5° lines marked 
on an eyepiece graticule, and whose angle of dip in the unprocessed emulsion was 
less than 5°. Taking into account the known depth of focus of the objectives 
used and the emulsion shrinkage factor (Martin 1949) the restriction on the angle 
of dip requires that the beginning of the tracks be in focus for 10 and 20u at 
high and low magnification respectively. 

The eyepiece scales used for range measurements were calibrated against a 
Grayson ruling, which had been checked with a Hilger travelling microscope, 
and all range determinations are considered to be accurate to within 0-3 per cent. 

A total of 4200 tracks which had their whole length within the emulsion 
was recorded. 

The observations were plotted as energy distributions in intervals of 100 keV. 
using a range-energy curve deduced from the work of El-Bedewi (1951), Rotblat 
(1951), and Dyer (1952). 

These distributions were then corrected for the variation with energy of the 
neutron-proton scattering cross section (Bailey et al. 1946; Lampi, Freier, and 
Williams 1950) and the loss of tracks from the emulsion (Richards 1941). 

At each angle the observations for the two magnifications were then 
normalized using the overlapping regions. The angular distribution of the low 
energy peak was measured separately under constant conditions of observation 
and used to adjust the ordinate scale of the three curves to express the actual 
variation of neutron intensity (Fig. 1). 


~ 


IV. ANALYSIS OF RESULTS 
In order to obtain the “‘ mean thin target ” energy for each neutron group 
it was necessary to make a thick target correction and the results for each peak 
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Fig. 1.—Neutron spectra. 


were put into the integral form. This is a straightforward procedure for well- 
separated peaks (e.g. peak 6) but where overlapping peaks occur a suitable shape 


for each must be deduced. 
D 
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Livesey and Wilkinson (1948) showed that a differential thick target 
distribution can be expressed in the analytic form 


fly) se —erf (7 7a t 


where the abscissa y is measured from the mean thin target energy. This 
expression is obtained by superposing a Gaussian straggling distribution of 


26) 
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Fig. 2.—Normalized integral curves. 


variance o? on an exponential function e~24v, which describes the theoretical 
neutron spectrum deduced from the excitation function. <A value of o of about 
0:2 MeV. was found to fit the observed straggling and two sets of theoretical 
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integral curves were drawn with o equal to 0-16 and 0-24 MeV. for a range of 
A of 1-9 MeV.-. 

From the dynamics of the reaction it is expected that will be independent. 
of energy for neutrons observed at 90° and will slowly decrease with energy at 
0° and increase at 150°. Making use of this information together with the 
theoretical curves, the overlapping peaks were resolved and values of A and o 
found which fitted the observations in every case. In this way a set of curves. 
for each spectrum was obtained and the total number of tracks in each curve 
was normalized to unity (Fig. 2). 

The mean thin target energy can be obtained by the method of Livesey and 
Wilkinson in which the extrapolated energy from the theoretical curve is applied 
as a correction to the experimental extrapolated energy. This requires the 
drawing of the steepest gradient which is an inherently difficult procedure. An 
alternative method is to determine the fraction of the total number of particles 
having an energy greater than the mean thin target energy from the theoretical 
curve, and to find the energy for which this fraction occurs on the experimental 
curve. In most cases the results obtained by the two methods were nearly 
identical and a mean value was accepted. For those cases in which a discrepancy 
occurred it was felt that the second method gave a more reliable result. The 
Q-values obtained from these energy values were tabulated and a mean deter- 
mined by weighting each according to the square root of the number, J, of 
tracks represented (Table 1). 

TABLE 1 


@Q-VALUES FOR INDIVIDUAL NEUTRON GROUPS AT DIFFERENT ANGLES OF EMISSION 
The errors expressed are probable errors 


OO 20 18 1-52 10 2°15 19 2-58 12 3-58 16 4-35 9 


90° | 0-72 13 1-51 8 2°10 14 |(2-70) 5 3:61 19 4-35 | 11-5 


150° | 0-75 Hl 1-39 4 2-17 14 2-63 11 3-65 25 4-35 i 


Mean | 0-71-+0-02 | 1-50+0-03 | 2-15+0:02 | 2-60+0-02 | 3-:62+0-02 | 4:35+0-02, 


The values tabulated correspond to the peaks numbered 1 to 6 in Figure 1. 
The dotted peaks are attributed to D-D neutrons and give a mean Q-value of 
3-25 40-06 MeV. which is in excellent agreement with the result of Livesey and. 
Wilkinson (1948). The Q-value obtained for neutrons observed at 90° for peak 4 
was not used in calculating the mean value for this group since it depended. 
very strongly on the intensity allotted to the D-D group immediately next to it- 
The Q-value of the ground-state transition 4-35-+0-02 MeV. agrees with the 
value of 4:36-0:04 MeV. deduced from the most recent masses (Li et al. 1951). 
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V. DISCUSSION 
Peaks 1, 3, 5, and 6 are well-established beryllium neutron groups and peak 4 
confirms the existence of the doublet reported by Ajzenburg (1951). Peak 2 
has not been previously observed but since measurements were taken at three 
angles of emission, it is possible to check that it is a genuine beryllium group. 
It can be seen from Table 1 that the Q-values for peak 2 obtained at 0 and 90° 
are in excellent agreement, while the value at 150° is still statistically significant. 
This can be investigated further~by plotting the energy shifts H,—H and 
Ey—E 15) against Hy, and H,.) respectively, for each neutron group (Fig. 3). 
It can be shown from the dynamics of a nuclear reaction that 
Ey-Ey =2:19V HE, |(M +2) 
Ey 59=1 90-V By 59/(M +2), 
where M is the mass of the target nucleus. These expressions have been included 
in Figure 3 for a range of values of M. The experimental points lie about the 
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Fig. 3.—Energy shift curves. 


curve M=9. Peak 2 could only arise from a reaction involving a target nucleus 
of mass <14, and no such neutron reactions giving these energies at the three 
angles are known. 

If it is assumed that peak 2 does not exist, the integral curves for peak 3 
are given by the dotted lines in Figure 2. The deviations of these curves from 
the required shape is far greater than can be explained by statistical fluctuations. 

At a bombarding energy of 3-41 MeV. and using a thin target Ajzenburg 
(1951) reports that no neutrons were observed corresponding to this group. 
This author states that at a high bombarding energy one would expect that a 
large number of levels of the compound nucleus covering a wide range of angular 
momenta and of either parity would be involved in the reaction. Neutron groups 
should thus be observed corresponding to all existing levels of B2°. It must be 


es 
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pointed out, however, that the relative intensities of the various groups observed 
indicate that a considerable degree of competition between the various modes 
of neutron emission is still taking place. The possibility that a weak neutron 
group would escape detection under these circumstances, but would be observed 
for lower bombarding energies with a thick target is, therefore, not entirely 
ruled out. 


It is interesting to note that, in the work of Staub and Stephens (1939) 
and Powell (1943) using a low bombarding energy and a thick target, there is: 
in, fact some evidence of a weak neutron group.in this region which has been 
previously ignored. Since both these observations were made at an angle of 
90° to the incident deuterons, the expected intensity would be small. 


VI. ENERGY LEVELS IN B?° 


The Q-values in Table 1 lead to the energy levels of B1° presented in Figure 4, 
together with the corresponding values found by Ajzenburg (1951) and Pruitt, 


GAMMA RAY ENERGY LEVELS (MEV) 
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5-12 AND SWARTZ 


Fig. 4.—Energy levels in B, showing possible y-ray transitions in 
addition to ground-state transitions. 


Hanna, and Swartz (1952). -It is reasonable to assume that the energies of the 
lower levels will be given more accurately by y-ray determinations. The values 
obtained by Rasmussen, Hornyak, and Lauritsen (1949) are also shown in. 
Figure 4. ; 
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The level scheme is essentially that proposed by Ajzenburg. All neutron 
measurements give consistently higher energy values than the y-ray results but 
the agreement appears to be better in our case. The additional level at 
2-86 MeV. gives a consistent explanation of the observed y-rays as an alternative 
to the scheme of Ajzenburg. This level, together with the one at 1-3 MeV. 
reported by Haxel and Stuhlinger (1939) from the reaction Li?(«,n)B’, again 
raises the possibility of equally spaced levels suggested by Rasmussen, Hornyak, 
and Lauritsen. No neutrons were observed, however, corresponding to a level 
at 1:4 MeV., and some explanation would be required for the raised levels at 
1:73 and 4°65 MeV. 

It is not possible to check the validity of the proposed level scheme by a 
comparison of neutron and y-ray relative intensities, and no confirmatory 
evidence is available from other reactions giving rise to low-lying levels in B? 
Further work on neutron resonances and y-rays is therefore desirable to check 
the existence and position of the energy levels. 
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ANGULAR CORRELATION BETWEEN o-PARTICLES AND y-RAYS IN 
THE Be%(d,x)Li™yLi? REACTION 


By R. G. UEBERGANG* and N. W. TANNER* 
[Manuscript received November 28, 1952] 


Summary 


The angular correlation of the «-particles and y-rays in the Be®(d,x)Li’*yLi’ reaction 
has been measured. The results show no significant departure from isotropy. The 
most plausible explanation is that the lowest excited state of Li’ has spin 4. 


I. INTRODUCTION 


Attempts to assign a spin value which is above question to the lowest excited 
state of Li? have met with unexpected difficulties. 


Early experiments based on the B'(n,x)Li™*yLi’,Li? branching ratio 
indicated a spin of 5/2 (Inglis 1948; Feld 1949) which was difficult to interpret 
theoretically. 

Angular correlation measurements between the particle associated with 
the transition leading to the Li’ excited state and the y-radiation emitted as 
this state decays have been carried out for three nuclear reactions. In general 
an anisotropic correlation should occur for Li™ spin > $ but it should be isotropic 
for spin=+4. For example, the angular correlation between the «-particle and 
y-ray from the B!(n,x)Li’™*yLi’ reaction has been found by Rose and Wilson 
(1950) to be spherically symmetric, which is consistent with a Li’* spin value 4. 
However, the isotropy observed in this experiment can also be explained by a 
spin value of 5/2 and a possible but unlikely admixture of electric quadrupole 
and magnetic dipole y-radiation (Inglis 1951; Class and Hanna 1952). 


The spin assignment of J=+4 for Li™ is also supported by the measurement 
of the angular distribution of y-rays from the inelastic scattering of protons by 
Li’ (Littauer 1950), but it has been suggested by Inglis (1951) that the proximity 
of the bombarding proton energy to a resonance in the compound nucleus, which 
may have zero total angular momentum, renders this experiment inconclusive. 


Newton (1951) has pointed out that the chance cancellation of asymmetry 
terms which is possible in the B'(n,~)Li™* Li’ reaction is unlikely to occur for 
all other reactions leading to the excited state. Four groups measured the 
p-y angular correlation in Li®(d,p)Li™*yLi’ almost simultaneously (Class and 
Hanna 1951, 1952; Newton 1951; Burke and Risser 1952; Phillips, 
Heydenburg, and Cowie 1952); all reported spherical symmetry within the 
accuracy of their measurements. Class and Hanna have shown that in this 
experiment the dipole, quadrupole radiation mixture cannot cause cancellation 
of asymmetry terms, possible in the B(n,«)Li™yLi’ reaction. Unfortunately 
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the populations of the magnetic substates of the Li” nuclei cannot be calculated 
because of the multiple values of orbital angular momenta of the deuterons and 
protons involved and because of channel spin degeneracy of the kind discussed 
by Biedenharn, Arfken, and Rose (1951) for the B'(p,y,y)C’ reaction. There 
is, therefore, the possibility that these populations may be nearly equal and so 
lead to isotropy. 

Because of these doubts it was thought worth obtaining information from 
a further reaction and therefore a measurement of the «-y angular correlation 
associated with Be%(d,x)Li™yLi’ has been carried out. Calculations based 
on the method of Biedenharn, Arfken, and Rose (1951) indicate that, for a Li’ 
excited state spin value of 5/2 and plausible angular momenta, the correlation 
may be expected to be of the order of 0-20 oe for a chance cancellation 
similar to that discussed above. 


Il. EXPERIMENTAL 

The 750 kV. electrostatic generator of the Physics Department, University 
of Melbourne, was used to supply 400 keV. deuterons. 

The deuterons were analysed in a 90° sector magnet and thence passed 
horizontally through a 3 ft. length of 1 in. diameter tubing to reach the target 
chamber. The cylindrical target chamber (Fig. 1) was mounted with its axis 
vertical and coincident with the centre of rotation of the y-counter, and rigidly 
attached to the central bearing carrying the y-counter so that no relative to and 
fro motion was possible. Approximately 2-5 cm. from the target the beam was 
defined by a 0:32 cm. diameter aperture. A disk of beryllium 0-004 in. thick 
was used as target, mounted in a vertical plane on the axis of the chamber in 
such a manner that the angle between the deuteron beam and the target plane 
could be varied to check the absorption of y-rays in the target. 

a-Particles from the reaction were detected by a scintillation counter 
mounted at 152° to the deuteron beam direction in the horizontal plane. Silver- 
activated zine sulphide was selected as the phosphor for this counter as it is 
very insensitive to y-rays and neutrons. The powder was deposited uniformly 
on a glass disk by a method previously described (Hirst and Uebergang 1951) 
and this glass disk was cemented to a glass light pipe which led the scintillations 
through the target chamber wall to a Mazda 27 M1 photomultiplier tube. To 
exclude light and avoid counting scattered deuterons the screen was covered 
by four layers of aluminium leaf, each of 1 mm. air equivalent stopping power. 
This thickness of aluminium leaf is sufficient to prevent counts from recoil 
Li’+++ nuclei from the reaction. 

vy-Rays were detected, after passing through the uniform in. thick wall 
of the target chamber, by a scintillation counter consisting of a NalI(Tl) crystal 
and a 5359 EMI photomultiplier. The 1 in. diameter by 1 in. long crystal 
was immersed in oil in a close-fitting aluminium container which was seated on 
a rubber ‘‘O” ring on the flat photomultiplier end. An oil seal was provided 
by fitting tight rubber sleeving over the container and photomultiplier. 

To improve the energy resolution both the sodium iodide crystal surface 
and the inner surface of the container were polished. The counter could be 
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moved concentrically about the target to make any angle from 55 to 275° to 
the «-particle detector. 

The solid angle subtended by each counter to the target was approximately 
0-14 sterad., that is, approximately 12° half angle. 

In addition to the reaction under study the bombardment of beryllium by 
deuterons gives rise to several competing reactions emitting protons, tritons, 
and neutrons and associated y-rays. To these various emissions a small con- 
tribution from the bombardment of oxygen and carbon contamination may be 
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Fig. 1.—Block schematic of counting arrangement. D, deuteron beam; C, target 
chamber ; Py, y-counter phosphor Nal(T1); P,, «-counter phosphor ZnS (Ag); J, light 
pipe; 0, correlation angle. 


added (Hornyak et al. 1950). Detection by the counters of these emissions can 
reduce the counting accuracy by causing a high random to true coincidence 
ratio and by detecting true coincidences from the Be®(d,p)Bel*yBe” reaction. 

A preliminary examination of the y-radiation in the region of interest was 
carried out using a fast 10 channel analyser having general characteristics 
similar to the analyser described by Elmore and Sands (1949). 

The analysis, which was made with overlapping runs on 5 V. channel 
widths, is shown in Figure 2, together with the 364 keV. y-line from I’! which 
was used for calibration. The y-peaks at 480 keV. from Li™ and 710 keV. 
from B?* are clearly resolved from the background. As the y-radiation 
associated with the Be%(d,p)Be!*yBe” protons has an energy of 3:37 MeV., 
a fast single channel analyser was introduced into the y-channel and set to the 
range 40-65 V. (Fig. 2). To prevent loss of true coincidences arising from the 
0-2 usec. resolving time of the analyser, coincidence circuits having 0°5 usec. 
resolving time were used. With these resolving times the deuteron beam was 
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limited to approximately 0-5 yA. to maintain a reasonable true to random 
coincidence ratio. 

The electronic circuitry used in conjunction with the counters is shown in 
block schematic form in Figure 1. Pulses from the particle counter photo- 
multiplier are fed to a preamplifier and thence to a Dynatron type 1008 linear 
amplifier, the output of which passes to a discriminator. The discriminator 
output simultaneously operates a scaler and triggers a pulse shaping circuit to 
produce negative rectangular pulses which operate two coincidence circuits. 

The y-counter output passes to a preamplifier and thence to a fast main 
amplifier, the output of which is analysed by the single channel pulse amplitude 
analyser constructed according to the circuit by Roulston (1950). As in the 
case of the particle counter channel a rectangular pulse is formed to operate 
the coincidence circuits. 
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Fig. 2.—Analysis of y-radiation from deuteron bombardment of Be’. 


To enable an accurate allowance to be made for the random coincidence 
rate this quantity is measured by one coincidence circuit while another counts 
true plus random coincidences. 

As seen in Figure 1 both particle and y-channels are connected directly 
to one coincidence circuit, whilst only the y-channel is connected directly to a 
Second coincidence circuit, the particle channel pulse reaching the coincidence 
circuit in this case after travelling through a 1-8 usec. delay line (approximately 
four times the coincidence circuit resolving time). In the first case true plus 
random coincidences will be counted while in the second case no true coincidences 
can be counted but only random ones. 


III. RESULTS AND CORRECTIONS 
With the target plane set at 45° to the «-particle direction, total and random 
coincidences were counted for several runs. Each run consisted of recording 
the coincidences counted with the counter set at each of several angles from 
60 to 270° against a constant «-particle monitor count. 
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The target plane was then rotated to make an angle of 105° with the «-counter 
and several runs again made, each over several angles. 

Because the random to total coincidence rate was high, approximately 
1: 2-5, an accurate knowledge of the ratio of the resolving times of the total and 
random coincidence circuits was desirable. This was achieved by comparing the 
resolving time ratio by means of random coincidences from a relatively intense 
source before and after the measurement at each angle. The stability of the 
coincidence circuits was found to be very satisfactory, the drift during a 20 
minute run being in the order +2 per cent. 

Using the random count recorded during the measurement of a total count 
and the mean ratio of the resolving times, a corrected random count was sub- 
tracted from the total count, giving the true count at that angle. The true 
counts for each run were then expressed as a fraction of the mean true count 
during the run. In this way errors due to variations in the gain of the Dynatron 
amplifier from one run to another were minimized. 

This fractional expression of the true count at each angle was then corrected 
for eccentricity of the y-counter with respect to the target, for y-absorption in 
the target, and for centre of mass and Doppler effects. 

The eccentricity at each angle was determined by measuring directly with 
a travelling microscope the distance between the y-counter and the target 
chamber centre, and the position of the target within the chamber. The 
maximum correction was 2-:2+0-1 per cent. 

The corrections for y-absorption in the target and for change of efficiency 
of the y-detector with the energy change due to the Doppler effect were calculated 
from the absorption coefficients given by Davisson and Evans (1952). 

From the known half-life of Li’* (Elliott and Bell 1949) and the range of 
the Li” recoil nucleus in beryllium, the velocity at the instant of emission of the 
y-ray could be estimated and a centre of mass correction applied using the relation 
(from Devons and Hine 1949) 


, 2 
ne=S(e-% sin °| ae Cos °); 


where f(9) is the yield measured in laboratory coordinates, 
g(~) is the yield in centre of mass coordinates, 
» is the recoil nucleus velocity at the instant of emission, 
o is the angle of emission of the y-ray measured with respect to the 
direction of the recoil nucleus. 


Similarly the Doppler energy change was calculated from 
AE =E- COS ©, 


where J is the energy of the y-ray when emitted from a nucleus at rest, 
AE is the change in energy. 
This energy change was converted to a y-counter efficiency change using 
the absorption coefficient data mentioned above. 
The maximum total of these four corrections was —5 per cent. 
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The corrected results are plotted against 6 in Figure 3. The data represent 
a total of approximately 13,000 true coincidence counts. With weight factors 
appropriate to the number of counts at each angle the results were analysed by 
a least squares method to fit a curve of the form 1+.A cos? @. The correlation 
factor A so obtained was —0-041-.0-025. 


RELATIVE NUMBER OF COINCIDENCES 
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Fig. 3.—a-y Angular correlation. 


IV. DISCUSSION 


The results given above show no significant departure from isotropy. While 
this is consistent with a Li’? spin of 4, one may consider circumstances which can 
lead to spherical symmetry if the spin is 5/2. 

The anisotropic distribution of the unresolved «-particles from the deuteron 
bombardment of Be® found by Resnick and Hanna (1951) implies that «-particles 
and deuterons with non-zero orbital angular momentum must contribute 
significantly to this reaction. The plausible assumption of p wave deuterons 
allows three feasible values of the spin of the B™ compound state, only one of 
which could produce isotropy by chance cancellation through channel spin 
degeneracy. 


Because of the assumption of Li’* spin of 5/2 and p deuterons, it is likely 
that the «-particles will have orbital angular momentum /=1. The angular 
correlation for both magnetic dipole and electric quadrupole y-radiation will 
then be limited to the form 1+ A cos? 6. Cancellation of asymmetry terms may 
occur by virtue of an anomalous dipole-quadrupole intensity ratio of about 25:1 
which may be compared with the ie estimate of at least 200: 1 (Inglis 
1951; Lloyd 1951). 


It follows that accidental isotropy in this ee is improbable, which 
allows only the conclusion that the spin of Li’ is } in support of the correlation 
experiments discussed in the introduction. 
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THE ABSORPTION OF THE HARD COMPONENT OF COSMIC 
RAYS IN WATER 


By A. J. DYER* 
[Manuscript received October 15, 1952] 


Summary 


The differential and integral range spectra of the hard component of cosmic rays 
in water have been measured down to a depth of 18-3 m. of water, and the integral 
results confirm the work of Ehmert (1937) and Wilson (1938) in this region. A lack of 
statistical accuracy in the differential measurements prevents the possible observation 
of an anomaly corresponding to 2-5 BeV./c. momentum. A comparison of the range 
and momentum spectra on the basis of the energy loss data of Halpern and Hall shows 
satisfactory agreement. The absolute value of the differential intensity is found to 
be 20 per cent. higher than that given by Rossi (1948) but agrees with the more recent 
result of York (1952). 


I. INTRODUCTION 


The momentum spectrum of the hard component at sea-level has been 
determined by magnetic deflection methods by Blackett (1937), Jones (1939), 
Hughes (1940), Wilson (1946), Glaser, Hamermesh, and Safonov (1950), and 
Caro, Parry, and Rathgeber (1951). Several authors have measured the 
absorption of cosmic rays in large thicknesses of various absorbers and the 
results of Ehmert (1937) and Wilson (1938) are generally regarded as the most 
reliable. 

By equating analytical expressions for the momentum spectrum and the 
range spectrum using the results then available Janossy (1948) finds the value 
of 2-0 MeV./g.cm.-? at all energies for the energy loss function in water. 
According to Halpern and Hall (1948) the rate of energy loss of mesons in water 
increases from 2-1 MeV./g.cm.—* at an energy of 0-3 x10° eV. to 2-6 MeV./g.cm.-2 
at an energy of 10 eV. 


George (1952) has analysed the results of all measurements down to a depth 


of 3000 m. of water equivalent. It is shown that the soft component cannot be ~ 


regarded as being in equilibrium with the hard component at very great depths, 
as 18 generally assumed (e.g. Rossi 1948). The latter assumption is based on the 
results of Ehmert who measured the reduction in intensity at six depths by the 
insertion of 5 cm. of lead absorber. George shows further that the distribution 
with zenith angle varies with depth, and thus all absorption experiments using 
wide-angle telescope geometry require correction. 

Although the greatest depth of water available locally was only 20 m. it 
was considered profitable to carry out an absorption experiment with narrow- 
angle telescope geometry and using the same thickness of lead absorber (10 cm.) 
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as had been used in the magnet spectrometer measurement performed here 
(Caro, Parry, and Rathgeber 1951). 

It was decided also to measure the differential range spectrum to see if the 
anomaly in the momentum spectrum at 2-5 BeV./c., referred to by several 
authors (Blackett 1937 ; Glaser, Hamermesh, and Safonov 1950 ; Caro, Parry, 
and Rathgeber 1951), could be detected. 


II. DESCRIPTION OF EQUIPMENT 
The apparatus consisted of a Geiger counter telescope which with associated 
amplifiers and battery supply was enclosed in a steel tank of approximate 
dimensions 6ft. high by 2 ft. 3in. diameter with a wall thickness of }in. 


CeCe 


100 CM 


Fig. 1 (a).—Normal counter arrangement. 
Fig. 1 (b).—Counter arrangement for shower measurement. 


The threefold counter telescope (Fig. 1 (a)) registered particles penetrating 
10 em. of lead within an angle of 10° to the vertical, and a double layer anti- 
coincidence tray was placed after a further 10 cm. of lead. Measurements 
could thus be made simultaneously of the integral and differential range spectra. 

The counters had a diameter of 3-4 cm. After they were filled with an 
argon-ethylene mixture in the proportion 10:1, the pressure was adjusted to 
give a starting voltage of 1000+10 V. The operating voltage was 1150 V. 

The counters in trays A, B, and C had an effective length of 18 cm. and 
those in tray D an effective length of 22 cm. The lead absorber a was placed 
as high in the telescope as possible to prevent scattering in this absorber affecting 


the anti-coincidence count. 
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A preliminary experiment showed that the dimensions of tray D had to be 
twice those given by a linear extrapolation of the telescope geometry before the 
effect of scattering in absorber b could be regarded as negligible. This is con- 
sistent with the experience of Trumpy and Orlin (1943) and the dimensions of 
tray D in the experimental set-up were arranged to satisfy this condition. 

Conventional Rossi circuits, each with a resolving time of 10 usec., recorded 
threefold coincidences between trays A, B, and C, and between these and tray D. 

A photograph of the fnechanienl recorders was taken every hour on 
‘ Super-X.X ” 16-mm. film by fitting an accurate chronometer with contacts 
which actuated the lights and camera through a relay system. 


Fig. 2.—Arrangement for submerging apparatus. 


The equipment was submerged at various depths down to a maximum of 
18-3 m. in a freshwater reservoir at Melton, Victoria, the greatest depth being 
obtained during the winter of 1951. The apparatus, which had a weight of 
about 30 lb. when submerged, was supported by a fin. steel wire from a light 
wooden beam 304 ft. long and was raised and lowered by a hand winch mounted 
at one end of the boom. 

A safety rope (Fig. 2) with a buoy was attached to the tank and this had 
to be used on three occasions when the buoyancy tanks supporting the boom were 
punctured. The boom was provided with two anchors upstream and one 
downstream. A pontoon-type surface craft fitted with an overhead hoist could 
be brought over the boom and the apparatus hauled on deck for maintenance. 


III. EXPERIMENTAL RESULTS 
Measurements were made of the integral and differential range spectra, up 
to an absorber thickness of 1900 g.cm.— of water. The background counting 
rates for both measurements were taken as being the corresponding counting 
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rates when the coincidence trays were placed out of line (Fig. 1 (b)). The 
Significance of this method is discussed in Section IV. 


An, additional background effect in the differential measurement was 
allowed for by taking a series of measurements with absorber b removed. This 
background was 2-40-+0-05 counts/hr. at sea-level and was approximately 
proportional to the integral counting rate at other depths. 
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Fig. 3.—Integral range spectrum. 
@ Author. [J Ehmert. © Wilson. 


The water equivalent absorber of the 10-cm. lead absorber was calculated 
to be 60 g.cm.~? from the data given by Rossi (1948) and Halpern and Hall 
(1948). 

The final results are plotted in Figures 3 and 4 and presented in Tables 1 
and 2. 

In Figure 3 the integral results are compared with those of Ehmert (1937 )y 
Wilson (1938), and a curve deduced from the momentum spectrum determination 
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Fig. 4.—Differential range spectrum. 


of Caro, Parry, and Rathgeber (1951). In order to convert the latter results 
into range spectra, the range energy relation for mesons in water was set up from 
the curves given by Halpern and Hall (1948). 


TABLE 1 
BACKGROUND MEASUREMENTS (COUNTS/HR.) 
Showers 
Depth Absorber 6 Total 
(m. of Removed. Differential 
water) Integral Differential Differential Background 
0 11-:1-+0°5 0:71-0:08 2°40+40:05 3°11+0:10 
2-1 8:8+0-4 0:65-+40-08 1:93+0:-04 2°58+0-10 
eI 7°810°4 0:60+0-08 1°77+0-04 2°37-+0-09 
6-1 5:°6-+0:2 0:34+0:-06 1-25-6003 1°59-+0-07 
9-1 4°9-+0°3 0:28+0:°05 1°10+0:02 1°38+0-06 
12-2 4°1+0°3 0:25-+0-05 0:88+0:02 1°13+0:°06 
15:3 3°8+0°3 0°20+0:05 0:73-0:02 0:93-0:06 
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TABLE 2 
INTEGRAL AND DIFFERENTIAL RANGE SPECTRA 
Integral | Differential 
Depth | ; 
(m. of water) | Range Range 
(Counts/hr.) (g.cm.—* of (Counts/hr.) (g.cm.-? of 
| water) water) 
7 | 

0-0 97-8-0-6 | 60 4:940-4 90 

ib} 93°2+2:0 190 5°4+0°4 220 

1-5 89-7+1-0 210 5:5+0°4 240 

3-0 74°8+0°8 360 5°4+0°2 390: 

4:9 60-9+1-0 550 3:9+0°6 580: 

10-0 42-5+1-0 1060 2:24+0°3 1090 
13°4 33°5+1:-0 1400 1-6+0°3 1430 
16°8 27°4+1-0 1740 1-2+0°3 1770 
18°3 26°6+2-0 1890 0-:8+0-2 1920 


The differential results are presented in Figure 4, together with a comparison. 
curve from the momentum spectrum (dotted line). 


IV. DISCUSSION OF RESULTS 
(a) Integral Spectrum 


It can be seen from Figure 3 that the results are in satisfactory agreement: 
with those of Ehmert (1937) and Wilson (1938), whose measurements were: 
made without any lead absorber. The soft component may therefore be regarded. 
as being in equilibrium with the hard component in this region, confirming the 
reports of Rossi (1948) and George (1952). The agreement between the present 
results and the curve deduced from the momentum spectrum is also satisfactory. 

The shower measurements recorded here and used as a background correction 
were taken with the counter trays out of line in an attempt to avoid under- 
estimating the penetrating shower component. This was done since the magnet 
spectrometer possesses a stronger bias against these events than the simple 
telescope geometry, and the absorption of showers is known to take place less 
rapidly than the single particle intensity (George 1952). 

As the penetrating shower rate is found to be roughly proportional to the 
single particle rate at small depths of water, the shape of the absorption, curve is. 
not significantly affected here. The relative shower intensity observed was, 
however, about five times greater than the similar measurement without lead. 
absorber by Ehmert who used a much smaller shower selection geometry, and. 
would tend to remove the discrepancy found by Rathgeber (1951) who compared. 
the absorption and momentum spectra at greater depths using the data of 
Halpern and Hall. 

No such discrepancy is found by George (1952) but his values for the energy 
loss were taken from Fermi and do not exhibit the so-called logarithmic increase 


‘66 A. J. DYER 


of Halpern and Hall which appears to be confirmed by recent experiments 
(Becker et al. 1952; Taylor 1952). 


(b) Differential Spectrum 

The differential range spectrum is consistent with the momentum spectrum, 
but the results do not possess sufficient statistical accuracy for the observation 
of any anomaly at 2-5 BeV./c. momentum (approx. 1060 g.cm.~?). The equip- 
ment is at present being modified for further examination of this feature. 

By making use of the integral results to normalize to the data of Rossi 
(1948), the absolute differential intensity at 100 g.cm.~? of air equivalent is 
found to be 6-55 g.—1sec.1sterad.—! in terms of air equivalent, which is 20 per 
cent. higher than Rossi’s value of 5-40 g.—!sec.—'sterad.-*. A recent measure- 
ment of the differential range spectrum in lead by York (1952) similarly gives a 
result 20 per cent. greater than the Rossi data. York concludes that the low 
value given by Rossi is due to the fact that no correction was made for particles 
scattered out of the counter telescope in the experiment on which his value is 
based. This opinion is supported by the present measurement in which consider- 
able care was taken to ensure that only a negligible proportion of particles were 
scattered beyond the coverage of the anti-coincidence tray. 
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AN ESTIMATE OF THE DENSITY AND MOTION OF SOLAR MATERIAL 
FROM OBSERVED CHARACTERISTICS OF SOLAR RADIO 
OUTBURSTS 


By Hari K. SEn* 
[Manuscript received August 21, 1952] 


Summary 


The theory of radio wave generation by multistream charge interaction (Feinstein 
and Sen 1951) is extended and applied to the observations made by Australian workers: 
(Wild 1950) of the spectrum of outbursts of solar radio-frequency radiation in the 
frequency range 70-130 Mc/s. The dispersion equation is derived as a function of the 
velocity of solar material erupting into a static corona and of the temperatures and 
densities of the material and the corona. The application of the dispersion equation 
to the Australian data (loc. cit.) enables an estimate to be made of the velocity 
(=500 kan./s.) and the particle density (~108 em.—*) of the moving solar material. 


I. INTRODUCTION 


The high thermal temperature (108-1013 °K.) associated with solar noise: 
bursts and outbursts has led several workers to suggest a non-equilibrium 
mechanism for their origin (Pawsey 1950). The principal one in this field has 
been space-charge wave amplification in moving interacting beams as in the 
electron-wave tube (Haeff 19494). Recently, Australian workers (Wild 1950) 
have obtained, by a sweep-frequency technique, the spectrum of ‘‘ outbursts ”’ 
of solar radio-frequency radiation in the frequency range 70-130 Mc/s. They 
define an ‘‘ outburst”’ as a ‘“‘ burst having a particular type of ‘ dynamic’ 
spectrum, characterized by a drift of spectral features, with time, towards the 
lower frequencies at a rate of the order of } Mc/s. per second’. They tentatively 
interpret the spectra in terms of the accelerated motion of particles that finally 
leave the solar atmosphere and cause terrestrial magnetic storms. 

The author in the present paper makes an attempt to interpret the Australian 
data as a phenomenon of radio wave generation by solar material moving through 
the ionized plasma of the corona. He believes that such an interpretation 
provides an independent method through radio observations of estimating the 
density and the motion of the solar corpuscles in the solar atmosphere, that, 
later on, are supposed to cause terrestrial magnetic storms. Theories of the 
latter, it is known, give us estimates of the motion of the corpuscles in transit 
from the Sun to the Earth and of their density near the Earth (Chapman and 
Bartels 1940; Kiepenheuer 1952). The author finds that his solar estimates 
are consistent with the terrestrial ones. 


* National Bureau of Standards, Washington 25, D.C., U.S.A. 
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II. THEORY 

We shall first derive the appropriate dispersion equation* as a function of 
the velocity of the moving (ionized but macroscopically neutral) solar material 
and the temperatures and densities of the material and the corona. This 
dispersion equation we shall consider as a particular case of a more general one, 
that is, that of n interacting beams of electrons. We shall neglect the motion. 
of the ions, on account of their large mass,j and assume that there is no static 
space charge, the charge on the ions balancing that on the electrons. 

Let the physical quantities, viz. charge density, velocity, and current 
density of the nth interacting beam be denoted, respectively, by 


P,=Pn + ns 0, ==Up +0, ” 


i =t, +i, =t, $00 + 0pm 

where the bars denote the A.C. perturbations. We shall suppose these perturba- 
tions to be of the first order of small quantities, and neglect all quantities of 
order higher than the first. 

Assume that all A.C. quantities vary as 

Gad ZENON Sas a iis Aa ta Ac eae (2) 

where the z-axis is the direction of propagation, [’ the propagation constant, 
and w the angular frequency of the disturbance. 

In the absence of a static charge, Poisson’s equation gives (in rationalized 
m.k.s. units) 


Eo ae ae és oss le onto ee eae ee (3) 


where £ is the perturbed electric field and ¢, the dielectric constant of free space. 
The charge distribution of the nth beam must satisfy the equation of 
continuity : 


de,  %, 
= ay Be (iad abs ese ta a ES (4) 
From (1), (2), and (4), we derive 
(jo =o), + Page, 20. e in Sone ee (5) 


We assume the plasma to be of sufficiently low density so that we can neglect 
the frictional forces. Then we have the equation of motion for the nth beam : 
OU OOD AIO OT] Le elena ; 

+0n sete 5, ( )—< om, oe. (6)t 


m °” 


* The physical theory of space-charge wave amplification in moving interacting charges 
has been well discussed in the literature. The author is fully aware of the differences of opinion 
in the field, particularly with reference to the application of laboratory data to solar atmospheres, 
Discussion of such niceties is beyond the scope of the present paper. 

{ The ions contribute terms that are (w;/w,)? times the electronic terms in equation (10) 
of this paper, where w, is the ionic and w, the electronic plasma frequency given by equation (11). 

t Equation (6) results on multiplying the Boltzmann equation : 

of CO. GP 

= +v . Vi+—E.. —-=0 

att Pas ov 
by v and integrating with respect to v. 
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where 7’, is the temperature of the nth beam, e* the charge and m the mags of 
the electron, and k is the Boltzmann constant. 
Substitute (1) in (6) and Oona 
dv, le ePeee |. oe 
aay ~ 3 (2 é.) = Hs wae) cea ttay oes Oe (7) 
as the static space charge is rane to be zero. 


For the variation (2) of the A.C. quantities, equation (7) reduces to 


(jo —Tv,)o, ee eee yee eee (8) 
Eliminate v, between (5) and (8) and obtain for the A.C. charge density : 

ea (e/m) Eo, 

on (RSE LIN IM ap oes sae c (9) 


From (3) and (9), we have the dispersion equation : 
9 
n On 


(oF iPo,)?-&L, mT? 
where w, is the plasma angular frequency, given by 


A eer re: (10) 


For solar material of density p, and temperature 7, erupting with velocity v 
into a static corona of density pe, and temperature 7,, the dispersion equation 
(10) reduces to 


le Maa 2 (12) 
w?+(kKT,/m)T2 © (wo +j0v)?+(kT,/m)T2 ~~ 
Introduce in (12) the following dimensionless quantities : 
jl 7 _ kT, 
ee a eee (13) 
cyl eo? 
sa al ata By J 


The equation (12) then reduces to a quartic in y: 
Oty (%_ —1) Byary* — 2a Bywy® — {ory (Py” —1) +(%,—1)(B, —1)a}y? 
+2(6,—l)wy +(6,—L)w—1=0. ...s.ssenss. (14) 
Equation (14) will give the range of 8, for which y is complex for a fixed 
set of values of the parameters «%, %,, and #. 


III. RESULTS AND CONCLUSIONS 
We assume 7, (electron temperature of corona)~10°°K.,+ and T, 
(temperature of moving material)~10*°K. To fit the Australian data we have 
to determine our disposable parameters v and 2, which will give an estimate of 
the motion and the density of the solar corpuscles. Table 1 gives a summary 
of the results obtained. 


* With the proper sign (— in this case). 
t We have neglected the small variation in coronal electron temperature with height. 
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The second column of Table 1 gives the electron density, n,, of the corona 
as computed from the Allen-Baumbach formula (Allen 1947) : 


N,=108(1 -559-& +2 -999-1) electrons cm.~*, ...... (15) 


where o is the distance from the centre of the Sun in units of the solar radius. 
The fourth column gives the electron concentration, 7, of the moving material 
at the different heights. The density was fixed at an arbitrary height over the 
solar surface (1-68 x108 cm.-? at 11-6104 km.), and the densities at the 
remaining heights were calculated according to the inverse square law dilution 
from the solar centre. The fixing of the density was done by trial and error so 
as to get amplification within the observed range of frequencies. The sixth 
column gives the velocities, v, of the moving material at the different heights 


TABLE 1 
1 2 3 + 5 6 7 8 
Height Electron Electron Velocity | Velocity | Frequency 
above Density Plasma _ | Density of Ny of of Cat Bandwidth 
Sun’s of Frequency! Moving aoe Moving (Milne’s of 
Surface | Corona Material Material | Formula) | Amplification 
h oer fi Ne 2 f 
(km.) (isa) (Me/s.) (irs) (km. /s.) (km./s.) (Me/s.) 
102 x03 x 108 
8-0 1-34 104-0 1:83 0:73 305 93-3-159-7 
10-0 1-03 QW 1:74 0:59 388 86 86-2-147°7 
11:6 0°84 82:5 1:68 0:50 500 244 80-5-141°3 
14:0 0:67 73°0 1-58 0:42 600 366 74°6-131-8 
16:0 0:55 66°5 1°51 0:36 740 439 69-3-125°4 


that conform with the drift of the cut-off frequency towards lower frequencies 
at the rate of 0-22 Mc/s. per second (Wild 1950, p. 402). The cut-off frequency 
is supposed to be the plasma frequency, f,, at the level concerned (third column).* 
For comparison, the velocities have been given in the seventh column as 
calculated from Milne’s (1926) theory of the expulsion of calcium ions by radiation 
pressure. The eighth column gives the frequency range, f (=w/2z), within _ 
which amplification is possible. 

Figure 1 gives the amplification v. frequency curves for the different heights 
and velocities listed in Table 1. The ordinate is the amplification factor 
A =(w/v)y2, where y, is the imaginary part of yin (14). With increasing velocity, 
the curves shift toward the lower frequencies. This is in conformity with the 
observed drift of spectral features, with time, towards the lower frequencies, 
and the tendency of the spectrum to show signs of subsiding at the higher 
frequencies (Wild 1950). Also, observational evidence on prominence motion 


and the theory of magnetic storms indicate an outward acceleration of solar 
material. 


* f,=0,/27, where w, is given by (11). 
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The velocities (305-740 km./s.) and the electron density (~108 cm.~) of the 
moving material in the solar atmosphere should be compared with the velocity 
(1000-1500 km./s.) and density (100 cm.-*) of solar corpuscles near the Earth, 
as estimated from the theory of magnetic storms (Chapman and Bartels 1940 ; 
Kiepenheuer 1952). Whipple and Gossner (1949) obtain, from the scattering 
of sunlight by electrons, the upper limit of electron density near the Barth 
~10* cm.~%, which is in close accord with our value. 


No particular significance need be attached to the values of the amplification, 
factors. A first-order theory as developed above can only indicate the qualitative 
trend. We shall need a non-linear theory to achieve quantitative accuracy. 
Nevertheless, we can estimate if it is possible to receive the observed radio flux 
on the Earth, on the assumption that the source ‘of the available energy is the 
initial difference of energy between the interacting streams (Haeff 1949b). Let 
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Fig. 1.—Curves of amplification A v. frequency f, for different velocities 
of solar material; wave growth=exp[Az]. 


us assume an efficiency factor « for this conversion. Then the power, P, 
generated per unit bandwidth at solar surface by solar material erupting into 
a static corona, is given by 
ze PON OPIN, asako aict Bid phe tus ats esse (16) 

where WN is the density, m the mass, and v the velocity of the electrons, Av is 
the frequency bandwidth within which the power is radiated, and S is the area 
of the active surface ejecting the corpuscles. 

Hence, if R is the Earth-Sun distance, the power flux at the Harth is 


S 
mr Ry’ Riehvnaareme'es fer or. ouehts ( 17} 


Setting N=108 cm.-3, m=9-12 x10-*8 gm., v=500 km./s.. S=one hundred- 


4x(0-695 x 1014)? 
millionth of solar surface= is io! ) em.2, R=149-:5x10% km., and 
Av=60 Mc/s. in equation (17), we have 


eso 10 Wirt? (C8). viene eee os (18) 
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From the Australian data : 
F10-" to 10—" W.m. (c/s). oe ee (19) 


Hence the range of « is 
ELD 10 F 10D Me roe oy gaat 2 ates ee (20) 


We see that enough kinetic energy is available in the moving beam to 
account for the observed radio flux at the Earth. 


We may finally remark that during an outburst particles may be thrown 
out from the active area in spurts having different concentrations and velocities. 
This may result in several “ drifting’ peaks as observed by the Australians. 
Further, in the course of the computations, it was found that, for a fixed velocity, 
the frequency spectrum shifted towards higher frequencies for higher particle 
concentrations. This indicates the possibility of outbursts even in the centi- 
metric range for very high particle concentrations. 
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RADAR OBSERVATIONS OF RAIN FROM NON-FREEZING 
CLOUDS 


By R. 8. SryLes* and F. W. CampBeti* 


[Manuscript received September 29, 1952] 


Summary 


It is now conceded that drizzle or light rain may fall from clouds which do not 
reach freezing level, but it is still not generally accepted that heavy precipitation is 
also possible from such clouds. This paper adds five further airborne radar observations 
of non-freezing rain (in the vicinity of Sydney, Australia; latitude 35°S.) to the 
relatively few accounts of moderate to heavy precipitation already recorded as falling 
from such clouds. 

Observations described are of rain, which at its peak reached ‘‘ very excessive ”’ pro- 
portions at ground level, falling from clouds, 9000—10,000 ft. deep, which had developed 
in a maritime air mass either over sea or slightly inland. The shape of the radar echo 
observed from the rain in these clouds was that of a vertical column. The radar echo 
reached its maximum development at or just prior to the time of maximum development 
of the cloud, following which both the cloud and the radar echo immediately commenced 
to subside or dissipate. Maximum precipitation rate at ground level generally occurred 
after the cloud had passed its maximum development. While the storm was developing 
the radar echo was generally characterized by a maximum in the middle levels of the 
cloud, but during the decay stage the radar echo became more uniform with height. 

These observations support the theory that the mechanism of rain formation at 
work in such clouds is that of coalescence of water drops. 


I. INTRODUCTION 

Over the last decade or so, a number of accounts have appeared of moderate 
to heavy rain falling from clouds which were wholly warmer than freezing 
(Heywood 1940; Simpson 1941; Kotsch 1947; Hunt 1949; Bowen 1950; 
Smith 1951; Ward 1952). With a few exceptions, these accounts have been 
brief statements of fact, that rain of certain intensity had fallen from non- 
freezing clouds. Bowen (1950) showed that coalescence of water drops was the 
mechanism at work in the formation of such rain, supporting his statement with 
calculations of raindrop growth under typical cloud conditions and with four 
examples of non-freezing rain observed with the aid of ground and airborne 
radar. Later, Smith (1951) described in detail three other aerial observations. 

The purpose of the present paper is to document five further observations 
of rain falling from clouds that were kept under observation during the major 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. Soon after the 
submission of this paper it was learnt with deep regret that Mr. Styles and Mr. Campbell lost 
their lives in the course of further experimental work similar to that described in this paper. 
Their aircraft crashed into the sea some 15 miles south of Cronulla, N.S.W., on the morning of 
October 27, 1952, soon after entering heavy cloud on which they were making measurements. 
With them were the crew of the aircraft, who had undertaken many flights of a similar character : 
Flight-Lieutenant A. Tafe (Capt.), Squadron Leader P. Fisher, Warrant Officer W. Bocquet, 
and Aircraftwoman Marie Costello. 
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part of their life from an aircraft fitted with radar. At no time did any of these 
clouds reach the 0 °C. isotherm. An attempt is made to describe in as much 
detail as possible the important features of each rain storm and to summarize 
those features which were common to all five storms. 


II. METHODS OF OBSERVATION 


The observations described in this paper were carried out with an airborne 
radar equipment. An aircraft installation has great advantages for the investi- 
gation of the physics of cloud and rain formation, as the aircraft may search out 
the most interesting clouds and fly over and through them to observe directly 
their external and internal conditions. The radar is an SCR717 set operating 
on a wavelength of 9-1 em. Its antenna is mounted on the nose of the aircraft, 
so that the aerial beam rotates about an axis coinciding with the longitudinal 
axis of the aircraft. Thus, when the aircraft is flying in a horizontal attitude, 
the aerial beam scans through a vertical section of the atmosphere at right 
angles to the line of flight. Any radar echo from rain lying in this vertical 
sector at any instant, be it either above, below, or on either side of the aircraft, 
is displayed on a Vertical Position Indicator oscilloscope in the same position 
relative to the centre of the oscilloscope as the actual rain area bears to the 
aircraft. The salient features of this type of display are shown in Plate 1. 
Plate 1 (a) represents a vertical section of the atmosphere and shows the aircraft 
fitted with the radar set flying over a raining cloud during a typical observational 
flight. Plate 1 (b) shows a photograph of the corresponding display on the 
Vertical Position Indicator oscilloscope. The aircraft appears as a spot at the 
centre of the oscilloscope. Owing to finite side lobes of the aerial beam, the 
echo from the ground appears not as a horizontal band but as a circle around the 
aircraft of radius equal to the height of the aircraft above the ground. The 
echo from the rain in and falling from the cloud is shown extending from just 
below the aircraft down to the ground. 


The intensity of radio waves back-scattered from raindrops is proportional 
to XN D®, where N is the number of drops per unit volume and D is their diameter. 
Hence raindrops would first be detected in a cloud when XN D® is sufficient to 
give a measurable signal. 


The sensitivity of the radar used in these observations is such that raindrops 
of 1 mm. diameter would just be detected at a range of 10,000 ft. if they 
completely filled the radar beam and if the drop density were 100 drops/m.3 and 
drops of 0-5 mm. diameter would just be visible if their density at the same range 
was 104 drops/m.?. 

The Vertical Position Indicator display shown in Plate 1 (b) is not suitable 
for accurate measurement of the echo intensity at any particular height in the 
rain shower. To facilitate such measurements, an auxiliary oscilloscope 


(Plate 1 (c¢)) is installed on which is displayed the amplitude of the echo at 
various ranges from aircraft. 


From this display, the sensitivity of which is known, may be calculated an 
equivalent echo power v. range curve, allowance being made for the known 
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variation of echo intensity with distance from the point of observation. For the 
purposes of this paper all echo power figures are reduced to an arbitrary range 
of 10,000 ft. In this way, the range effect is eliminated and hence a curve of 
equivalent echo power v. height above mean sea-level may be constructed. 
Such a curve clearly depicts the variation of the radar echo intensity down 
through the cloud. In the observations described in this paper, this oscilloscope 
(Plate 1 (c)) operates over a 90° sector of the plane scanned through by the 
aerial beam. The angular position of this 90° sector can be varied at will thus 
enabling the radar operator to aim it at the particular rain echo under investi- 
gation. The position of this sector is identified on the Vertical Position Indicator 
oscilloscope by a bright radial line called the “‘ strobe marker ”’ (see Plate 1 (b)). 
For convenience this strobe marker is positioned 180° away from the true centre 
of the 90° sector. 

The two oscilloscopes described are mounted on a panel together with 
instruments which give the time, the altitude heading and airspeed of the aircraft, 
and the ambient temperature. This recorder panel may be photographed at 
intervals of 3, 6, 15, or 30 sec. as desired, to obtain a permanent record for 
subsequent analysis. 

The estimates of raindrop size given in this paper were made by observing 
the size of the splashes on the windscreen of the aircraft when flying through the 
rain. Although such estimates depend entirely on the judgement of the observer, 
test flights near the ground have established that this technique is satisfactory 
for an approximate classification of drop sizes into size ranges of about 0-25 mm., 
0-25-1 mm., and greater than 1 mm. The impact of drops on the aircraft skin 
becomes audible for drops about 1 mm. in diameter. 

The calculations of the precipitation rate at ground level were based on the 
intensity of the radar echo at this level assuming that the raindrop spectrum was 
that given by Laws and Parsons (1943). Twomey (1952) has since shown that 
such estimates of rainfall intensity cannot be made to better than a factor of 
2:1, owing to short period fluctuations in the actual drop spectrum on the 
ground. 

The temperature structure of the atmosphere was obtained by a temperature 
sounding taken during the aircraft ascent. The thermometer used was a 
calibrated aircraft resistance thermometer accurate to 1 °C. No readings were 
taken, in cloud because an aircraft thermometer is known to be unreliable when 
wet. This sounding is supplemented by the radiosonde data obtained at 
Rathmines which is situated on the coast 70 miles north of Sydney. For ready 
comparison of the two soundings, radiosonde data were reduced to equivalent 
heights in feet above mean sea-level assuming an I.C.A.N. atmosphere. 


III. Frv—E OBSERVATIONS OF RAIN FROM NON-FREBEZING CLOUDS 
(a) January 11, 1951 
A gentle maritime stream, associated with an anticyclone centred in the 
southern Tasman sea, was moving across the Sydney coast from a south-easterly 
direction. At 0900 hours, showers were falling from 8/8 strato-cumuli and 
column-type rain echoes extending from the ground to approximately 8000 ft. 
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were observed on a 10-cm. ground radar set. A flight was commenced at 1030 
hours, at which time the layer of strato-cumuli over the coast was broken but 
still 8/8 about 10 miles inland. The height of the cloud base was 1200 ft. with 
tops varying from 4000 to 11,000 ft. over the coast. Over the land the 8/8 cloud 
layer was generally held down at 10,000 ft. by a temperature inversion, with an 
occasional head rising to 11,000 ft. where the temperature was +53 °C. The 
temperature sounding obtained during the aircraft ascent is shown in Figure 1 (a) 
superimposed on the sounding obtained from the 1800-hours radiosonde release 
at Rathmines. The radiosonde sounding indicated that freezing level was at 
13,800 ft. (I.C.A.N.). 

(i) Cloud No. 1.—A group of three heads, situated over land about 20 miles 
north-west of Sydney, was observed at 1055 hours rising from the top of the 
general cloud layer. The centre head of the three was selected for detailed 
investigation. This head continued to grow (as shown in Fig. 1 (b)), reaching a 
maximum height of 11,100 ft. It then gradually subsided to 11,000 ft. in the 
next 3 minutes after which it completely subsided into the general layer in a 
further 4 minutes. 
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Fig. 1.—Observations of rain falling from non-freezing clouds on January 11, 1951 
(Cloud No. 1). 

(a) Temperature sounding. 

(6) Heights of the aircraft, cloud top and base, and radar echo top. 

(c) Equivalent echo power. 


During this period, five flights were made over the cloud at approximately 
23-minute intervals, the rain falling from the cloud being observed on the aircraft 
radar set. <A series of photographs of the most intense rain area observed during™ 
each of these runs is reproduced in Plate 2. The maximum echo intensity 
(Plate 2 (b)) was recorded during the second run which coincided with the time 
of maximum development of the cloud. At this time the height of the top of 
the radar echo coincided with a temperature inversion at 9200 ft. As soon as 
the cloud had passed maximum development and commenced to subside, the 
top of the echo began to fall (as shown in Fig. 1 (b)) with corresponding reduction 
in the intensity and lateral dimensions of the rain area. 

The variation with time of the intensity of the echo from the most intense 
rain area in the cloud is shown in Figure 1 (¢). From these curves of equivalent 
echo power v. height, it can be clearly seen that rain was still developing when 
first observed, reaching a maximum at the time of maximum development of the 
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cloud (1101 hours), thereafter gradually diminishing in intensity. The peak 
intensity during development of the rain occurred at an altitude of about 5000 ite, 
that is, in the vicinity of a shallow isothermal layer. During the disaton . 
Stage of the cloud, the height of the peak echo as well as the height of the top of 
the echo diminished. 

Maximum rain intensity on the ground occurred at 1103 hr. 47 Sec., that is, 
3 minutes after the cloud had started to subside. At this time, the rain intensity 
on the ground corresponding to the observed radar echo, was 70 mm. /hr. which 
corresponds to “‘ very excessive ”’ rain as defined by Smith and Fletcher (1947). 
On the same basis, the average precipitation rate for the 10-minute period was 
about 35 mm./hr. 

(ii) Cloud No. 2.—At 1125 hours the aircraft set course for an isolated 
formation of cumuli situated over the sea 5-10 miles east of Sydney. The head 
for investigation was rising from a circular area of cloud about 5 miles in diameter, 
the top of which was at 10,000ft. This area of cloud was apparently the remnant 
of the 8/8 strato-cumuli which existed over the sea at 0900 hours. 
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Fig. 2.—Observations of rain falling from non-freezing clouds on January 11, 
1951 (Cloud No. 2). 

(a) Temperature sounding. 

(6) Heights of the aircraft, cloud top and base, and radar echo top. 

(c) Equivalent echo power. 


During the first three runs over this head (as shown in Fig. 2 (b)) the top 
remained at 11,000 ft. On the last of these runs, however, it was dissipating 
and by the fourth run the top had fallen to 10,000 ft. 

The maximum rain echo observed during each of these runs is shown in 
Plate 3. As can be seen, the rain echo grew in intensity until 1129 hours after 
which it rapidly diminished until, 7 minutes later, only a small echo remained. 
The variation in the height of the top of the rain echo with time is shown, in 
Figure 2 (b), maximum height being 9700 ft. which was 500 ft. higher than in 
cloud No. 1 but was still limited by the temperature inversion. Although in 
this case the maximum development of the rain storm cannot be so definitely 
correlated with a peak in the development on the cloud top, it certainly did occur 
while the cloud was still active. 

The curves of equivalent echo power v. height given in Figure 2 (c) again 
clearly show the growth and decay of the rain echo. The peak in the 1129-hours 
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echo power curve corresponds to the broad band of echo visible on Plate 3 (b) 
which lies between 6600 and 8300 ft. Three and a half minutes later the intensity 
was more uniform with height but had its maximum value between 5500 and 
6500 ft. Neither of these maxima can be explained satisfactorily in terms 
of the temperature sounding. The maximum rain intensity on the surface 
of the sea was calculated to be 100 mm./hr. (1129 hours). The average precipita- 
tion rate over the period of 10 minutes was about 45 mm./hr. 


(b) January 25, 1951 

Maritime air was moving over the Sydney coast from a southerly direction 
in which at 1400 hours 8/8 strato-cumuli had formed over the land, with base 
at 4500 ft. and tops held down by inversion at 6000 ft. However, over the sea 
some isolated cumuli had developed with bases at 1750 ft. and tops varying 
from 10,000 to 12,500 ft. A temperature sounding made during the aircraft 
ascent is shown in Figure 3 (a) superimposed on the 1800-hours radiosonde 
sounding taken at Rathmines. Freezing level obtained from both soundings 
was 12,000 ft. (I.C.A.N.). 
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Fig. 3.—Observations of rain falling from non-freezing clouds on January 23, 
1951. 

(a) Temperature sounding. 

(6) Heights of the aircraft, cloud top and base, and radar echo top. 

(c) Equivalent echo power. 


A formation of cumuli was selected for special investigation whose top at 
1530 hours was at 10,000 ft. and growing (Fig. 3 (b)). It reached its maximum 
development 2} minutes later. After a further 5 minutes the top had dropped 
from its greatest height to 11,000 ft. and was dissipating. Dissipation continued 
until the whole top had completely evaporated down to 9000 ft. The first three 
runs were made through the cloud; one at 9300, and two at 10,000 ft. On the 
first two runs, the cloud could be classed as ‘‘ very wet ’’ for a cumulus cloud, 
the size of the drops hitting the windscreen being estimated to be about }mm. 
By the time of the third run, the water content had dropped to about half but 
the drop size was approximately the same. On none of these runs, as would be 
expected since the whole cloud was warmer than freezing, was any snow or ice 
observed. The turbulence encountered on, the first two runs through the cloud 
(about 5 miles wide in an east-west direction) was moderate, maximum vertical 
accelerations experienced being of the order of +49. 
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Airborne radar echoes from rain falling from non-freezing cloud on 
January 11, 1951 (Cloud No. 1). 
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Airborne radar echoes from rain falling from non-freezing cloud on January 11, 


1951 (Cloud No. 2). 
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Airborne radar echoes from rain falling from non-freezing cloud on January 23, 
1951. 
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Airborne radar echoes from rain falling from non-freezing cloud on 
January 24, 1951, 
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Airborne radar echoes from rain falling from non-freezing 
cloud on March 22, 1951. 
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The photographs in Plate 4 show the most intense rain echo which was 
observed on each of these runs. The echo was strongest at 1529 hr. 44 sec. 
(Plate 4 (a)), that is, when the cloud was still actively building and not when the 
cloud had reached its peak development as was the case on January 1ilooa 
The echo had nearly vanished 7 minutes later and completely so after 11 minutes. 

The curves of equivalent echo power v. height shown in Figure 3 (c) confirm 
the fact that the most intense echo occurred at 1529 hr. 44 sec. after which it 
rapidly diminished. An interesting feature of this rain is the fact that the top 
of the rain echo at the time of its maximum development was held down at 
6000 ft. by the 33 C. degree inversion and had fallen to 5500 ft. by the time the 
cloud had reached maximum development. Maximum rainfall intensity on the 
surface of the sea occurred at 1532 hours and was calculated to be about 
100 mm./hr. The average precipitation rate was about 70 mm./hr. over the 
7 minute period. 

(c) January 24, 1951 

A gentle maritime stream, associated with a weak cyclone centred about 
200 miles east of Sydney, was moving across the coast from a southerly direction. 
Isolated cumuli were forming particularly over the sea, with bases at 1500 ft. 
and tops varying from 3000 to 20,000 ft. 
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Fig. 4.—Observations of rain falling from non-freezing clouds on January 24, 1951. 
(a) Temperature sounding. 
(b) Heights of the aircraft, cloud top and base, and radar echo top. 
(c) Equivalent echo power. 


In the afternoon a flight was made to investigate these clouds. A 

temperature sounding taken during the aircraft ascent is shown in Figure 4 (a) 
. superimposed on the sounding obtained from the 1800-hours radiosonde release 
at Rathmines. Freezing level during the flight was 10,900 ft. whereas by 1800 
hours it had dropped to 10,600 ft. 

A line of cumuli was observed to be developing about 20 miles north-east of 
Sydney. The particular cloud selected for investigation, was growing at 1548 
hours, its top then estimated to be 8000-9000 ft. The development of this 
cloud in the period of observation is shown in Figure 4 (b). The cloud continued 
to grow until its top reached 10,500 ft. after which it remained stable, but still 
active, for 7 minutes. The top then rose to 10,750 ft. (+4 °C.) in the next 
3 minutes. The top had almost completely evaporated down to 10,500 ft. 
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21 minutes later leaving a compact, but almost flat top at this height. This 
situation persisted for another 3 minutes, when this, also, started to dissipate 
and this stage continued until the cloud had completely evaporated down to 
9100 ft., with the remainder very broken. 

Three flights were made through the top of the cloud while it was still active. 
On the first two (1554 and 1601 hours respectively) a moderate water content 
was observed, the size of drops hitting the windscreen being estimated at less 
than } mm. On the third run, however, 1000 ft. below the top of the cloud 
at the time of its maximum development, the water content was larger, drop 
size now being about } mm. The maximum vertical acceleration experienced 
on any of these runs was +449. 

During the first three flights over the cloud (Fig. 4 (b), 1448-1551 hours) 
small echoes were observed momentarily on the radar but were not of sufficient 
lateral extent to be recorded on the radar film. Thereafter, however, the 
development and subsequent decay of the rain echo is clearly shown in the 
sequence of photographs in Plate 5. Curves of equivalent echo power v. height 
are given in Figure 4 (c). The rain echo when first recorded lay between 7500 
and 3500 ft. This rain echo increased in size and intensity, until its top had 
reached 10,000 ft. (see Fig. 4 (b)), and its bottom had just reached sea-level, the 
peak intensity being at 4500 ft. Note that this echo coincided with the peak 
development of the cloud. The height of the top of the echo then immediately 
started to fall, but the intensity of the echo increased between 4500 ft. and the 
sea until at 1604 hr. 41 sec. it was almost uniform between these heights. 
Maximum intensity at sea-level was reached at 1607 hours. The precipitation 
rate corresponding to this observed echo intensity at sea-level is 30 mm./hr., 
which corresponds to ‘‘ heavy” rain. After this the intensity at sea-level 
decreased, the average for a 12-minute period being 15 mm./hr. 


(d) March 22, 1951 

A gentle slightly modified maritime stream from a north-westerly direction 
was moving across Sydney ; 0-4/8 strato-cumuli were forming with bases at 
2500 ft. and tops varying from 3000 to 9000 ft. but nowhere reaching freezing 
level, which was at 12,200 ft. A temperature sounding taken during the aircraft 
ascent is shown in Figure 5 (a) superimposed on radiosonde soundings taken at 
Rathmines at 0600 hours and 1800 hours. ; 

The cumulus cloud selected for special investigation formed part of a line of 
cumuli running parallel to the coast and was situated on a bearing of 120 ° (Mag.) 
from Sydney, 25 miles out to sea. The behaviour of this cloud during the period 
of observation is shown by Figure 5 (6). It reached its maximum development 
(9000 ft.) at 1017 hours, the top thereafter gradually falling in the next 7} 
minutes, to 8200 ft. It then started to grow again, reaching 9200 ft. 64 minutes 
later, after which it subsided until the top was at 8500 ft. At 1022 hours and 
1025 hours flights were made through the cloud about 100 ft. below its top. 
Only a low liquid water content was observed. Drops were only just visible on 
the windscreen, hence the drop size lay in a range up to } mm. diameter. The 
maximum vertical accelerations experienced on these two runs through the 
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cloud were approximately +49 and +49 respectively. The larger acceleration 
experienced on the latter run can be accounted for by the fact that the cloud was 
starting to grow again. A flight made beneath the cloud base at 2500 ft. at 
1055 hours revealed light rain, the drop size lying in the range 4-1 mm. 


A series of photographs of the radar echo from rain falling from the cloud 
are shown in Plate 6. This example of non-freezing rain is interesting, not 
because of the intensity of the rain, which in this case was light, but because of 
the effectively cyclic variation of the height of the top of the rain echo with the 
development of the cloud. This effect can readily be distinguished on the 
successive photographs in Plate 6, but is clearer when these are studied in con- 
junction with the corresponding equivalent echo power-height curves shown in 
Figure 5 (¢). When first observed the echo was near the top of the cloud, height 
of top of echo and of the peak echo being at 8200 and 6250 ft. respectively. The 
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Fig. 5.—Observations of rain falling from non-freezing cloud on March 22, 
1951. 

(a) Temperature sounding. 

(6) Heights of the aircraft, cloud top and base, and radar echo top. 

(c) Equivalent echo power. 


echo did not reach the sea. When the cloud was at maximum development for 
the first time (1017 hours) the top of the echo and peak echo had fallen to 7000 
and 4000 ft. respectively, the rain still not reaching the sea. After 3 minutes, 
the top had fallen to 6500 ft. with maximum intensity close to the sea. The 
next cycle started 2 minutes later when the rain shower commenced to develop 
again, giving a small echo with maximum intensity at about 3000 ft., although 
the cloud top still appeared to be subsiding. After a further 3 minutes, when 
the cloud started to rebuild, the top of the echo had risen to 7200 ft. with its 
peak at about 4000 ft. The top of the echo then remained steady at 7200 ft. 
but the echo intensified between 3500 ft. and the sea. By 1031 hours, when the 
cloud had reached its maximum development a second time, the top of the rain 
echo had risen to 8200 ft. again with its peak intensity at 5500 ft. Unfortunately 
no further radar record was obtained owing to a fault in the camera. 

However, it is confirmed again in this example that the maximum rain 
intensity occurs either when the cloud is still actively building, that is, prior to 
it attaining its maximum development, or when the cloud just reaches maturity. 
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The maximum echo intensity occurred on the surface of the sea at 1020 
hours. The corresponding precipitation rate was 1 mm./hr., i.e. light rain, and 
averaged only 0:5 mm./hr. over the 5-minute period. 


IV. SUMMARY OF OBSERVATIONS 

The observations of natural rain described in this paper contain several 
important features (Table 1). 

(a) The clouds were wholly warmer than 0 °C., the temperature of the top 
at the time of their maximum development being between +7 and +4 °C. in all 
cases. 

(b) Calculations of precipitation rate on the ground based on the intensity 
of the radar echo and Laws and Parsons drop size distribution show that the 
rain intensity on the ground averaged over the period of the storm can reach 
70 mm./hr. i.e. ‘ excessive’ proportions. Three cases of excessive rain are 
recorded, one of heavy, and one of drizzle. 

(c) In the four cases of heaviest rain, the cloud formed in maritime air 
masses moving over the Sydney coast from a south or south-easterly direction. 
In the other case (March 22) the air mass was slightly modified maritime air 
moving back over the sea from a north-westerly direction. 

In all cases the clouds investigated were either over the sea or only slightly 
inland. 

(d) In the four examples where the precipitation rate was heaviest, the 
cloud depth was between 9250 and 9900 ft. The light rain of March 22 fell 
from a cloud only 6500 ft. deep. However, since the air mass was also different 
on this occasion no conclusion can be reached. 

(e) The values of effective cloud life given in Table 1 are the times from 
when the head was first observed to commence its growth from the top of the 
general cloud layer to when it subsided back into the layer or had nearly com- 
pletely dissipated. The clouds may hence be classed as ‘‘ of short life ’’. 


(f) The observed echo from the rain in the cloud was in the form of a vertical 
column. 


(g) In all cases the maximum development of the radar echo occurred when 


the cloud was still actively building just prior to the cloud reaching maximum ~ 


development or when the cloud was actually at maximum development. 


(h) Also in all cases the cloud commenced either to dissipate or subside 
immediately upon reaching maximum development. Simultaneously the top 
of the radar echo also started to fall. 


(7) In most cases the greatest rainfall intensity on the ground occurred 
after the cloud had passed maximum development. 

(j) In four of these observations it will be noted that, while the cloud was 
still developing, a maximum in the radar echo intensity from the rain occurred 
in the middle levels in the cloud, indicating an accumulation of relatively large 
drops at these levels. In most cases there was little or no discontinuity in 
temperature sounding to account for such an effect. This effect was not 
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observed, however, in the example of January 23, owing, perhaps, to the late 
start of observations on this cloud. In this cloud also, the top of the radar 
echo was limited by a 34 C. degree inversion near the middle level of the cloud. 

Generally, after the cloud had passed maximum development, the region 
of high concentration of water drops disappeared leaving the echo intensity 
more uniform with height. 


V. CALCULATIONS OF RAINDROP DENSITY AND RAINWATER CONTENT 
From the curve of observed radar echo intensity v. height for a particular 
rainstorm, it is possible to compute the variation of raindrop density and rain- 
water content down through the cloud on various assumptions about the rate of 
growth of the falling drops. 
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Fig. 6.—Curves of raindrop density and rainwater content derived from the observed echo 
intensity of the rain at 1600 hours January 24, 1951, assuming in (a)-(c) no growth of the falling 
drops and in (d)-(f) that growth occurs by coalescence. It is also assumed in the latter case 
that, for curve (i), the raindrop diameter d at 8000 ft.=0-2 mm., the average cloud droplet 
diameter D=20u, the cloud water content w=0°5 g./m.3, and the upward air velocity 
V=10 cm./sec. ; for curve (ii), d at 8000 ft.=0-3 mm., D=20y, w=1 g./m.°, and V=115 cm./sec. 


Let us consider the rainstorm for January 24, 1951, at the time of its 
maximum development. The data acquired upon which the following calcula- 
tions were based, were, first, the equivalent radar echo power given in Figure 4 (¢) 
(1600 hr. 34 sec.) and, second, an estimate of the drop size obtained during the 
flight through the cloud at a height of 8000 ft. above its base. The predominant 
drop size at this height was found to be 0-25 mm. in diameter, let us say in the 
range 0-2-0-3 mm. 

(i) If we now assume no growth of the raindrops as they fall through the 
cloud, then the diameter of the drops at every height in the cloud would be in 
this same range 0-2-0-3 mm. (Fig. 6 (a)). The corresponding values of raindrop 
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density and rainwater content at different heights, plotted in Figures 6 (bd) 
and (¢), may then be calculated. It is immediately obvious that the values of 
both raindrop density (5 <10® to 5 x107 drops/m.? at 3000 ft. above the cloud 
base) and rainwater content (70-200 g./m.3 at the same height) are absurd. For 
this reason, if for no other, the assumption that the raindrops do not grow in 
falling through the cloud must be invalid. 

(ii) As an alternative, let us assume that in falling through the cloud the 
raindrops grow by coalescence at the rate given by the coalescence theory of 
Bowen (1950). On the further assumption that the upward air velocity, cloud 
water content, and average cloud drop diameter are as indicated in the legend to 
Figure 6, the drops would grow in the manner indicated in Figure 6 (d), attaining 
diameters between 1 and 2 mm. on reaching the cloud base. 

The corresponding values of raindrop density and rainwater content at 
different heights are given in Figure 6 (e) and (f). The numerical values, although 
somewhat high, are not unreasonable. 

It can therefore be stated with some degree of certainty that the raindrops 
must have grown in falling through the cloud and that the rate of growth was 
compatible with the coalescence theory. 


VI. CONCLUSION 

The rain described in this paper came from clouds that were wholly at 
temperatures above 0 °C. and the conditions were such that ice crystals could 
not possibly have been involved in the formation of the rain. It has already 
been shown (Bowen 1950) that such rain can form by coalescence and the 
observations described in the present paper are consistent with the theory. 

The clouds were of moderate depth and formed in maritime air in the warm 
temperate region. The intensity of the rain at the ground varied from drizzle 
to one case in which the average intensity over the duration of the storm was 
70 mm./hr. 
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THE DETERMINATION OF SURFACE TENSION BY SESSILE DROP 
MEASUREMENTS, WITH APPLICATION TO MERCURY 


By G. M. ZIEsING* 
[Manuscript received October 24, 1952] 


Summary 


The error in the Worthington (1885) sessile drop equation, as an approximation 
to the exact equation from which it was derived, is found to be of the order of experi- 
mental errors in recent surface tension determinations. The source of error and origin 
of the optical band system observed when parallel light is used to define the summit 
of a sessile drop have been investigated. The band system is shown to originate in 
an interference phenomenon from the curved surface of the drop. Detailed descriptions 
are given of the cleaning and testing methods necessary for the preparation of mercury 
and glassware involved in the determination of the surface tension of mercury as 
484-941-8dyn./em. A lower limit to the temperature coefficient of the surface tension 
was set at 0-20 dyn./cem. °C. 


I. INTRODUCTION 


The determination of the surface tension of a liquid from observations 
made on a large (sessile) drop resting on a horizontal surface has the advantage 
that readings are taken only on the liquid surface and do not involve angles of 
contact of liquid and solid. The method depends on a very precise measurement 
of h, the vertical distance between the summit of the drop and the horizontal 
plane of maximum section (Fig. 1), and a reading of the diameter, 2R, which 
enters into the correction factor to be applied to the well-known formula for a 
drop of infinite diameter (i.e. y=togh?). 

Workers applying this method to mercury and claiming a high degree of 
accuracy for their work have obtained values ranging from 436-3 to 515 dyn./em. 
Apart from surface contamination of the mercury and the use of inadequate 
formulae these variations are probably due to errors in measuring h, caused. 
firstly by the difficulty of setting on a highly reflecting surface such as the summit 
of the drop, and secondly by the fact that the microscope must be moved a 
distance & horizontally between setting on the “equator” and on the 
summit. Burdon (1932) discussed these points and values for the surface tension 
of mercury in more recent papers have been in much closer agreement. In his 
work, as well as the author’s, the mercury drop rested on a slightly concave 
quartz disk enclosed in an apparatus made of clear silica (Fig. 3) having plane 
circular windows for illumination and observation. The plane of maximum 
section is defined precisely by the highly astigmatic reflection in the drop of a 
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ee small light on the same horizontal level, as used by Richards and Boyer 
(1921). 

To define the summit Burdon set up a small light at the focus of a large 
lens of good quality at some distance on the far side of the apparatus so that the 
drop was silhouetted in the horizontal beam of parallel light. The reading 
microscope, resting on an accurately plane and horizontal slab of glass, was 
set on the equator and then pushed forward to focus on the summit. For 
the present work the apparatus has been modified to include a pointer fixed just 
above the position of the centre of the drop, so that the reading on the top of the 
drop is taken by setting midway between the point and its image in the surface, 


Fig. 1.—Section through sessile drop on horizontal plate. 


as in the work of Bradley (1934) and Kemball (1946). Finding R to the required 
accuracy offers no difficulty. The present paper shows that modern technique 
warrants the use of a formula more accurate than the approximation used by 
previous workers in calculating the surface tension from their measurements. 
It also deals quantitatively with the optical interference fringes seen above the 
drop in the parallel beam of light and made use of by Burdon in setting on the 
summit. An account is given of a redetermination of the surface tension of 
mercury and its temperature coefficient. 


II. FORMULAE APPLIED TO SESSILE DROPS 
In recent determinations (Cook 1929; Kernaghan 1931; Burdon 1932 ; 
Bradley 1934 ; Kemball 1946) of the surface tension of mercury by measurements 
of sessile drops it has been customary to use the equation 


y=#[logh? x1-641R/(1-641R+h)], (R>2cm.) .... (1) 


where y=surface tension in dyn./cm., 

o=density of mercury in g./cm.?, 

g=acceleration due to gravity, 

h=height of the drop measured above the plane of maximum section, 
and R=radius of the drop at the plane of maximum section (Fig. 1). 
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The equation originally given by Worthington (1885) is 
y=tpgh? +2yh(1/b—1/3 282K), .....-... 22 eee ees (2) 
where b=radius of curvature at the summit of the drop. 


The Worthington equation is itself an approximate form of the exact 
equation 


y=tpgh? +2yh/b rf (Sin :oj7)da,) fo. ie eee (3) 

: 0 

where o is the included angle between the axis of revolution and the normal to 
the surface (Fig. 1). Calculation shows that, for a drop of mercury 5-0 cm. 
in diameter, neglecting the value of 1/b causes an error of 0-04 per cent. and 
that equation (1) gives a value differing by 0-23 per cent. from that given by 
equation (3). The total effect is that values calculated using equation (1) 
are 0-27 per cent. (or 1-2 dyn./em.) lower than those derived from (3). Never- 
theless recent workers (Kemball 1946), whose measurements warrant the claim 
of 0:3 per cent. as their maximum error, have in fact used equation (1) thus 
involving a constant error approximately equal to the total estimated error. 


It would appear that all results of workers using the sessile drop should 
be increased by at least 1 dyn./cm. 


Til. OpticaAL FRINGES OBSERVED ABOVE SESSILE DROPS 


The method of using parallel light to define the summit introduces an error 
of 0-001 cm. due to the presence of what Burdon (1932) called “ diffraction 
bands ” above the liquid surface when viewed through the reading microscope. 
The nature of these diffraction bands and the magnitude of the resultant error 
in definition of the summit are discussed below. 


Preliminary comparison of the parallel light method and the pointer 
reflection method of setting on the summit showed that the bands did not 
originate from the true summit of the drop, but from some vertical plane either 
on the near side or the far side of the summit. The plane of origin could be 
controlled by small variations of the angle of incidence of the parallel light on 
the drop, but, in spite of a fine control of movement, it was impossible to find a 
band system originating from the vertical plane through the summit of the 
drop. 

Since a similar dependence on the angle of incidence was observed when 
the parallel light was replaced by light from a pinhole source, the phenomenon 
is attributable to the small departure from true parallelism which occurs with 
any optical system. The resultant error in h depends on the size of the drop 
on which the setting is made. 


Apparently the origin of the unequally spaced optical fringes has not 
hitherto been described, apart from Burdon’s reference to “ diffraction fringes ”’. 
The fringes are characteristic of a liquid surface. The band Spacing varies 
with variation of drop size, increasing as the drops become larger, which is 
contrary to measurements on diffraction fringes carried out by Arkadiew (1913) 
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and repeated in this laboratory. The fringe spacing should be independent of 
change in radius of curvature of the object if the fringes are due to diffraction. 
A sharp edge, such as that of a razor blade placed normally to the beam in place 
of the mercury drop, produced no fringes if the microscope was correctly focused 
on the edge. 


The knowledge that the bands or fringes being observed were actually 
formed in the same plane as the observed summit of the drop, a fact not explain- 
able on normal diffraction theory, prompted further investigation. 


A 3 in. optical flat, plane within 4/15, was set up horizontally with its upper 
surface in the position formerly occupied by the summit of the mercury drop, 
and with similar lighting it gave rise to an equally spaced system of fringes as 
in the arrangement known as Lloyd’s single mirror (Fig. 2). In such an arrange- 
ment the centre of the optical pattern is displaced from the plane of the optical 
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Fig. 2.—Interference occurs at [: between the incident and reflected 
rays from S, either a distant pinhole, or with imperfectly parallel 
light. 
(a) From truly horizontal and flat surface (Lloyd’s mirror) ; 
(6) From far side of curved surface ; 


(c) From near side. 


flat due to the phase reversal of the reflected ray. The plane of the optical flat 
is thus indefinite, as it has become the centre of a dark band. If the plane of the 
flat is taken as the edge of the dark band, an error of half a bandwidth 
(0-0008 cm.) is involved. The occurrence of the fringe system in the plane of 
the observed summit of the drop still required elucidation. 

Since the upper surface of a sessile drop is not plane but has a large radius 
of curvature dependent on the drop size, the possibility of interference fringes 
from a curved reflecting surface was investigated. 

In a paper entitled ‘‘ The diffraction of light by cylinders of large radius AA 
- where the maximum value of the radius was 1-5 cm., Basu (1918) considered the 

explanation of fringes formed when the focal plane of the observing instrument 
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coincided with the edge of the cylinder. A simple interference theory satis- 
factorily accounted for his observed fringe spacing, which obeyed a law 
P= 2R)\He(nnr)2, w= 1) 2, 3. ae 
where «=fringe spacing from minimum to minimum, 
R=radius of the cylinder, 

and A—wavelength of the light used. 

If the liquid drop is considered as a cylinder of radius 6, the radius of 
curvature at the summit, reasonable agreement between predicted and measured 
values of fringe spacings was obtained as shown in Table 1. 


TABLE 1 
RESULTS USING A WATER DROP OF RADIUS 3 CM. 
Temperature= 25 °C., h=0-3996 em., b=R=940 cm.* 


| 

Fringe number “6 | il 2 3 4 5 

Actual spacing. . te | 0-0070 0-0058 0-0046 0-0042 
.. | 0-0141 0-0082 0-0072 0-0062 00051 


* Calculated by the formula of Laplace (1806) or Mathieu (1883). 


Predicted spacing 


The accuracy was limited as the fringe system did not originate exactly 
at the summit, which would itself give a lower value for R (b) and hence better 
agreement. Again, as R becomes very large the theory underlying the above 
equation becomes inapplicable as the finite size of the source limits the definition 
of a point as the edge of the cylinder. The formula predicted the increase of 
band spacing with increase of drop size, since the radius of curvature increases 
as drop size increases. 

The fact that the fringes originated in an interference phenomenon and not 
in diffraction was further confirmed by the effect of small vibrations on the 
pattern. Minute ripples on the surface, insufficient to cause noticeable movement 
of the liquid plane, caused the outer fringes to pulsate quite noticeably, owing 
to the rhythmic variation of angle of the reflected light as the disturbance 
crossed the surface. 

The two errors in the parallel light, method were in opposition, the fringe 
error giving a constant high value to h, while the error due to the plane of origin 
of the fringes varied with drop size. In the present experiments, for a water 
drop of radius 3 cm., the effects cancelled out and no error existed between the 
parallel light method and the pointer reflection method. For smaller radii the 
error involved was negative, while at larger radii the error was positive, the 
exact amount being uncertain to a degree determined by the accuracy of the 
theory applied above. The direction and magnitude of the error were experi- 
mentally confirmed. Thus the parallel light method is unreliable for accuracy 
beyond 0-001 cm. in measurement of h. 

When using the pointer reflection method the error in definition of h is 
limited to observational error. Several papers (Taylor and Alexander 1944 ; 
Wheeler, Tartar, and Lingafelter 1945) have been published in which the 
technique applied in the pendant drop camera has been used for sessile drops 
within the range of Bashforth and Adams’s (1883) five figure tables of calculation. 
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If sufficient refinement can be introduced to either or both of these experimental 
arrangements, the order of accuracy will be beyond that of existing measurements 
and detailed knowledge of the surface tension variation of mercury at higher 
temperatures than previously measured should become possible. 


IV. THE SURFACE TENSION OF MERCURY 
Following preliminary experiments with a pendant drop camera in which 
it was not possible to obtain consistently repeatable results owing to the lens 
in use, the determination of the surface tension of mercury was made by means 
of large sessile drops in the silica apparatus formerly used by Burdon (Fig. 3). 
This apparatus was modified by the inclusion of a fixed pointer mounted within 
0-001 em. of the estimated position of the summit of a drop of mercury 5-0 em. 


——+» TO McLEOD GAUGE, 
CUT-OFF TRAPS, 
AND PUMPS 


Ss 


pie Z, 
Sod 2 


Fig. 3.—The silica apparatus. 


in diameter at 25°C. The vacuum apparatus consisted of a backing pump, 
mereury diffusion pump, liquid air trap, Pirani gauge, and mercury trap to 
isolate the greased side of the system from the other side, which comprised a 
McLeod gauge, charcoal trap, and silica measurement apparatus. <A graded 
Pyrex-to-silica seal was made between the McLeod gauge and the charcoal trap. 
-Provision for the inlet of clean dry gases was made near the diffusion pump 
such that all gas first passed through the liquid air trap. Hach section of the 
vacuum apparatus was cleaned in chromic acid, washed in conductivity water 
(conductivity <3 x10-® mhos), and dried before sealing together. No grease 
was applied to taps or cone joints until just before final sealing on of the main 
silica apparatus. poh) 
Special attention was paid to the cleaning of all glassware used in either 
the main or subsidiary operations. The general cleaning of all glassware used 
in subsidiary operations and not in contact with purified mercury followed the 
usual procedure of using tongs, washing in hot chromic acid, and rinsing in clean 
water. Two simple visual tests for cleanliness were applied to all glassware. 
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For the first, an unbroken water film indicated freedom from gross contamination. 
In the second test the article was tilted and the absence of an ascending water 
ridge known as the ‘‘ Burdon ” or “‘ plate ” ridge indicated the absence of partial 
contamination on the water surface covering the article (Burdon 1926 ; Satterly 
and Mills 1927; Satterly and Turnbull 1929; Satterly and Collingwood 1931a, 
1931b; Satterly and Stuckey 1932; Satterly and Givens 1933). When 
apparatus was required to be especially clean, the well-known technique of 
steaming was used. However, pilot tests had to be maintained on this process 
to safeguard against the possibility of airborne fatty contamination becoming 
interdispersed with the steam and coating the apparatus being steamed. 

Where rapid drying was required, glassware was suspended on clean glass 
supports in a small silica oven, a process which was shown to be satisfactory. 

The main silica apparatus was washed for 3 hr. in freshly prepared hot 
chromic acid, with acid being continually rinsed through it. The excess acid 
was washed off by 25 complete changes of conductivity water (conductivity 
<2-5 10-6 mhos). The apparatus was steamed for 3 hr., dried in the silica 
furnace, and attached to the vacuum apparatus, which was then pumped and 
flamed for 9 hr. to remove as much adsorbed water vapour as possible. 

The cleaning of the experimental mercury started with the preliminary 
experiments and continued until the vacuum apparatus had been completed. 
The starting sample was 400 cm.? of stock mercury which had been freshly 
distilled at 200-°C. in a current of air. This was then passed through a series 
of two nitric acid/mercurous nitrate towers many times, being collected each 
time in cleaned and steamed glassware. The sample was then agitated in 
shallow Pyrex dishes under conductivity: water to which pure sodium peroxide 
was continually added in small quantities. This final process occupied 60 hr. 
The purity of the final sample was tested by the spreading of conductivity water 
on a. newly formed surface as outlined by Burdon (1926). 

Since there is no adsorption of mercury by water or vice versa, Antonoff’s. 
law for the case of pure water on mercury reduced to the statement that no 
spreading would occur provided no ions were present in the water to become 
attached to the mercury surface and act.as anchorages facilitating spreading. 
With water of known purity, the test was very sensitive as regards mercury 
purity. Conductivity water (conductivity <2 x10-® mhos) did not spread 
on the initial air distilled sample, nor did it spread on the sample obtained from : 
the acid towers. After 18 hr. under sodium peroxide, limited spreading occurred, 
becoming a maximum after 60 hr. when water with conductivity 
<1:4x10-® mhos spread to cover a circle of diameter 5-9 em. in 3 min. This 
drop eventually covered the whole area of the petri dish (except for the curved 
edge (Burdon, 1926)) before evaporating. Exposure of the mercury surface, 
protected from dust, to the air for half an hour did not alter the rate of spreading. 
These tests indicated a high standard of purity. 

During these tests several observations previously made by Burdon were 
confirmed. Mercury was very liable to pick up contamination (possibly sodium 
ions) from dishes which had been thoroughly cleaned and steamed. Quite often 
conductivity water would not spread on the first mercury surface formed in a 
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clean dry dish, but the second surface formed in the same dish after rinsing 
with mercury was perfect, with spreading equal to the best tests performed. 
As Burdon had shown, adsorbed sodium ions prevented the spread of water on 
mercury, so that all mercury was stored in silica flasks which did not introduce 
this contamination. 

With this cleaning complete the vacuum apparatus was filled with dry argon, 
opened, and the clean dry mercury poured into the reservoir chamber (A, Fig.3) 
from a special flask, constructed so that all mercury delivered came from beneath 
the free surface in the flask, ensuring absence of contamination. When the 
apparatus was resealed the argon reduced the risk of mercury oxidation due to 
the high temperature flame used. 

At this stage the error introduced by the observation window not having 
truly parallel faces, mentioned by Kemball (1946), was finally checked. The 
wedge angle was 1-0 x10-3 rad., which for the apparatus in use meant that the 
measured value of kh was too high by 0-0011 cm. 


TABLE 2 
EXPERIMENTAL ERRORS 


Error in h Error in y 

Type of Error (em.) | (dyn./cm.) 
Height of the lamp defining the equator. . | 0:0001 0:3 
Artificial horizontal plane ae ae 0-0001(2) 0-4 
Diameter of the drop Ee eae ee — 0-1 
Sum of errors . ee sy ti: | 0:8 


Mercury was distilled around the apparatus for several days at gas pressures 
of less than 10-5 mm., which, according to the values of Taylor and Hulett (1913), 
were sufficiently far removed from the critical pressure for oxide formation to 
avoid the production of an oxide layer. When the final formation of a sessile 
drop had been made by distilling mercury from the reservoir chamber, with a 
small bunsen flame, a thermostat chamber maintaining a constant temperature 
of 25:0-+0-1 °C. was placed around the apparatus. Measurement of the surface 
tension was made when the temperature as registered by a chromel-alumel 
thermocouple and potentiometer had been constant for 2 hr. 

The distillation of mercury within the silica apparatus gave rise to large 
electrical charges on the sessile drops, which depressed the value of y by as 
much as 6 dyn./em. A small dental X-ray plant was used to restore the original, 
earth, potential, thus ensuring the normal value of the surface tension. This 
was always carried out as soon as the drop was at 25 °C. 

The value of the surface tension remained constant for 24 hr. The mean 
of the 42 readings taken was 483-61 dyn. /em., when calculated by the 
Worthington (1885) formula. The experimental errors were as set out in 
Table 2 so that the final result was 483-6+1-8 dyn./em. on the Worthington 
formula, which when corrected for the inaccuracies in that equation became 
484-9+1-8 dyn./cm. 
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V. THe TEMPERATURE COEFFICIENT OF THE SURFACE TENSION 
oF MERCURY 

Two series of values of surface tension against temperature were measured 
using a specially constructed furnace surrounding the silica apparatus. Within 
the furnace the formation of sessile drops continued by slow distillation, so that 
the results represent the surface tension of a series of slowly formed new surfaces. 
However, the electrical charge on the drop was also being continually built up 
as the distillation proceeded, so that the measurements made were limited in 
value as exact measurements. They did have value in one sense, for, since the 
influence of charge was greater at low temperatures where electrical equilibrium 
was harder to maintain, the values set a lower limit to the temper- 
ature coefficient of the surface tension of mercury. The measured value was 
0:20+0-01 dyn./em. °C. over the range 20-220 °C. The uncertainty in this 
value demonstrates the limitation in measurement of a temperature coefficient 
by means of sessile drops, since, even under the best conditions, at any temper- 
ature the observational error is generally +1 dyn./em., so that, unless the 
temperature range can be extended or an improved order of accuracy introduced, 
the value of the temperature coefficient has a lower accuracy of only 
0:01 dyn./em. °C. The use of a camera is the most promising method in both 
cases. 


VI. CONCLUSION 


The experimental value for the surface tension of mercury was in good 
agreement with previous work as reviewed by Kemball (1946), especially when 
all sessile drop measurements in that review were corrected for the inaccuracy 
in the Worthington equation. The value for the temperature coefficient was a 
good lower limit to the values quoted by Kemball. 
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A DECIMAL COUNTER ELECTRON TUBE 
By D. L. HoLtuway* 
[Manuscript received May 7, 1952] 


Summary 


A scale-of-10 counter electron tube is described, in which incoming signals are 
counted by triggering a single electron beam through a closed sequence of 10 pairs of 
stable states. Each stable state results from potential drops maintained on deflecting 
electrodes by the distribution of the beam current. 


Current distributions and deflecting electrode systems of fivefold symmetry, 
which together develop rotating deflexion fields suitable for counters, are considered 
and an expression is derived for the optimum proportions of the electrode system. 


Other possible applications of the basic principle, the “ self-rotating beam ”’, to 
special purpose tubes are indicated. 


I. INTRODUCTION 


The need for counters operating at speeds higher than those possible with 
mechanical registers was realized first by nuclear physicists in recording signals 
from ionization chambers. An important advance was made when Wynn- 
Williams (1931) described a circuit of “a group of inter-connected thyratrons, 
which automatically switch one another into operation as the need arises, so 
that however rapidly particles are arriving, there is always a thyratron available 
for each particle ”’. 

In later forms, electronic counters are now widely used in the measurement 


of frequency, time, and other quantities which may be converted to a frequency 
or count. 


The chief requirement of any counter, whether mechanical or electronic, 
is a form of “ memory ” consisting of stable states, positions, or potential levels. 
It may be shown that at least 2N stable states are needed for a counter in the 
scale-of-N ; of these, NV store the count in the intervals between incoming signals 
and the remainder hold the count during changeover. In mechanical counters 
such as cyclometers, clock escapements, and so on, it is simple to design the 
mechanism so that all of the 2N states are stable during any period of time. 
But the equivalent ‘‘ completely stable’ states in electronic counters require 
vacuum tubes or other comparatively costly “‘ active” circuit elements. It is 
usual, therefore, to simplify these circuits by using “‘ temporarily stable ” states 
for storage during changeover. The crossed grid-to-plate condensers in the 
four double-triode scale-of-10 circuits are an example of this economy. Input 
Shaping circuits ensure that the incoming signals are completed before the 
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stored charges decay. These counters represent such an efficient use of com- 
ponents that little further simplification seems possible in designs based on the 
use of conventional vacuum tubes. 

In 1947, in collaboration with Mr. A. M. Thompson, the possibility of 
devising a single high-vacuum-tube decimal counter was considered by the 
author, and several forms were planned.* The objective of the subsequent 
development was a counter of small size, operating at low anode voltage, with a 
minimum of associated circuitry, which would maintain counting accuracy over 
4 wide range of circuit conditions and to as high a frequency as possible. 


II. PRINCIPLE OF OPERATION 
(a) General Description 
The counter is a high-vacuum tube in which counting is accomplished by 
successive displacements of a deflected electron beam through a number of 
stable positions (Hollway 1950). The operating principle may be explained by 
considering the simplified electrode arrangement shown in Figure 1. 


| ANODE POTENTIAL 


Fig. 1.—A simplified electrode system. 


An electron beam enters, along the axis, a system of five similar deflector 
plates maintained near the potential of the final anode by five equal series 
resistances. The beam forms a focused spot in the plane of the collecting 
segments, each one of which is directly connected to the correspondingly lettered 
deflector. 

If one deflector, B, is lowered momentarily in potential, an electrostatic 
field is formed which deflects the beam away from deflector plate B and moves 
the spot in the direction of the arrow B’. The beam current which then flows 
to collector B will lower the potential of the collector, and hence of the deflector, 


* It was found later that one of these early designs had been anticipated by a form of counter 
proposed by Snyder (1946). 
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sufficiently to maintain the deflexion. A similar stable condition is possible 
at each of the other collectors, after initial deflexion. 

Now imagine the deflector plates to be turned about the axis one-tenth of 
one revolution clockwise, viewed in the direction of the beam. Deflexion of the 
spot in the new direction, B’’, will cause part of the beam current to flow to 
collector C, which in turn moves the spot further across plate C. There are no 
stable regions and the spot rotates continuously in the clockwise direction. 
Similarly, if the deflectors are retarded in space phase iets respect to the 
collectors, to B’’’, the motion is reversed. 


lf 
A 
H 
iy 


Lh 
IN 


Fig. 2.—The electrode structure of the scale-of-10 counter, shown in section. 
F,, resistors connected to the collector plates A-H (shown in Figs. 4 and 5); G, grid; H, cathode ; 
J, anode; K, five deflectors ; L, focusing electrode ; M, positive ring; JN, trigger ring ; O, front 
collector plates; P, suppressor; @, back collector plates; R, carry-over electrode. 


In the complete counter tube (Figs. 2 and 6) two separate sets of collector 
plates are used. The front group O is phased, with respect to the deflectors, 
for clockwise rotation and the back group Q is phased for reverse rotation. 
Openings are cut in the front group as shown in Figure 3. Thus, whenever the 
beam falls on the front plates it moves clockwise until part of the spot overlaps 
the radial edge of an opening and a fraction of the beam current flows to the 
back collectors shown in Figure 5. Further movement rapidly reduces the 
influence of the front system and increases that of the back, so that a state of 
angular equilibrium is reached, and the resultant deflexion is purely radial. 
Therefore the beam moves outwards until it is partially intercepted by the 
inside edge of a ring (M, Fig. 2), the ‘‘ positive ring ”’, which is maintained at the 
potential of the final anode. Any further radial deflexion decreases the 
proportion of the beam which reaches the collectors, and the deflecting potentials 
are similarly reduced. Therefore a condition of equilibrium is reached when the 
beam is partly intercepted by the positive ring. Because the beam cross section 
is small in the plane of the ring, the radial deflexion remains almost unchanged 
by circuit variations or by the normal cycle of deflector potential changes which 
take place during the counting process. 


In this way the angular position of the spot is always controlled by the 
deflector potentials and is sensitive to the collector currents, but these can have 
no effect on the radial position. The radial position is controlled only by the 
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BEAM POSITIONS AT 
THE COUNT OF: 1 


t 
2 


“ANTICLOCKWISE" 
AREAS 


Fig. 3.—A simplified view of the stable openings in the front collectors showing 
the counting sequence 0-+1—2. Beam current falling on any part of the shaded 
area sets up potential changes which tend to move the spot clockwise. This 

clockwise area consists of the five separate electrodes shown in Figure 4. 


BEAM POSITIONS 
A HE COUNT 


oO 
2 


Fig. 4.—The collector assembly viewed in the direction of the beam, shown 
in relation to the directions of deflexion. When beam current reaches a 
shaded area, for example B at position 0, the corresponding deflector is lowered 
in potential producing a component deflexion in the direction of the arrow B. 
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trigger electrode (NV, Fig. 2), a short cylinder which receives the signals to be 
counted. 

When a positive going signal appears, the spot moves radially outwards 
from the position 0 (Figs. 3 and 4) until the outer edge of the slot is reached. 
Beyond this point the anticlockwise restraint from the back collectors is reduced 
and the spot moves clockwise to the outer opening 3, which is stable for this 
and higher trigger potentials. The beam is held in position 3 until the removal 
of the input signal moves the spot inwards, once more on to a clockwise region, 
causing a further rotation to position 1. 


Fig. 5.—The back collector segments viewed from the screen 
against the direction of the electron beam. 


Therefore each input signal moves the beam from one inner stable position 
to the next, increasing the stored count by one unit, and 10 waves cause the spot 
to complete a full revolution and return to the initial position. Because the 
states in which the beam is held during changeover are ‘‘ completely stable ’’, 
the input signals may be of any duration and amplitude above the minimum 
values necessary to register a count. 

Some interchange of secondary electrons is permitted between adjacent 
plates in both front and back groups in order to develop current waveforms 
corresponding to smoothly rotating deflexion fields, but complete suppression 
of secondaries between the two groups of collectors, and between the collectors 
and the other electrodes, is essential. This is ensured by keeping the trigger 
at a lower potential than the collectors, and by inserting a suppressor (P, Fig. 2) 
at cathode potential, between the front and back collectors. The suppressor 
has slots to match those in the front collectors. The outer 10 are larger than 
those in the collectors, so that the transmitted beam remains in good focus. 
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At the inner openings, however, the Suppressor is formed so as to diverge the 
beam sufficiently to cover areas of the back collectors in which the figures 0-9 
are cut, corresponding to the count positions. Electrons passing through the 
number openings continue to diverge, and project the number image,* enlarged 
eight times, centrally on the fluorescent end of the bulb. 


Fig. 6.—A scale-of-10 counter tube. 


When the beam reaches the position 94, the ‘ carry-over” electrode 
(Rk, Fig. 2) intercepts the current usually flowing to the positive ring. This 
produces a negative pulse at R which is coupled to the trigger of the next counter 
as described in Section IV. 

The principles underlying the division of the beam current between the 
collectors at each of the stable states will now be considered. 


(b) The Deflector Potential Waveforms 

In describing the operation of the counter it has been stated that the beam 
current falling at any point on the front group of collectors sets up a deflexion 
field which tends to move the spot further in the clockwise direction, that is, 
at any spot position, the current to the front group corresponds to a radial 
deflexion component at an angle, «, in advance of the actual position of the 
spot. 

The values of « and the corresponding angle of the backward component 
depend upon the design of the collector plates and other electrode dimensions 
including the angular relationship between the collectors and the deflectors. 
Thus, variations within the electrode constructional tolerances cause variations 
in «, which the design value must be large enough to absorb in addition to the 
margin needed for protection against circuit and external disturbances. The 
tube will count incorrectly if either angle is reduced to zero in any region of the 
collector circumference. 

As perturbations may occur with equal probability in the backward or 
forward directions and at any spot angle, it is assumed, as a design basis, that 


* This method of number projection is preferable to an earlier form using electrostatic 
projection lenses, because it results in a simpler collector system and only the small fraction of 
the beam passing through the numbers is lost from the back plates ; also the images are always 
in sharp focus and satisfactory projection is maintained for a wider range of trigger potentials. 
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both components should be equal, equally spaced at + and —« with respect 
to the direction of the spot, and that « should remain constant. By this concept 
the components follow the spot in its movement around the circumference, and 
thus the stability of all states is essentially the same. 

In early experiments it was found that, in positions almost midway between 
the deflexion directions of two deflector plates, the angular position of the spot 
was sufficiently sensitive to differential changes in the potentials of only those 
two deflectors, to provide highly stable states. For this condition «~ +36°. 
Too small a value of « means reduced stability, but if « is made unnecessarily 
large beam current is ‘‘ wasted ”, as a larger current is needed for a given radial 
- deflexion. 


DEFLECTED POSITION 
OF THE BEAM 


j CENTRE 


Fig. 7—Components of the beam deflexion. 


The individual collector currents needed to generate rotating fields of this 
kind are found from the vector diagram shown in Figure 7. The directions 
A to # are those of the five deflector plates ; that is, the spot would be moved 
in the direction A by making the potential of deflector A less positive The 
angle of the spot deflexion vector YX, is y, measured to A as a reference. The 
clockwise and anticlockwise components of X, X, and X,, therefore fall at angles 
y+a and )—a, and it is assumed that each component is formed of contributions 
from the two deflectors nearest in direction to its angular position. For example 
in Figure 7, XY, falls between A and B so that Y,=A,-+B.. ; 


Thus 
Sieae Le. 
| Xz |=), | =| x 1/2 cog eee ee (1) 
and the contribution of deflector A igs 


:, eee eee” 
|4.|=5 cos « sin (27/5) sin (Flt). Sars (2) 
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As the collector currents may become zero, but may not change in sign, negative 
values of the sine term in (2) are replaced by zero. 

When the clockwise component Y, is resolved in this way, for «=27 - 
the required current waveforms at the front group of collectors appear as shown 
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Fig. 8.—Calculated waveform of the rotating field components 
shown in Figure 7 for «=27°. 

(a) The clockwise component. 

(6b) The anticlockwise component. 

(c) The total deflexion. 


in Figure 8 (a). The waveforms of the anticlockwise component (Fig. 8 (b)) 
are found in a similar way. The total deflexion by 4 is therefore A=A,+ A, and 


ens [sin 2-1 ¢-+«1) +sin(F —1 4a) .. (3) 


~ 2 cos « sin (27/5) 


The waveforms calculated from (3) for «=27°, shown in Figure 8 (¢), are 
used as a basis for the counter design, although some compromise must be made 
to simplify the collector shapes. 
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The stable positions are spaced at approximately 18° intervals symmetrically 
about the directions of the deflector plates as shown in Figure 8. In 10 of the 
positions it is essential to divide the beam current between three collectors, as in 
position 0 (Fig. 8 (c)), and this is done by allowing some secondary electrons to 
pass from the back collector plate A to H. The secondary current is controlled 
by the field provided in the design of the collector assembly, and in similar 
tubes the distribution is quite repeatable. The collector shape seen above each 
of the odd states in Figure 4 is used also to transfer current to the following 
plate. 


COLLECTOR CURRENT 


COLLECTOR CURRENT 


COUNT 


Fig. 9.—Waveform of the collector currents measured on experimental 
counters. 


(a) An unstable form. 
(6) A stable form. 


. The two examples of measured collector current waveforms drawn in 
Figure 9 (a) and (6) show the effect of a change in the division of the back collector 
current at the even states. In (a), for example at position 0, the current to E is 
too great in comparison with A, and the Stability is improved when this is 
corrected as shown in (b). 

The deflector designs considered in the following section are chiefly those 
Suited to the waveforms given by equation (3), «=27°, and in Figure 8 (c). 
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Ill. THE ELECTRODE STRUCTURE 
(a) The Deflexion Field 

If an initially well-focused electron beam is deflected by reducing the 
potential of one or two of the five plates of the simple deflector system shown in 
Figure 1, the circular spot is broadened into an are. The distorted spot is 
narrow in the radial direction, but the more important circumferential dimension, 
which must not exceed an 18° are, cannot be reduced to the original size by the 
adjustment of the potential of the focusing electrode. A deflexion field causing 
this distortion may be termed “ divergent’. The opposite form of distortion 
is shown when the beam is deflected by lowering four plates of the same system 
equally in potential, or by raising one; the spot then appears as a radial line, 
which it is comparatively easy to compress into a spot after deflexion. Therefore 
it is desirable that the deflexion fields should be either convergent or distortion- 
less, rather than divergent. For this reason the simple system of five straight 
plates is not suited to the waveforms of Figure 8 in which groups of two or three 
plates contribute to the field. 


A more uniform field is created by plates extending around an are greater 
than 27/5, and since each plate may occupy only one-fifth of the total surface 
area of the deflecting cylinder, the effect of larger angles is obtained by twisting 
the plates into a helical or spiral form.* 


It was first confirmed experimentally that a degree of spiralling is effective 
in reducing the distortion. The changes are most readily shown, however, by 
the method described in Appendix IJ, in which the spiralled plates are replaced 
by an equivalent cylinder varying in potential around the circumference, but 
constant in the axial direction. The fields are then calculated or measured 
from models in an electrolytic tank. The values of deflexion field shown in 
Figures 10 and 11 were determined in this way, and show the effect of increasing 
the twist of the deflecting plates from zero to one full turn around the deflecting 
cylinder. The twist of the plates is given as a fraction of one turn by the first 
figure of the designation, for example 0-6 in 0-6-2. Because the shape of the 
deflecting field varies cyclically with the angle of deflexion of the spot, b, two 
curves are drawn for each value of twist. These correspond to the two extremes 
of the variation, one of which occurs when the spot is in line with the direction 
of a deflector plate, and the second when it is midway between the directions 
of two adjacent plates. The plate potentials are shown also in Figure 10; 
these are based upon the waveforms of Figure 8 (c). 

The curves of field gradient in the central plane (Fig. 10) show that, as the 
twist of the spiral is increased from zero in the topmost curves, the field becomes 
more uniform, although lower in intensity, until the spiral extends half way 
around the circumference, as in the curves 0-5-2, 0-5-3. At larger angles the 


* A second method of reducing the distortion has also been used, in which 10 or a higher 

multiple of five straight plates are spaced equally around the deflecting cylinder and connected 
together to form five similar groups. The central field of a system of 10 plates connected 1-4, 
3-6, 5-8, 7-10, 9-2 is convergent, but the deflector diameter must be at least three times larger 
than the beam, when used with the waveforms of Figure 8 (c). 
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Fig. 10.—The deflexion fields of spiral deflectors. 
The most uniform fields are those of curves 0-5-2, and 0-5-3. In this designa- 
tion 0:5 indicates that the spiral electrode makes one-half of one complete 
rotation about the deflecting cylinder, and 2, 3, refer to the number of deflectors 
lowered in potential together as shown in the key. 
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Fig. 11.—Equipotential patterns of the deflexion fields. 
The direction of deflexion is upwards in each field, and the designations 
correspond with those of Figure 10. 
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deflexion sensitivity falls more rapidly but the central field becomes slightly 
convergent, indicated by the upwards slope of the gradient curves in the positive 
direction, the direction of beam deflexion. 

The same changes are shown over the whole area of the potential patterns 
in Figures 11 (a)-(d). The field becomes more uniform as the twist increases 
from 0-2 to 0-6, and finally convergent at 0-8, shown by the curvature (concave 
upwards) of the equipotentials. In this sequence the fall in deflexion sensitivity 
is indicated by an increase in the spacing of the contours. Although these 
equipotentials apply to a spot position midway between the directions of two 
deflectors, similar changes appear also in the group measured for a position 
directly in line with a deflector when the spot is controlled by three adjacent 
plates. 

These patterns may be compared with the fields of single plates occupying 
0-4 and 0-8 of one rotation, shown in Figure 11 (e) and (f). The strong 
convergence of the single 0-8 spiral, which could be used to maintain a sharply 
focused spot at a higher beam current, is always lost when two or three plates 
contribute to the field. Spiral deflectors, twisted in the range 0-3-0-5 of one 
rotation and including the straight sections shown in Figure 1, have been used 
in recent counters as a compromise between deflexion sensitivity and distortion. 


(b) The Electrode Proportions and the Highest Counting Frequency 

The problem of selecting the major dimensions of the electrode system to 
attain the highest counting frequency will now be considered. As in other 
electron beam tubes the performance depends upon a large number of variables 
including the beam current, the anode potential, the change in deflector potential 
during counting, the spot radius, and all the main electrode dimensions. Several 
of these are made interdependent by the operating principle and some limits 
are set by difficulties in construction, but the dominating requirement is the 
need to maintain maximum stability in all states. 

It may be assumed that if the operating principle remains unchanged, the 
highest counting frequency of a scale-of-N tube is proportional to 

I 
GiEe = Uae bene ce soe (4) 
where C=an effective value of capacitance associated with one of the deflector- 
collector combinations, 
I=beam current, 
UU, —U,=the difference between the highest and lowest potentials reached by 
a deflector during counting. (U,—U,)/N is a measure of the 
deflector potential change taking place between one state and the 
next. 

At this point it is convenient to divide the problem into two parts, and to 
consider firstly the best size of the tube as a whole, and secondly the best pro- 
portions or shape of the electrode system. 

The first question is answered by the scaling relation termed by Moss (1945) 
“The Principle of Geometrical Similitude ’’. This principle states that if all 
the dimensions of an electrode system are multiplied by some constant factor, the 
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operating potentials and beam current remain unchanged. However, the 
capacitance 0 will vary linearly in proportion to the scale factor, and therefore 
the counter as a whole should be reduced in size as far as the methods of con- 
struction allow. 

In the second part of the problem it will be assumed that the overall size 
is chosen so that the capacitance C remains constant. Apart from its simplicity, 
this assumption of constant capacitance is more in accordance with a limitation 
set by the difficulty of constructing very small components than the alternative 
of keeping any one dimension constant. Thus the electrodes must be propor- 
tioned to make the term NIJ/(U,—U,) ® maximum, and for convenience in 
analysis, the dimensions will be found in terms of the initial radius of the electron 
beam cross section. 

The allowable spot radius s depends upon the radial deflexion of the beam 
at the collectors. For stability, s may not exceed the value derived in 
Appendix I, and given by 

| =a g0- 650-82 [70-524 N fac)®: 82 i 8-2) se eee (5) 

It has been shown (Hollway 1952) that the greatest value of beam current J, 
in milliamperes, which can be concentrated into a spot of radius s, is governed 
by the length of the beam and the potential (in volts) where 


L=0 S050 4810 oF ee eee (6) 
Therefore, on combining equations (5) and (6), 
NI 
a = 0028 UO: [do 98 SNOB Cees tf 


Thus, when the capacitance C is constant, the frequency varies as s—°->, 
so that the spot radius should be kept small. This is explained by the fact 
that, if the length of the structure is increased, the allowable spot radius increases. 
(with the deflexion distance) in proportion to 1-4; but the actual spot radius, 
controlled by space-charge defocusing, rises more rapidly, as 12:5, so that a small 
value of J, and of s, is needed. 

The possibility of raising the sensitivity (y) and improving the uniformity 
of the deflexion field, which sets a lower limit to d, has been discussed in Section. 
III (a). 

When equation (5) is compared with results measured on experimental 
counters, close agreement is found. However, the beam current predicted by 
equation (6), assuming beam potentials of U, and U,, is 4 and 1-5 times the 
observed maximum because spherical aberration in the objective lens, deflexion 
defocusing, and the geometrical spot size cannot be made negligible. 


IV. PERFORMANCE 
The electrical operating characteristics of the counter are contained in 
Figures 12 and 13. The anode characteristic (Fig. 12) is based upon the current 
flowing to the positive ring. During counting the beam current must be sufficient 
to hold the beam against the edge of the positive ring so that it is partially 
intercepted. At the 94 state, the ring current is transferred to the carry electrode 
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(R, Fig. 2) where it may be measured as an indication of the correct grid bias at 
any anode potential. Figure 12 shows the change in carry current with anode 
voltage, at different values of cathode resistance. 'The upper limit to the 
carry current is set by the increase in spot size which takes place when the beam 
current is raised. In the operating range the anode potential is not critical and 
no stabilization is necessary. 


500 


300 


200 


CARRY ELECTRODE CURRENT (,LA,) 


+400 +500 + 600 + 700 + 800 +900 
GRID-ANODE VOLTAGE 


Fig. 12.—Anode potential characteristic. 
The curves show stable operating ranges for different values of cathode 
(self-bias) resistance. 


The potential levels at which changes occur between states and the ranges 
of stability are shown in the trigger characteristic of Figure 13. The extent 
of the range in the negative direction may be explained by the rapid decrease in 
the trigger sensitivity as the beam moves inwards. In the positive direction 
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Fig. 13.—Trigger characteristic. 
The measured points define ranges of the trigger potential in which the count 
and intermediate positions of the beam are stable. 


the range ends when, the trigger fails to suppress secondary electrons from the 
front plates. The power supply and coupling circuits may be designed from 
these characteristics. : 

The complete circuit of a counter having four scale-of-10 stages is shown in 
Figure 14. Four of the five collector resistances in each stage are returned to 
the anode line, which is held at approximately 750 V. ; the resistances connected 
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to the 0-1 plates are returned to the same potential through the reset push 
button. . 

When a negative-going signal appears at the input terminals, the grid of the 
first triode section falls, raising the trigger of the first counter and bringing the 
beam into an intermediate position. The supply potential of the triode anode 
resistors is chosen within the stable range of the intermediate states, so that the 
incoming signals are not restricted in amplitude. The count is completed when 
the trigger potential falls to the lower change-over point. The usual pulse 
forming or “ trigger circuit’, needed with multiple tube counters operating 
from zero frequency upwards, is unnecessary because discontinuities result from 
the form of the collector plates. Also, because the speed at which the beam 
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Fig. 14.—Circuit of a complete four-tube counter. 


rotates is independent of the rate of change of the trigger potential, the pulse 
generated at the carry electrode when the beam falls into the 9} position is 
always sharp and may be coupled by means of a capacitance to the grid of the 
second triode, without thereby setting a lower limit to the speed of counting. 

Between pulses the triode sections draw grid currents of 20-50uA. through 
their grid resistances. This eliminates stray signals below a certain amplitude, 
for example those appearing at the carry electrode before the 94 state is reached. 

In resetting the counter, the line connected to the resistors of the 0-1 
collectors is lowered momentarily in potential, bringing all the electron beams 
to the zero positions. Carry-over pulses are often produced during resetting 
and these are suppressed by increasing the grid currents of the triodes through 
the additional circuit from the reset push button shown in Figure 14. 

At frequencies approaching the highest speed of counting, there is a fall 
in the amplitude of the carry signals caused by failure of the deflectors to return 
to the full anode potential in the intervals between transits of the beam. Beyond 
the upper limit the beam fails to complete one rotation during 10 incoming signals 
and the divisor rises to values higher than 10. This limit has been measured 
at frequencies between 70 and 180 ke/s., depending upon the circuit conditions. 
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V. FUTURE DEVELOPMENTS 


The basic principle of the “‘ self-rotating ’”’ beam may be applied to a number 
of tubes for special purposes. One of these is a reversible counter which will 
add or subtract signals from the stored count. For subtraction, a third ring of 
intermediate stable states can be used, on a smaller radius than the count 
positions ; change-over on the inner path is in the anticlockwise direction, so 
that each negative trigger signal subtracts one unit from the count. 


Hither the reversible form or the normal counter tube may be constructed 
with two or more trigger rings instead of one ; this would allow signals from two 
or more sources to add to or subtract from the count, while maintaining electrical 
isolation between the inputs. If one trigger receives only positive signals and 
the second is restricted to negative ones, coincident signals will cancel and 
produce no change in the count. 


By a modification to the collector system, the counter may be extended to 
accept without error coincident positive signals from a pair of triggers, combina- 
tions of positive and negative, and coincident negative signals. This is accom- 
plished by the use of an additional ring of 10 stable states, in a scale-of-10 tube, 
on a larger radius than the half states (14, 24, 34, etc.). States in the outer 
ring lie midway between the half states, and are therefore in the same angular 
positions as the count states (1, 2, 3, etc.). The outer states may be identified 
as 1’, 2’, 3’, etc. in correspondence with those in the inner ring. On this collector 
system the simultaneous arrival of two positive signals moves the spot, originally 
at the count of 3, for example, to 34 and beyond this to 4’ in the outermost ring. 
When the signals decrease, the spot moves on first to 43, and finally returns to 5, 
which is an increase in the stored count of two units. Thus to count accurately 
coincident signals from a number of input channels, the number of complete 
rings of states needed in addition to the ‘‘ count ” states is equal to the number 
of channels. The minimum value of the trigger signal rise time, which is not 
restricted in the simple counter, must be large enough in the coincidence form to 
allow the necessary angular rotation of the spot. Coincidence tubes, used in 
the product register of a decimal electronic computer, could accept carry-over 
signals occurring during arithmetic operations. 


Scale-of-N counter tubes may be constructed on the same principle, either 
by changing the number of stable states in each collector or by changing the 
number of deflectors and collectors. For example a scale-of-12 may use six 
deflectors and collectors, each collector having four states, as in the scale-of-10. 
For a scale-of-5, five deflectors and collectors having two stable states in each 
collector would be more suitable. 


To provide separate output signals corresponding to each digit, for some 
applications it may be necessary to construct a scale-of-10 counter with 10 plates 
instead of five, and it would be simpler to use untwisted deflectors raised in 
potential by secondary emission. This would allow the use of strongly 
convergent fields (see Section III (a)), either for the deflexion of a beam, or to 
create localized gradients at a cathode surface to direct and focus the electron 
stream without the need for an electron gun or deflector system. 


H 
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APPENDIX I 
The Allowable Size of the Deflected Spot 


In a seale-of-N counter each one of the 2N stable states consists of two 
regions, as described in Section II (a). It will be assumed that the electron spot, 
of radius s, must fall completely within one of these regions in order to develop 
fully the stable margins at each state. Thus the necessary deflexion z is given by 


=A N Sin. ckh namaste Aaa 4 (8) 
An expression for the deflexion will now be derived from the electrode geometry. 


To improve the deflexion sensitivity practical deflectors are bellmouthed 
(e.g. Fig. 2) and it is desirable to include this shaping in the derivation. It is 
assumed therefore that the inside radius of the deflector surface follows the 
central trajectory of the deflected beam but at a distance d from it. As in 
Section ITI (b), the initial radius of the electron beam is taken as the unit of 
length, and the quantities d, J, 7, and s, represent numbers of beam radii. 


The motion of an electron entering the deflector along the central axis is 

given by 
d?x/di?=eY(U,—U,)/m(a@-+d) (e.8.u.), .......... (9) 

where y is constant for a particular deflector design and waveform, relating the 
intensity of the deflexion field to (U,—U,)/(w+d). (Values of y for a number of 
different deflectors are shown in Figure 10.) : 

Multiplying both sides of equation (9) by dw/dt, integrating and inserting the 
initial conditions «=0, dv/dt=0, when t—0: 


dx 2e x 

we Pu,—U,) In (7+) (OS), Went ae x (10) 
Since the length J is measured along the beam (from J=0, w=0) and the 

beam potential is near U, throughout the trajectory, as shown in Figure ak 

V2e/mU, (e.8.u.) may be substituted for dl/dt, giving 


d 
Bo [ya—v40, In (7+). gue ee ee (11) 
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On substituting In (#/d+1)=9?, 
od re (@/d+) 
Vy(1—U,/U,) 


0 


This form of integral appears in analyses of space charge defocused beams, 
and cannot be solved in terms of usual functions. However, in the present. 
application, (12) is used to find the final deflexion w of the beam after travelling a 
distance J, so that values of «/d outside the range 1<#/d<10 are not needed in 
practice. With this restriction, a simple substitution is possible and 


LaQdlajdyy So. — 0 J VS. os oe hee da ee: (13) 


Therefore combining equations (8) and (13), the greatest allowable spot: 
radius s is given by the relation 


1 as0- 850-357 9-524 N /7c)°°65/-y9°5(T,—U 0, we (5) 


APPENDIX IT 
The Determination of the Deflexion Fields and Electron Paths 

The circle AHCD, of radius r (Fig. 15) represents a cross section, through @ 
long deflector system of which the dotted segment DAZ is at zero potential and 
the remainder of the circumference is at the potential Uy. To convert the 
electric field pattern of the deflector to a simple form, the section is transformed. 
conformally by inversion with the point H as centre, so that any point M having 
coordinates x, y in the original section is represented by M’ in accordance with 
the transforming equation, 

EM ED eel OF eee an ans wera wis- > eae (14) 


The dotted segment DAH becomes the straight line D’A'H’ at zero potential, 
and D’C’H’ represents the remainder of the circumference at potential Uy; 
the X-axis is converted to the semicircle A’C’ having D’ as centre. 


In the half-plane P, lying to the right of H’D’'H’, which corresponds to the 
interior of the circle, the equipotentials are all straight lines radiating from D’, 
so that the potential U,, of point M is the potential of M’, or 


Uy= U (6 /z. 


From the geometry of the figure, 8 may be found in terms of a, y, and 0, 


giving 
U x sin 9 (y/r)?\ x/r-+cos 0 
<7 = [ oe HN oF -++cos al! ~ sin? i} sin 0 gti i) 


The potential along the X-axis may be found by setting y=0 in (15), or 
directly from the figure, since HD'=D'G’=D'E’, /G'D'E’=29, and therefore 


U x/r--cos 0 
CG.= U,(0 +29)/n=— f + 2h TE | Oh | coNcEDso (16) 
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Because the equipotentials in the P-plane are straight lines through DD: 
they form circles in the XYY-plane passing through H and D. The radius of an 
equipotential U, which crosses the X-axis at #, is therefore 

in2 
pee x/r +ceos 6 sin? 0 
: 2 x/r +cos 0 


and, by substitution from (16), 
R,=r sin 6/4 sin“). RAR} ce oe ew (17) 


POTENTIAL 


POTENTIAL 
ZERO 


Fig. 15 


The gradient along the X-axis ig given by the differentiation of (16), 
OU 2 sin 0 

Ox: rer (a?/r? FOn/r cos @-E1)° °° te 

The maximum value of the gradient occurs at #/r=—cos 0, that is, on the 

chord joining the ends of the segment, which is also an equipotential of infinite 

radius. Thus as 0 is increased to approach 7/2, the position of the maximum 


(18) 
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moves from negative values of «/r towards the centre of the deflexion field where 
it coincides broadly with the position of the electron beam cross section. This 
more favourable position of the maximum explains the comparatively small 
decrease in the central gradient shown by the sequence of the topmost six curves 
in Figure 10 and the subsequent rapid drop in sensitivity when the twist is 
increased beyond @/x=—0°5. 

Equation (18) has been used to find the deflexion field intensity of spiralled 
deflectors by the following approximate analysis. First the potentials of the 
five plates, corresponding to a chosen, position of the spot, are found as described 
in Section II (6). The spiralled deflector system is then converted to one similar 
in general form but composed of untwisted strips. Each strip (of angular width 
§,) is given a potential U’g equal to the mean potential of the corresponding 
surface area of the spiralled system. Thus, for a cylindrical array of length Z,, 


1 Za ) +6,/2 
Goa { | Gied gee  ee (19) 
0524 0 6 —0,/2 


It is convenient to set 6,=18° and to integrate graphically. The gradient 
is then calculated from these values of U’g by superposition in equation (18). 
However, it is usually quicker to set up the potentials U’g in an electrolytic tank 
model of the untwisted system, and to measure the gradient and potential 
directly. The accuracy of the tank measurements, judged from a comparison 
between measured and calculated curves of Figure 10, was approximately 
+3 per cent. of dU/dx. 

To find the electron paths in these deflexion fields, which are non-uniform 
but symmetrical about the X-axis, the “ circle method ”’ (Salinger 1937) has 
been used in both the YY- and XZ-planes. Recently an electron tracer based 
on Gabor’s Tangent Bridge (Gabor 1937) was constructed and found to be quicker 
and more accurate. However, in problems of figure projection, the distribution 
of beam current between the collectors, constructional tolerances and others, 
it is necessary to supplement electron path tracings with measurements made on 
trial electrode assemblies. 


VALIDITY OF MATTHIESSEN’S RULE FOR COLD-WORKED 
WIRES 


By W. Boas* and J. F. NICHOLAS* 
[Manuscript received September 10, 1952] 


Summary 


Matthiessen’s rule has been tested by determining the slopes of the electrical 
resistivity-temperature curves for wires of eight common metals and alloys in various 
states of deformation by wire-drawing. The results show that the slope is independent 
of deformation, i.e. the rule is true, to within 0:5 per cent. for nickel, copper (two 
purities), iron, and 80/20 brass, and to within 1 per cent. for aluminium. However, 
for 75/25 brass and an aluminium bronze, deformations corresponding to logarithmic 
strains of 2:3 decrease the slopes by 1 and 3 per cent. respectively. As an explanation 
of this behaviour, it is suggested that deformation causes an increase in the characteristic 
temperature. 


I. INTRODUCTION 


Matthiessen’s rule states that, for a metal or alloy, the product of the 
electrical resistivity and its temperature coefficient is not affected by either 
deformation or the addition of small concentrations of solute atoms. Whereas 
the effect of alloying has been investigated extensively, that of deformation has 
not attracted much attention. During recent work in this laboratory (Broom 
1952) on the resistivity of cold-drawn wires, some results were found which 
suggested deviations from the rule. The most recent systematic work on the 
validity of the rule for a metal in various states of deformation is that by Geiss 
and van Liempt (1925, 1927) who found that, for tungsten, molybdenum, 
platinum, and nickel, deformation produced variations in the product of up to 
2 per cent. They give no indication of their experimental error but conclude 
that the rule is true. As the rule implies the possibility of separating the 
resistivity of a metal into a part dependent only on temperature and a part 
dependent only on deformation, it is of interest to know how closely it is obeyed. 
Therefore, an investigation has been carried out to test its validity for wires of 
eight common metals and alloys, the accuracy aimed at being 0-5 per cent. 


Since, by definition, the temperature coefficient of resistivity, «, is given by 
1 de 
eee aT” 
where pe is the resistivity and 7 the absolute temperature, Matthiessen’s rule 


can be formulated as either «pe =constant or de/dZ—constant. In this investi- 
gation the rule was tested by considering the variation of de/d7 with deformation. 


* Division of Tribophysics, C.S.I.R.O., University of Melbourne. 
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II. EXPERIMENTAL 
(a) Preparation of Specimens 
The materials used and their compositions are given in Table 1. 


TABLE 1 


COMPOSITIONS OF MATERIALS USED 


Nickel .. Bi -. | 0°08% C; 0:01% Co; 0:12% Mg; <0:05% Mn, Cr, Cu 
Spectrographic copper 0-0003% Ag, Ni; <0-0004% Pb 
Conductivity copper .. | <0-01% Ag, Cd, Pb, Si; <0-01% Mg, Fe 
Spectrographic iron .. | 0:002% Cu; 0:005% Ni 
Spectrographic 
aluminium .. -- | 0°002% Mg; <0-001% Si; <0-0005% Fe, Cu 
80/20 Brass... 2. | 20°21% Zn 30-02% Fe; 0-019 Pb, So 
75/25 Brass .. == |, 2b°35% Zn; 0-19 Ke; 0°059 Sn; <0°01% Pb; <0-01%% Ma 
Aluminium bronze .. | 5°67% Al; 0°28% Zn; 0°1% Fe 


These were originally in the form of annealed wires of approximately 4 mm. 
diameter and were then drawn at room temperature to a final diameter of 
approximately 1 mm. Each time the wire was passed through a die, a length 
was cut off and annealed for 2 hr. at 600 °C. (400 °C. for aluminium) before the 
original wire and the cut-off pieces were deformed further. In this way, 11 
specimens of each material were obtained, all of similar dimensions (30 cm. long 
and 1 mm. diameter) but each having been deformed by a different amount 
since the last annealing. The deformations corresponded to logarithmic strains 
spread evenly over the range 0-2-3. The similarity in specimen sizes meant 
that, for each material, all measurements of the same quantity and the corres- 
ponding experimental errors were of the same magnitude. 


(b) Measurements 


Using a Kelvin double bridge, the resistance of a standard length of each 
specimen was measured in a bath of melting ice (0 °C.) and in one of liquid oxygen 
(—183 °C.), all measurements being repeated two or three times. The weights 
and lengths of the specimens were then measured and, from these, relative 
values of the mean cross-sectional areas for all specimens of the one material 
were calculated. Finally, the specimens were annealed (as above) and the 
resistance measurements repeated on the annealed wires. A few check experi- 
ments showed that the changes in length and weight which occurred on annealing 
were negligible and it was assumed that the density remained constant, so that 
the geometry of the specimen was taken to be unaltered on annealing. 

The temperature of the ice-bath was measured to within 0-1 °C. with a 
calibrated mercury-in-glass thermometer graduated to this accuracy. When 
resistance measurements were made the temperature of this bath was usually 
between +0-5 and —0-5°C, The temperature of the liquid oxygen bath was 
measured at intervals with a pentane-in-glass thermometer and the reading of 
the thermometer was always within --0-1°C. of —183-2°C. A continuous 
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check on the constancy was maintained by means of a thermocouple. The 
calibration of the thermometer was not checked because any error in its reading 
would have affected only the absolute values of de/d7’ and not the relative ones, 
since the variations in temperature of the baths were small compared with the 
total temperature difference. 


III. RESULTS 
The actual results are expressed in terms of Ap/A7, where A denotes the 
change in value between measurements made in the two baths. The subscripts 
D and A will be used to denote deformed and annealed values respectively. 


TABLE 2 


SUMMARY OF RESULTS 


| 
1 2 | 3 4 5 6 i 
Maximum Devia- 
Ap/AT tions of (Ap/AT)p esas 7 Increase in 
(Normalized Values) from Mean of (AR/AT) an e 09°C, after 
Metal Annealed Values x 100 Logarithmic 
Strain of 2:3 
Annealed | Deformed (%) 
+ve S18) 
Nickel .. .- | 100+0-25)100°11+0-22| 0-45 0-23 0:16+0-13 6 
Spectrographic 
copper -- | 100+0°18/100°01+0:15) 0-29 0-26 —0:06+0-26 3 
Conductivity 
copper .. | 100+0-:24) 99-99+0-15| 0-12 0°34 0:02+0-30 3 
Spectrographic 
iron .- | 100+0-19)100-09-+0-22) 0-36 0-34 —0:03+0:42 1 
Spectrographic 
aluminium .. | 100+0-38] 99:92+0-54| 0-98 0-74 0:00+0-50 0°5 
80/20 Brass .. | 100+0:24/100-10+0-15) 0-38 0-13 —0:06-+0°66 20 
75/25 Brass .. | 100+0-30| 99:47+0:50} 0-10 1:00 —0°35+0°43 25 
Aluminium 
bronze -- | 100+0-32) 98:01-+1-46) — 3°88 —1-98+1-69 28 


Absolute values of Ap/AT would have involved knowledge of the densities 
of the specimens and of the distance between the potential knife-edges in the 
resistance bridge as well as an accurate calibration of the low temperature 
thermometer. Therefore, only relative values are given in the results shown 
in Table 2, a normalizing factor having been applied to make the mean value of 


(Ap/AT), equal to 100 in each case. This procedure facilitates comparison, 
of the standard deviations. 


In Table 2 the second column also gives the standard deviation of (Ap/AT),, 
the third gives the mean and standard deviation of (Ap/A7')p, while the fourth 
and fifth give the maximum deviation of (Ap/A7)p from the normalized mean 
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of (Ap/AT),. It should be noted that the values in the third column are meaning- 
less if Matthiessen’s rule is not true, i.e. if Ap/AT does vary with deformation, 
since the individual results from which they are derived refer to different amounts 
of deformation (logarithmic strains between 0-2 and 2-3). However, if the 
rule is true, then they have a meaning and should agree with the values in the 
second column. 

For the first six metals there is close agreement between the values in the 
second and third columns and, furthermore, the range of values of (Ap/AT)» 
is only of the magnitude to be expected from the experimental errors, so that it 
can be concluded that Matthiessen’s rule is true within an accuracy of 0-5 per 
cent. for nickel, copper (two purities), iron, and 80/20 brass, and within 1 per cent. 
for aluminium.* However, for the 75/25 brass and the aluminium bronze the 
mean values of (Ap/AT)p are below 100, the standard deviations are large and the 
maximum deviations are large and asymmetric. In Figure 1, the values of 


° o-5 1:0 1-5 2-0 
DEFORMATION (LOGARITHMIC STRAIN) 


Fig. 1.—Variation of Ap/AT with deformation for (a) 75/25 brass and 
(6) aluminium bronze. The vertical bar at the left-hand side shows 
the standard deviation of the values of (Ap/AT)s. 


(Ao/AT)p are plotted against deformation for these two metals and it can be 
seen that (Ap/AT)y decreases as the deformation increases. Therefore, it can 
be said that these two metals show negative deviations from Matthiessen’s rule, 
the magnitude of the deviations after a logarithmic strain of 2-3 being approxi- 
mately 1 per cent. for the brass and 3 per cent. for the aluminium bronze. 
Since the geometry of any particular specimen is constant, we have the 


relation 

(Ap/AT)> (AR/AT)» 

(Ap/AT), (AR/AT),’ 
where FR denotes the resistance. This provides an alternative method of testing 
the rule and one which does not involve the measurements of length and weight. 
The test is whether these ratios are unity for all degrees of deformation or whether 
there is’ a significant deviation from this value. Table 2 gives the mean and 


* The larger experimental variation for aluminium was probably due to the softness of this 
material causing difficulties in fixing the wires in the resistance bridge so that they were straight 
and unstrained while still maintaining good electrical contacts with the potential knife-edges in 
both the ice and the liquid oxygen baths. 
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standard deviation, of the differences between these ratios and unity, but the 
same restrictions on interpretation apply here as applied for the values of 
(Ap/AT)p. It can be seen that there is complete agreement between the two 
methods of analysing the results. 


Table 2 also gives values for the percentage increase, due to deformation, 
in the resistivity at 0 °C. Comparison shows that the only materials which do 
not follow Matthiessen’s rule are alloys which have a large increase in resistivity 
on deformation, but the converse is not true as the 80/20 brass shows a large 
increase in resistivity and still follows the rule. 


IV. DISCUSSION — 

The main source of errors in resistivity measurements on wires is the deter- 
mination, of the mean cross-sectional area. The use of a micrometer to measure 
the diameter of fine wires directly can produce serious errors due to compression 
between the jaws. The method of weight and length measurements was 
therefore used to give relative values of the cross-sectional area when needed, 
but the results as expressed in the sixth column of Table 2 are independent of 
the wire dimensions. In this connection, the results of Rutter and Reekie 
(1950) should be noted. These workers measured the resistivities of spectro- 
graphic copper and aluminium as functions of deformation for temperatures of 
measurement of 20, 90, and 297 °K. They give no indication of the accuracy 
of their results nor of the apparatus used to measure the resistivities but their 
curves for the resistivity of aluminium as a function of deformation are of 
different shapes from those usually found (see, for example, Broom 1952). It 
is suggested here that this difference may be due to errors of measurements of 
Specimen dimensions and that the accuracy of the results is probably at most 
0:5 per cent. Within this accuracy, their results for aluminium agree with 
those in the present work, but the results for copper cannot be compared as 
sufficient data are not given. 


The use of Ap/AT as a measure of do/d7 in the present work does not depend 
on e being an exactly linear function of 7 in this temperature range, as the 
deviations from linearity are small and the equality of (Ap/A7)p and (Ap/AT), 
therefore still implies parallelism of the two ov. T curves. This is, of course, 
the condition which allows separation of the resistivity into a part depending 
only on temperature and a part depending only on deformation. 

It is of interest to note that, in the two cases where a deviation from 
Matthiessen’s rule has been found, this deviation is such that the increase in 
resistivity with temperature is smaller in the deformed metal than in the annealed 
metal. According to theory, the electrical resistivity due to thermal vibrations, 
Pp, at not too low temperatures is given by 


i ©? 
== (le 
a (1 iam) 
where © is the characteristic temperature and C is a constant involving atomic 
constants and the number of conduction electrons per unit volume. Assuming 
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that the deformation dependent part is unaffected by temperature changes, it 
follows that 


dp do; 0G 1 1 

ar aT “(02 ‘iami) 
so that the slope of the e v. TZ curve depends mainly on © since @ and 7 are 
of the same order of magnitude. If the number of conduction electrons is not 


altered by plastic deformation the observed change in de/dZ7 on deformation can 
then be expressed in terms of an increase in @: 


8(do/d7’) = —(20/03)30. 


The fractional increase in dp/dZ’ can therefore be expressed as —25@/@, so that, 
for the two alloys being considered, 50 is positive and of the order of a few 
degrees. 

This, of course, is only another way of expressing the experimental results 
but it does suggest a possible physical interpretation. Any deviation from 
Matthiessen’s rule implies that the scattering of conduction electrons due to 
thermal vibrations is not independent of that due to lattice disturbances produced 
by plastic deformation. This may mean either that the scattering probabilities 
are not simply additive, or that the thermal vibrations in a distorted crystal are 
different from those in a perfect crystal. It is here suggested that the latter 
is the case and that the deviations from Matthiessen’s rule indicate that deforma- 
tion increases the maximum frequency of the lattice vibrations, thereby raising 
the characteristic temperature. A detailed calculation is required to show 
whether the inhomogeneous strain fields in a deformed crystal do have such an 
effect on the lattice vibrations. In this case a corresponding change in the 
relevant elastic constant would also be expected (Blackman 1951). 
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THE FAILURE OF MATTHIESSEN’S RULE FOR 
HEAVILY DEFORMED ALLOYS 


By P. G. KLEMENS* 
[Manuscript received October 13, 1952] 


Summary 


Deviations from Matthiessen’s rule, such as were found by Boas and Nicholas 
(1953) for some heavily deformed alloys, may be explained by assuming that in the 
strongly disordered regions the thermal vibrations of the atoms contribute much less 
to the resistance than in perfect regions of the crystal. The magnitude of the calculated 
effect is compatible with the experimental results. 


I. GENERAL ASSUMPTIONS 


In the preceding paper (Boas and Nicholas 1953) the occurrence of deviations 
from Matthiessen’s rule for some heavily deformed alloys has been discussed. 
Whereas these authors ascribe the deviations to a change in the frequency of 
the atoms vibrating in a crystal containing strains due to plastic deformation, 
it is here suggested that these deviations are caused by a non-linear additivity 
of the scattering probabilities of the conduction electrons. It is the purpose of 
this paper to show that the experimental results are compatible with this 
explanation. 

As in the preceding paper it is assumed that the component of resistivity 
due to elastic scattering by the deformations is unaffected by temperature 
changes. It is now further assumed that in the neighbourhood of a static 
imperfection, produced by plastic deformation the displacement of the atoms is 
large compared with their average thermal displacement. Then the scattering 
probability of the conduction electrons due to thermal displacements in this 
region will not be proportional to the mean square thermal displacement of the 
atoms. There will be a saturation effect and the thermal displacement of an 
atom will contribute much less to the resistance than it would in a perfect region 
of the crystal. The thermal component of resistivity would then be 

of) =6- (LC) Lo) nwt yon eee (1) 
where o,(7') is the resistance due to thermal -vibrations, 9,;°(7) is the value of 
e,(Z’) in the absence of the imperfections considered, and « is proportional to, 
and of the order of, the fraction of the volume of the crystal occupied by imper- 
fections. On this basis we can understand the decrease of o,(Z') with deformation. 


II. PARTICULAR MODELS 


In order to check whether the fractional volume «, as found for the observed 
deviations, is of reasonable order of magnitude it is necessary to assume some 


* Division of Physics, C.8.1.R.0., University Grounds, Sydney. 


FAILURE OF MATTHIESSEN’S RULE 123 


model for the scattering imperfections. We shall consider two models : 
scattering by dislocations (disordered regions cylindrical) and scattering by 
stacking errors (disordered regions laminar). 

Consider the following case, typical in regard to order of magnitude : 

Se/p=30 per cent., 3(dpe/dZ)/(de/d7) = —2 per cent., 
and o is about five times the resistance of copper, so that, from knowledge of the 
mean free path of electrons in copper, we find that the mean free path J due to 
scattering by the additional imperfections is 560 A. The average distance 
between atoms is 3 A. 

Assuming that scattering is by dislocations, let there be N dislocation lines 
per cm.?; let 7, be the radius of the cylindrical regions within which thermal 
displacements do not contribute to the scattering; and let r, be the radius 
defining the scattering cross section, then 


TNr?=a1=0-02, 
DM 1a (BG x 1088 ae he os Sa se ss (2) 


If we now assume 7,;=7,=7, which is correct as regards order of magnitude, 
ra" x0 02 <5*G 10-87 «10-* om’, 
Tv 


Nee ser Tot cute ta yr) at ake eee a (3) 


Both this effective radius and this dislocation density are of reasonable 
order of magnitude. 

Alternatively, if it is assumed that scattering is by stacking errors of the 
type proposed by Broom (1952), similar agreement is obtained. Let the area 
of stacking error per unit volume be A, and let p be the probability of scattering 
for a Fermi electron passing through a stacking error. We assume that the 
effective volume of a stacking error is two atomic layers thick, ie. 6 A. Then 

O10-*A— 70-02, 
Apo GOCLO Se Seren. «ede ee (4) 
Hence p=0-53 and A=3x10-* cm.?. 

The magnitude of the scattering probability thus derived seems reasonable. 
An elementary wave-fitting calculation, assuming perpendicular incidence and a 
sudden phase change of 27/3 gives, after averaging over all phases, a reflection 
coefficient of 0-5. While the fortuitously close agreement with p is of no 
particular significance, the present picture is clearly self-consistent in regard to 
orders of magnitude. 

The assumption that the volume occupied by imperfections does not 
contribute to the thermal scattering of electrons is therefore consistent with 
observations on the assumption of either of the two models. 
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‘““ The Photovoltaic Effect in Natural Lead Sulphide” 
By R. Lawrance 


The graphical results of Figure 7 of this paper are referred to: If we plot 
log mobility v. log conductivity, we expect a straight line with a slope of 45°, 
assuming that the number of carriers remains constant over the conductivity 
range considered. The slope of the straight line in Figure 7 is not 45°, and does 
not correctly describe the results presented in Table 3. 


MOBILITY (CM.2 V7! SEC."') 


© FILMS (HINTENBERGER) 
+ CRYSTALS 


1074 10°3 1072 107 1 10 
CONDUCTIVITY (OHM"! CM.~') 


The figure reproduced here shows two groups of experimental data taken 
from Table 3 and from Hintenberger, for each of which the log mobility v. log 
conductivity is a straight line with a slope of 45°. Between curve A and curve B 
there is a ratio of approximately 6: 1 in the number of carriers. In each group 
the number of carriers is constant within 10 per cent. for crystals. The variation 
for films in curve A is about 50 per cent. and in curve B about 10 per cent. 
The groups cannot at present be identified by other characteristics of the Samples, 
but their existence is suggested by the experimental results. Obviously a 
Systematic error in the measurements for the groups could account for their 


CORRIGENDA 125 


existence. Furthermore, the number of samples investigated may not be 
regarded as large enough to establish this grouping. In any case, the grouping 
of the data in this way is consistent with the statement that the number of 
carriers is constant, at least in a less general sense than it was originally made. 


The matter will be investigated further. 


VOLUME 5, NUMBER 2, PAGES 266-87 


‘* The Distribution of the Discrete Sources of Cosmic Radio Radiation ” 


By B. Y. Mills 


The calculation performed on p. 277 is incorrect ; the first equation should 


read 
p=Pr-**® (not Pon-:?*). 


When the ensuing calculations are corrected it is found that the total power 
received in the galactic plane due to the integrated emission of the class I sources 
is reduced to approximately one-fifth. The conclusion in the paper that emission 
from the class I sources is inadequate to account for the observed general back- 
ground radiation from the Galaxy is therefore strengthened. On p. 281, where 
the result of a similar calculation is given, no such error was made. 
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CONDUCTION OF HEAT IN THE SEMI-INFINITE SOLID, WITH 
A SHORT TABLE OF AN IMPORTANT INTEGRAL 


By R. C. T. Smrru* 


[Manuscript received December 9, 1952] 


Summary 
The solution of a problem in heat conduction is expressed in terms of the integral 
—a(1+u?) du ik ; : 
e fle ve This integral is tabulated for various values of « and U. 
0 u 


I. INTRODUCTION 
The temperature distribution in a semi-infinite solid is determined for the 
following conditions: initial temperature zero, the plane «=0 held at the 
constant temperature 0 for a time 7 then made impervious to heat. 


II. CALCULATIONS AND RESULTS 
To maintain the temperature 6 at x =0 heat must be supplied at the rate 
0K (xnt)—* per unit time per unit area. The temperature distribution for 7>0 
will therefore be the same as in an infinite solid with a continuous plane source 
at «=0 liberating heat at the rate 20K(xzt)—? per unit time per unit area for 
aed 
For t<T, the temperature is given by 


0 dt 
> ae —2?/4u(t—T) spel ae 
Tea) lk : <t(t —r)®” 
that is, 
v(a, t) =021—erf 2 TY Rijakod se Wace ere hats 1) 
(x, t) { mit 
while, for t>T7, 
0 (7 dt 
, t)—— —@/4nt—T) ss ae 2 
(a, t) al e iol (2) 


The temperature at x=0 is given by 
0, 0<t<T) 
v(0, 0-429 gin-1 (;) mT yf one er (3) 
TT 


(For these results see Carslaw and Jaeger (1947, pp. 57, 222).) 
The substitution 
ur 
7 =-—, 
1+ 
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TABLE 1 (Continued) 
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The integral (5) has been calculated from rearranged forms of the series. 
expansions quoted by Lightfoot (1930) 
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and the results are given in Table 1. The calculations were made using six 
figures and differencing did not show errors greater than two in the last figure. 
The results were then rounded off to five figures so that the final table should 
not have rounding-off errors greater than 0-7 in the last figure. 
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Since little arithmetic is involved in passing from the integral to the 
temperature, no table of temperature distribution is given. The results are 


presented graphically in Figure 1, x/(2V xt) being plotted against Vt/T for fixed 
values of v(x, t)/0. 
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ON THE STANDARD ERRORS IN THE FITTING OF POLYNOMIALS 
TO UNEQUALLY SPACED OBSERVATIONS 
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Summary 

From the observed values of the independent variable two parameters are derived 
which specify the departure from uniform spacing. Expressions are obtained for 
the standard errors of the coefficients and fitted values in terms of these parameters, 
and numerical tables for the estimation of the errors are given. It is shown that the 
errors calculated in this way lie within a few per cent. of the exact least squares values 
for polynomials of the first and second degree, but when the polynomial is of the third 
degree the deviations may be much greater. 


I. INTRODUCTION 

The problem of fitting polynomials to equally spaced observations has been 
very thoroughly treated by a number of authors. When the observations are 
not equally spaced the problem is much more difficult. In fact, each set of 
observations requires its own separate treatment, and no general information 
concerning the values of the orthogonal polynomials 7',(”) is available. Informa- 
tion of this type is essential if an adequate discussion is to be given of approximate 
methods of curve fitting such as those described in an earlier paper (Guest 1952). 
All that could be done in that paper was to assume that the values 27',?(x) did 
not differ greatly from those in the equally spaced case. The efficiencies of the 
methods of grouping described there are calculated on this assumption, and 
hence may be in error if the spacing is markedly non-uniform. 

The aim of the present paper is to prepare the way for a new attack on this 
problem by discussing the standard errors of the least squares polynomial 
coefficients and fitted values when the observations are unequally spaced. The 
procedure adopted is to characterize any particular set of observations by two 
parameters x2, x3. The parameter x, is a measure of the departure of the 
independent variable w from symmetry about the central value, while the 
parameter x, is a measure of the relative concentration of the observations 
towards the central values of « as opposed to the extreme values. It is shown 
that X7,?(x) can be expressed approximately as a function of x5, x3, and tables 
have been prepared from which these functions may be obtained. Tables for 
the calculation of the standard errors of the fitted values are also given. 

Although the quantities tabulated were calculated for use in future 
theoretical discussions, they may also be of use in practical examples, either 
for the rough calculation of the standard errors or as a check on the values 
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obtained by the usual methods. Some examples showing how the values 
obtained by the present method agree with the exact least squares values will 
be given. 

Unfortunately, the treatment in terms of the parameters x, x3 18 not 
adequate for all possible sets of data. In certain cases additional higher order 
parameters x,, x; are required. The higher the degree of the polynomial to 
be fitted the more important will these additional parameters be. However, 
it is found that the treatment given here is adequate for practically all cases in 
which the curve is of the first or second degree, and for a large proportion of the 
cases in which the curve is of the third degree. 


Il. THE SMOOTHING OF THE POINTS OF OBSERVATION 
If the values of the independent variable x at the n points of observation 
are arranged in order of magnitude, each observation may be identified by a 
number « giving its position in the sequence, ¢ taking the integral or half-integral 
values from +4(n—1) to —4(n—1). A point of observation can then be repre- 
sented by the symbol x(<c). In the present discussion the system of points x(<) 
will be replaced by a smoothed-out system X(<) obtained by fitting a curve of 
the third degree in < to the values x(c). The smoothed-out system of points is 
given by the equation 
Ae) =k kyl yle) hol €) gd gl E)ye wie oe ce (1) 
where 
k, =I ale oe cl (3) AOR PRRs SRN son OE ed (2) 
and 7',(<) is the orthogonal neler of See j in ¢ with leading coefficient 
unity. 
The variable X(c) can be transformed by a change of origin and scale to 
give a new variable 


E(c)=o£X(e)—hy}. 6s ss tee (3) 
Then equation (1) becomes 
E(é) 0,7, (€) x ptal) 4-2 eeTale), = eee ues (4) 
where 
7;(€) =n I+1T (¢), aie’ 1b Weenie ie Uetenet(wilelibrts) 8! fe Tuplien ‘a/v <i Gicete. eas (5) 
and 
%=ki, Xg=Noke, ug=tn*®oky. ............ (6) 


The advantage of this notation is that the coefficients x; are all of the same order 
of magnitude. 


Since it is desired to compare the smoothed set €(<) with the equally spaced 
set c, the scale factor o in (3) should be chosen so that the mean interval between 
successive observations is unity. The mean interval is 


ral >) (7a) feof ah 


. . —1 
and this would give for » the value { k, +in(n —2)(n —8)k,! . However, the 
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term (n—2)(n —3) is found to be inconvenient in subsequent calculations, and 
the simpler form 


neal 7 
Co) 1 aT a | occ (7) 
will be adopted. From equations (6) and (7) it follows that 
1 
sl et ccc (8) 


The original set of points x(c) is thus replaced by a smoothed-out set 
characterized by three parameters 9, xg, x3. The parameter 9 gives the scale 
factor, while the parameters x, x; specify the departure from uniform spacing. 


Ill. THE PARAMETERS x, x3 
Values of k,, ka, kz; may be found by one of the conventional least squares 
methods for equally spaced data, x being treated as the dependent variable 
and < as the independent variable. 
A more rapid procedure is to use the method of weighted grouping (Guest 
1951). ky, kz are identical with the quantities denoted by a,., a, in the reference 
quoted, while = 


=a, En? —5(v-+7r)*}a3, 


when n»=3yv-+yr, v being an integer and r having the value —1, 0, or +1. 


Very often comparatively rough approximations will suffice. If X,, Xo, 
X;, X,, X,; denote the values of X for which « takes the values +3(n—1), 


44(n—1), 0, —4(n—1), —4}(n—1), then from equation (1) 
X,+X,—2X, ; 
(n—1)? =$k,, Secs RGN avctas: fot le Reh teious ( ) 
Ay 1 eX 3 ny eee (10) 
(71)? 16 
Also 
Ag Ae 1 
RD a tig 2m —3)ks 


Hence, if x, denote the observed values # corresponding to the same five values 
of <, the values of the parameters can be estimated from the following formulae : 


k __2(@ +05 —205) 7 
Pinas ay 2 5] 
a No (11) 
k _16{(@, —#5) —2 (#2 —%,)} 
: 3(n—1)? 
gi=4 See aS (12) 
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The significance of the parameters x», x, can be brought out by combining 
equations (11), (12), and (13) to give the following approximate equations : 


; j Hi. euer's) avis) 10. 8 (9) oaineltall (aise) opty eouelielie 
Ly — Us 4 
ricie(ae (15) 


Thus x, is a measure of the departure from symmetry about the central value 
%3 (e=0). xz is a measure of the relative concentration of the observations 
towards the centre of the range. For the equally spaced case x, =x,;=0. When 
%,=+1, the first half of the observations (for which ¢« is positive) is spread 
over three-quarters of the range of x When x,=+4/3, the central half of the 
observations (for which | <| is less than 4(m—1)) is confined to a quarter of the 
range of «. 

There does not appear to be any very simple criterion which fixes the ranges 
of values of x2, x, likely to be encountered in practical examples. However, 
one condition which suggests itself is that the difference A&(c) should always be 
positive, that is, the sequence of the smoothed values X(¢) should be the same 
as the sequence of the actual values a(c). 

The finite difference A£(c) can be obtained from the approximate formula 

AE(e) =x, +2n-1x,¢+2n-2x,(3e2 —3n?/20), 
or 
AGe=1 4+ 1 65h (Sel) oak) eae eee (16) 
where e=2e/n. It is required to find the condition that AZ should never be 
negative in the range —1<e< +1. 

If x3 is positive there is a minimum value of Ag& at e=—x,/3x3. When 

| x, |<3xg this minimum occurs in the range —1<e<-+1, and has the value 


Hence, if this is to be positive, 
py? <3x5(2 —xz). DS OC CaO CMD > CieO Cry soni] (17) 


When | x, |>3x3, or when x, is negative, the least value of A& in the range 
—1l<e<-+1 will occur at one end of the range, the value then being 


1—| x2 |+xs. 
If this is to be positive, 
[3g Sell oct mores state cee ee mee eee (18) 


Conditions (17) and (18) may be summarized conveniently as follows : 
for —1 <x3<+0°5, | x,.|<1+x,; 
.. (19 
for +0 5<ug< +2, | Xg | <{3%3(2 —x,)}3. i ( ) 


If the values of x9, x, lie outside these ranges, then it would certainly be necessary 
to include terms of higher degree in equation (1). 
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IV. THE ORTHOGONAL POLYNOMIALS T,(&) 


The orthogonal polynomials T,(&), together with the associated coefficients 
a; and 8;, defined by the equations 


are used in the calculation of the standard errors. Hence it is necessary to 
obtain formulae for which these quantities may be calculated in terms of the 
parameters xX, Xz3- 

A convenient method of procedure is to expand & in terms of the orthogonal 
polynomials t;(<), since this permits the rapid calculation of the sums X7'7,?(2). 
Accordingly @ is written in the form 


n-G-DE = ¥ int E Fe: 5 a (22) 
k= 
Now the left-hand side of this equation can be rewritten as 


: 3(j— 3 j-3 
nfm GDM nV Sapte 6) Bra T(E) +E NMG gh 


and so 
3(j —1) 


3g 3 
we KT R(E) =2-* 2 Perper (API apres (2) tae ic (23) 
0 1 


The expression on the right may be evaluated by using the recurrence relation 


ner, (€) =Ty41(€) +e,;tj-2(€), ------22-2---- (24) 
where 
_j2—j2/n%) 
?j 4(4j2—1) ° 
To simplify the calculations the term j?/n* will be neglected, and the form 
an 
2; Fa ary ee glee eta ear (25) 


will be used. 

The expressions required for the calculation of x,, for values of j from 1 to 3 
are listed in Table 1. The explicit expressions for these coefficients in terms of 
%) %, are given in Table 2. 


From equations (20) and (22), 7,(€) can be expressed in the form 
33 = 
2(E) =Dnyyt ee) + = Breage (A eat een irc nimhortes (26) 
1 


Also the sum %7,7(€) may be written as 
2(€) =u,,27;7(e). Seite) 10), © o,0)-0lks) (eues 41) elgedvelier a: (27) 


It remains to calculate jn, Yj;- 
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If equation (24) is multiplied had t;-1(€), it follows that 


ju ;-1°() 


(e){n—tet;_1(€)} 


_32,%(), 


TABLE | 


QUANTITIES REQUIRED IN THE CALCULATION OF THE COEFFICIENTS Ajx 


j d (i!) 
0; a £=)o=——— 
Pi 4(4579—1) J PR (29)(25 +0)! 
| n*44(€)t;(€) =T;+3(€) + 9;7;-1(€) 
ie 
minden(e=wulel+( on Sasi Pj ) %j(€) +; 0j;-17;-2(€) 
t;(e)t,(e) 3 
nt 3(€)T;(€) =T;+3(&) ++ | Py+at+Pj+1 +Pj;— 20) 2 *(€) 
3 | 
+9; \ Rpts F P5 FOF : eae = 20) i(€) +9; 2;- 1Pj- at j— 3(€) 
TABLE 2 
THE COEFFICIENTS Xj a2 
1 Mo —= 7 oe? 
Miseerghs | 3 i ae ee iS ee 
a %32— x ——* 
ae “a= 15 70° 350° a778? +” (630 1576 
X13= 2x, (2 4 é 2 2 ‘) 
X32 — Xo = Xst—__ ots Xo 
ag=0-2EE2 | 42 105 °' 1155 315 
ie if * Nl | 1 Sua see +x? 
| ory Sate aimee | = a 
Xo =——%_| 1—-—x, | oY 66 5008 2 Ve ean 
15 14 : ; 
1 1 roe te( 94 Xs Mg? ) 
%e2== 1—— Saree se ke 
ct | 6 15 2 3 3 2 3 l 
hee =o —— _ == 
1 | 1s en ols a 
No3= 2% Lon | 7 
: | %gg—= Xo] 12x,——x%524+ x52 
7 5 
Xoq—= 4%3— 1 Ky” | 30 
| X37 = ee +6x52%5 
Yas— Aten | Men 2Wavege 
Xag= 4%" | Ugg 8x59 
and so 
at,? if EC NOT || Ch ee ne eee (28) 
where 
j 
Ry =llopiowes see eee (29) 
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7 To calculate y,,,, equation (26) is multiplied by 7,,(&) and summed over Se, 
giving 


hs get T ys (G) =—3G SORES 8) Se (30) 


33 
ae }engtal qd (¢)+ 5 Shree i Be 
3m : m—1 
ae {2re5p mn ZT4 (8) a 2 Bao T(E), 
and so 


3m 


im = eS jk? Xmule ay = OTe pysites sha 2 3 (3 1) 


To calculate u,;;, equation (26) is Baath and, from (30), it follows that 


39 =1 
2(£) =Sn,,207,2(€) =) eae (e). 
1 1 
Hence 


39 j-1 

Uj ee ies = Tes Oe WS er OnE ar (32) 

In Table 3 are listed the sums jm 

and also the formulae for deriving hime u,;; from these sums, for values of j, k 

from 1 to 3. In Table 4 the numerical values y,,, u,,, are tabulated for the 
range x,2=0(0-25)1-0(0-5)2-0, x,=—1-0(0-2)+2-0. 


Km m as explicit functions of x, xs, 


TABLE 3 


FORMULAE FOR THE DERIVATION OF THE QUANTITIES Lijoim 


3 
Lx,j?R; =[1—0- 400000x, +0: 057143%,5? +0: 066667%52)R , 
t 


3 
Brera hj = = 0+ 200000%,[1—0- 142857%5 +0: 015873x%2]R, 


: 
eee = [(1—0- 285714x, +0-085714%,2—0- 020779%,° +0: 001912%,4) 
7 


+-%92(0- 619048—0- 076190%, +0 - 003463x,2) +-%4(0- 006349) ]R, 
3 
Bart 


Bray 0" 571429x,[(1—0- 150000x, +0-013636x,2—0- 001598x;°) 
+. %_2(0+ 205556—0-017677x%,5 +0-000178x52) +%4(0- 001178) ]R, 
9 
Dngj2R; =[(2+037037—0- 4444445 + 0-171717%,2—0 07173658 + 0- 017027%34 
! —0-002301x,° +0: 000136x,°) 
+ 9°(3°370370—0- 397306x, +0: 030947x,2—0- 005565x,° + 0 - 000383x5!) 
+-x94(0 + 342312—0 - 0252735 -+0- 000464x5%) +x2°(0- 001404) | 


Y= 2%,” R;/R, 

Ye1= pias i / Ry I /ta 

oo (heh i / Re 15a a1 

re 4 / Re }/15 pa, 

a ee Rj /By)—15piastearbear? /toae 

Usg= {Kg 2h ; /Rs}— (140/9) 252° Us2—(700/3) 51741 
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TABLE 4 
NUMERICAL VALUES OF (77, Uj, 
Yai 
— : | 
ee 0 0-25 0-50 0-75 1-00 1-50 2-00 
SS 
X3 a 
—1:0 1-457 1-474 1-490 1-507 1-524 1-557 1-590 
—0:8 1-357 1-373 1-390 1-407 1-423 1-457 1-490 
—0:6 1-261 1-277 1-294 1-311 1-327 1-361 1-394 
—0-4 1-169 1-186 1-202 1-219 1-236 1-269 1-302 
—0-2 1-082 1-099 1-116 1-132 1-149 1-182 1-216 
0 1-000 1-017 1-033 1-050 1-067 1-100 1-133 
+0-2 0-922 0-939 0-956 0-972 0-989 1-022 1-056 
+0:4 0-849 0-866 0-882 0-899 0-916 0-949 0-982 
+0:6 0-781 0:797 0-814 0-831 0-847 0-881 0-914 
+0°8 0-717 0-733 0+750 0-767 0-783 0-817 0-850 
+1:0 0-657 0-674 0-690 0-707 0:724 0-757 0-790 
+1-2 | 0-602 0-619 0-636 0:652 0: 669 0-702 0-736 
JLiled! | 0-552 0-569 0-585 0-602 0-619 0-652 0-685 
+1:6 0-506 0-523 0-540 0-556 0-573 0-606 0-640 
te tloe 0-465 0-482 0-498 0-515 0-532 0-565 0-598 
+2:0 0-429 0-445 0-462 0-479 0-495 0-529 0-562 
EPP) 
ke? 0 0-25 0-50 0-75 1-00 1-50 2-00 
Xs ~ 
—1-0 1-394 1-435 1-478 = 1-524 1-571 1-670 1-776 
ors 1:295 1-329 1-366 1-404 1-445 1-532 1-627 
—0:6 1-207 1-234 1-264 1-296 1-331 1-406 1-489 
—0:4 1-129 1-150 1:173 1-199 1-227 1-290 1-363 
—0-2 1-061 1-074 1-091 1-110 1-132 1-184 1-245. 
0 1-000 1:006 1-016 1-029 1-045 1-085 1-136 
+0-2 0-946 0-946 0-949 0-955 0-965 0-994 1-035 
+0:4 0-898 0-891 0-887 0-887 0-891 0-910 0-942 
+0:6 0: 855 0-841 0-831 0+825 0-823 0-832 0-855 
+0:8 0-816 0:795 0-779 0: 767 0-760 0-759 0-774 
+1:-0 0-781 0-753 0-731 0-714 0-702 0-692 0-700 
ALTe@ 0-749 0-714 0-686 0-664 0-648 0-631 0-632 
+1:4 0-718 0-678 0-645 0-619 0-598 0-575 0-571 
+1:6 0-690 0-644 0-607 0-576 0-553 0-524 0-517 
+1:8 0-662 0-612 0-571 0-538 0-512 0-480 0-471 
+2-0 0-636 0-583 0-539 0-504 0-477 0-443 0-434 
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TABLE 4 (Continued) 
(433 
— 
~ Xo? 0 0:25 0-50 0-75 1:00 1-50 2-00 
M3 Pe 
=O 1-361 1-428 1-505 1-591 1-685 1-900 2-146 
—0:8 1-265 1-313 1-370 1-436 1-510 1-684 1-891 
—0:6 1-185 1-216 1-256 1-304 1-360 1-498 1-668 
—0-4 1-116 1-135 1-160 1-192 1-233 1:337 1:473 
02 1-055 1-064 1-078 1-098 1-124 1-199 1-303 
0 1-000 1-003 1-009 1-019 1-033 1-081 1-157 
+0:2 0-948 0-949 0-949 0-951 0-957 0-981 1-031 
+0:4 0-897 0-898 0-897 0-894 0-892 0-898 0-924 
+0:6 0-847 0-851 0-850 0-845 0-838 0-828 0-833 
+0:8 0-796 0-806 0-807 0-801 0-792 0-769 0-756 
+1:0 0-745 0-761 0-766 0-762 0-752 0-720 0-691 
Es? 0-692 0-716 0-727 0-726 0-716 0-679 0-637 
+1-4 0-639 0-671 0-688 0-692 0-684 0-643 0-592 
+1-6 0-587 0-627 0-650 0-658 0-653 0-612 0-554 
TAS 0-537 0-583 0-612 0-625 0-623 0-584 0-524 
+2-0 0-491 0-541 0-575 0-592 0-593 0-558 0-499 
31 
Xe 0 0-25 0-50 0-75 1:00 1-50 2-00 
= 
X3 ~~ 
ol) —0:0638 —0-0710 —0-0781 —0-0850 —0-0918 —0-1052 —0-1181 
—0:8 —0-0636 —0-0712 —0-0785 —0-:0858 —0-0929 —0-1068 —0-1201 
—0:6 —0-0638 —0-0717 —0-0794 —0-0870 —0-0944 —0-1088 —0-1227 
—0:4 —0:0644 —0-0727 —0-0807 —0-0886 —0-0963 —0-1113 —0-1257 
—0:2 —0:0653 —0-0740 —0-0824 —0-0907 —0-0987 —0-1143 —0-1292 
0 —0-0667 —0-0757 —0-0846 —0-0932 —0-1016 —0-1177 —0-1331 
+0-2 —0-0684 —0-0779 —0-0872 —0-0962 —0-1049 —0-1217 —0-1376 
+0:4 —0:0705 —0-0805 —0-0902 —0-0996 —0-1087 —0-1262 —0-1426 
+0-6 —0-0730 —0-0836 —0-0937 —0-1035 —0-1130 —0-1311 —0-1481 
+0:8 —0-0760 —0-0870 —0-0976 —0-1079 —0-1177 —0-1364 —0-1539 
+1-0 —0-0792 —0-0908 —0-1019 —0-1126 —0-1229 —0-1422 —0-1602 
12 —0-0829 —0-0950 —0-1066 —0-1177 —0-1283 —0-1483 —0-1667 
sg 4. —0-0868 —0:0995 —0-1116 —0-1231 —0-1340 —0-1545 —0-1734 
+1-6 —0-0908 —0-1041 —0-1167 —0-1286 —0-:1399 —0-1609 —0-1800 
+1-8 —0-0949 —0-1088 —0-1218 —0-1340 —0-1456 —0-1671 —0-1865 
+2:0 —0-0989 —0-1132 —0:1267 —0-1393 —0-1511 —0-1729 —0-1925 
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TABLE 4 (Continued) 


Yor 
(Sign of u., opposite to that of x») 

my 92 0 0-25 0-50 0-75 1-00 1-50 2-00 

| xs | 0 0-500 0-707 0-866 1-000 1-225 1-414 
aes 
0 0 0-0778  0-1092 0-1327 00-1521 0-1835 0-2089 
26:5 a) 0:0814 0:1142 00-1387 0-1588  0-1914 0-2176 
—0-6 0 0-0853 0-1195 0-1451 0-1660 0-1998  0-2267 
0-4 Pi 00895 0-1253 0-1519 0-1737 0-2086 0-2365 
—0+2 | 0 90-0940 0-1314 0-1592 60-1818 0-2180 0-2467 
0 | 60 0-0988 0-1379 0-1669 00-1905 0-2280 0-2575 
40-2 0 0-1039. 0:1449 -0-1752.—s«0-1997 02385 =: 0 2688 
40-4 0 0-1094 0-1524 0-1839 0:2094 00-2495  0-2806 
10:6 0 0-1152  0-1602  0-1931 0-2196 0-2610 0:2928 
40-8 0 0-1213 0-1685 0-2028  0:2302 0:2728 0-3053 
41-0 0 0-1278  0-1772 0-2129 0:2412 0-2850 0-318) 
41-2 ra 0 0:1345 0-1861 0-2232 0:2525 00-2973 0-3308 
41-4 ee 0-:1414 0-1952 0-2336 0-2638 0-3095 0-3433 
11-6 | 0 0-1483 0:2043 0-2439 0-2748 0-3213 0-3552 
41-8 0 0-1550 0:2130 00-2588  0-2853 0-3323 0-3661 
2-0 0 0-1613 0-2211 0-2628 | 0-2949 0-3420 0:3755 
———— —-- ——_— | — —— 
Uso 
(Sign of Ug. opposite to that of x.) 

; a? 0 0-25 0-50 0-75 1-00 1-50 2-00 

| eel 0 0-500 0-707 0-866 1-000 1-225 1-414 
X3 _ cS 

1-0 0 0-1580 0:2202 0-2657  0-3024 0-3600  0-4044 
—0-8 0 0-1648 0-2299 °0-2776 0-3161 0-3764 0-4228 
—0-6 0 O-1711 0:2389 0-2889 0-3292 0-3925 0-4410 
—0-4 0 0-1766 0:2472 0:2994 0-3416 0-4081 0:4590 
—0-2 0 0-18138 0:2544 0-3089 0-3531 0-4231 0:4767 
0 0 0-1852 0-2606 0-3173 0-3636 0-4373 0-4940 
+0-2 0 0-1880 0-2656 0-3245  0-3730 0:4507 0-5107 
+0-4 0 0-1898  0-2694 0-3303 00-3811 0-4631 0-5270 
+0-6 0 0:1905 0-2718  0-3348 0-3879 0-4746 0-5427 
+0-8 0 0:1908 0+2729 0-3379 0-3933 0-4851 0-5578 
+1-0 0 0-1891  0-2728 0:3397 0-3974 0:4944 0:5792 
41-2 0 0-1871 0:2716 00-3401 0-4002 0:5026 0-5857 
+14 0 0-1845 0-2694 0:3395 0-4017 0-5096 0-598) 
+1:6 ori 01814 0-2666 0-3379 0-4022 0:5153  0-6089 
+1:8 , a0 0-1783 02634 0:3358 0-4018 0:5196 0:6176 
+2-0 L 6 0-1754 0:2604 0-3336 0-4010 0-5223 0-6233 
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It will be observed that the expressions given in Table 3 for UxX»,2h, and 
for Xx,%3,f, are the same. This is a special case of the general equality 
3m 3(m+4q) 
2 Employ = ; Kok meqelens ere Kejisiier 16! ate salve (33) 
which may be proved by induction. 


TABLE 5 
__THE COEFFICIENTS &;,, Bix 7 


yg =9 Bip=9 

Hoy = MUo1 Ca =NYo1 

Seg = —N*U4,/12 Bop = 274/12 

Ag2—= NiUgo Bs2= Use 

gy = N?(Usg;—t /12) Bay =n? (ts1 +U-32[ba1— Uy / 12) 
Ogg = M9 thay Uy 1/12 Bs9= 27241 (Uo1—Lesa) / 12 


The coefficients «,,, 8;, may be determined by combining equations (20), 
(22), and (26). The values so obtained are listed in Table 5 for values of j 
from 1 to 3. 


V. THE STANDARD ERRORS 
(a) The Orthogonal Coefficients a; 
If the least squares polynomial is written in the form 


TE ene eS Sora (34) 
j=0 


the standard error of the coefficient a; is given by 
ore a) A), 
where o(y) is the standard error of an observation. Thus 
Sep, Yorty)/ ULE}. sea... wks seam. (35) 

The values u,, are given in Table 4. It will be seen that for all three values 
of j negative values of x, yield values for u,,; greater than unity and positive 
values of x, yield values less than unity. That is, the standard errors are 
reduced if the observations are crowded towards the extremes of the range and 
increased if they are crowded towards the centre of the range. 

The effect of x, can be summarized as follows. The standard error o(4a,) 
decreases only slowly as x,? increases. The standard error o(a,) for negative 
values of x3 decreases as x,” increases, while for positive values of x, it increases 
as x,” increases. The standard error o(a3) for negative values of x3 decreases 
as x,” increases, but varies only slowly for positive values of x3. Both o(a2) 
and o(a3) are almost independent of x, near x,=0. 

If the values x,, x3 likely to be encountered in practical examples are assumed 
to lie between —1 and +1, then the corresponding range of u,,; is from 1-685 
to 0-657. Thus the range of variation of the standard errors, which are pro- 
portional to y,;—}, is from 0-77 to 1-23, and the standard errors o(a;) will lie 
within 25 per cent. of the values for the equally spaced case. 
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The coefficient a, is identical with the coefficient b;,; in the power series 
expansion of the polynomial of degree j, 


u, (2) = Sr 6 ee (36) 
k=0 : 


The values of the coefficients a; are independent of the choice of origin for the 
variable. 


(b) The Fitted Values 
The standard error of the fitted value u,(&) is given by the expression 


o*[up(E)]/o%y) = & (2, *E/ZL;%8)} 
= $ 
—n-1¥ {( 3 BEF )?/u,, Rn } 
7=0 b=0 
p 
=—n-1 >: Xj09 Say. 
j=0 


If the substitution e=2é/n is made, it is found that the quantities y,, are the 
following functions of e: 


Xo0=1, 
X19 =3E67/ i041, Shean lecieiie fe: wire; ley Sy er ete\ ate: @ bike. bie leila: teed ay te fet ee ie en) ier (37) 
Xo =1l-25(3e? 4-Cen-1B 57-12-76) 7) pee ee ter eel (38) 


The quantities n-0-"@,, are functions of the coefficients u, as given in Table 5. 
The standard error may be written in the form 


o[u,(E)] =n Fo pole, Xs, Kglo(y). ........---. (40) 

For the case p =1, the function ¢,, is just (1+3e?/u,,)*%. Thus the standard 
error is a minimum at the value €=0 (ie. at w=Za/n), and increases 
symmetrically on each side of this value. If the variable k =eu,,,~? is introduced, 
then 04)?=1+3k? and the function ¢,9(k) is identical with that tabulated in a 
previous paper (Guest 1950). When the value 47,?(7) is known from the 
least squares calculations, k is given by | 


k=) ieee pene 
3uT,2(x) n \? 


o[U,(@)] =n" 9(k)o(y), 
where 49(K) may be read off directly from the tables. 
For the case p=2, 7%) is roughly symmetrical about the value e=—uy,,, 
and the major effect of the parameter x, is to make po.) roughly symmetrical 


about ¢=x,/5. For this reason it is an advantage to introduce a new variable k, 
such that 


and 


k=6—x,15, «eee ee (41) 


The function py9[k, x, x3] is given in Table 6 for the range k= —1-4(0-2)+1 “4, 
X= —1:0(0°5)4+1-0, x, =—1-0(0-25)+1-0. 
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Similarly, for the case p=3, it is an advantage to tabulate in terms of the 
variable k given by (41) rather than the variable e. The function Paolk, %Xg, X31 
is given in Table 6 for the same range as the function Ooo: 

Tt is found that when | x, | is large the values of po) and p49 near | k | =0-5 
are increased for points with kx, positive and decreased for points with kx, 
negative. The parameter x; has a much less marked effect. In general the 
values of py) and gg) are increased when x, is positive and decreased when %3 
is negative. 

The procedure for the rough estimation of the standard errors of the fitted 
values when the polynomial is of the second or third degree may be summarized 
as follows : 

(i) Suppose the observations to be numbered, in order of #, by the values ¢ 
from +3(n—1) to —}(n—1). Write down the values for 2,, 7, for 
e=+3(n—1); &, &, for e=+}(n—1); wv, for e=0, interpolating 
where necessary. 

(ii) Caleulate 


Ye=2(@,+25—2%3), 
b3=2-67{(% —#5) —2(%,—a%,)}, 
bi =(",—#5) +3/(n —1), 

Y =(n —1)/4, 

%_={1+1/n} {o/b}; 
%3={1+2/n}{bs/Ys}- 


a2 Pe (= a2 Eh) 


(iii) Calculate 


n nm m8 
for each value of w at which the standard error is required. 
(iv) Find ¢,(k, x's, x's) by interpolation in Table 6 for the values x’, x’s 
nearest tO Xb», %3. 
(v) Then 
o[u,(x)] =n *o i(k, %'9, X's) 0(Y). 


(c) The Polynomial Coefficients 


Suppose that at the origin of the variable « the variable e has the value ¢. 
If the least squares polynomial is written as 


then the standard error of the coefficient c,, is given by an expression of the form 
6[ 6p; (Cos%2)%3)] =n — It Do, ;(CopXayXs)a(y). «+ (43) 
The functions p,, for j=1 are given by 


P11” =12/uy 

Qo12= 0317 +180(€9 +2 *Bo1)?/ toa, 

03127 =Par” +175 (3e)? +4¢9n— "Bo +4n-*B31)?/tUg3- 
For j=2 the functions are given by 


oan? =180/ Han 
0322 =Poe9” + 7100(3e, +2-*B50)?/t33: 


TABLE 6 
VALUES OF Qo99 AND Pago 
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VI. ILLUSTRATIVE EXAMPLES 
(a) Haact Calculations 
(i) Example 1 


This example was used in a previous paper (Guest 1952). There are 16 
observations, at the following values of «: 


+7-9 47-2 +6:25 +6-1 +4:-8 43-5 42-8 +0°8 
—1:25 —2-2 —3-65 —4:-4 —5-5 —6-4 —7-3 —9-0. 
The parameters are 
© =0-95576, x,=—0-1227,~x,= —0- 6415. 


For the coefficients w,, interpolation in Table 4 gives 
yy =1 +282 (1°287), roa =1-227 (1°229), us, =1-204 (1-585). 


The true values, obtained from the calculation of@%X7,?(x)/ZT;?(<), are shown 
in brackets. 


Interpolation in Table 4 gives for the coefficients ,;, 
Yo = --0 -0207, 32> +0 -0417, U.33 >= —0 -0643. 


Application of formulae (37) to (40), with e=0-11947x+0-0026, leads to the 
functions 5, P39 tabulated below, the true values being shown in brackets. 


v P20 P30 
0 3-52 (3-BB) 5-8 (8-2) 
Se: 1-96 (1-99) 2-0 (2:0) 
as 1-38 (1-38) 1:87 (1-73) 
_ 9-5 1-53 (1-54) 1-83 (1-69) 

0 1-64 (1-65) 1:64 (1-68) 
42/935 1-48 (1-48) 1-86 (1-89) 
ey 1-36 (1-36) 1-74 (1-68) 
seta, 2-12 (2-11) 2-3 (2-4) 
a0 3-84 (3-84) 7-2 (7-1) 


(ii) Hxample 2 


The 67 observations are those of Jaeger and von Steinwehr (1921), obtained. 
in their determination of the mechanical equivalent of heat. Proceeding as in 
Example 1, the following values are obtained. 


%: +29°60 +28°36 +26-96 +25-79 +25-56 +24-34 123-09 4119-41 
+17-19 +16-64 +15-79 415-75 +14-39 414-32 413-98 +12-54 


+11:49 +10-60 + 9:19 + 9-15 + 7-76 + 6:33 + 6-24 + 5-55 
+ 5:36 + 4°82 + 4-11 + 3:96 + 3:24 + 2-538 4+ 1-80 + 1-41 
+ 11d + 1-13 + 0°01 = 0-05 — 05255 = ai-d7 1-18 = 4-45 
— 1°58 — 1:58 — 2-59 — 2-67 — 3-61 — 3-69 — 5-01 — 5-12 
— 6°00 — 6:03 — 6:97 — 7-13 — 7-40, — 7-41 = 7-94 — 8-39 
— 8°55 — 8-67 — 9-98 —11-05 —11-19 —11-49 —12-59 —13.-692 
—13°85 —14-35 —15-25. 
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=1-43378, x»=0-5871, x,—0-7403. 
U11=0-759 (0-760), p92 =0-803 (0-810), 1253 =0-820 (0-770). 
Hey=—0-1391, t5.=—0-2250, us, = —0-0899. 
e=0 042799" —0-129. 


& P20 P30 
—20 4-27 (4-31) 7-6 (7-8) 
=15 2°77 (2-77) 3-55 (3-61) 
Zi0 1-70 (1-69) 1-70 (1-69) 
ee 1-22 (1-22) 1-49 (1-51) 

0 1-28 (1-27) 1-46 (1-47) 
res 4-43)(1-43) 1248 (1-43) 
+10 1-49 (1-49) 1-71 (1-73) 
415 1-51 (1-51) 2-05 (2-10) 
420 1-79 (1-78) 2-15 (2-18) 
+25 2-53 (2-52) 2-53 (2-53) 
+30 3-76 (3-77) 4-8 (4:9) 


(iii) Haample 3 
This is an example used by Kendall (1948). 
e@: +101 +87 +76 +62 +53 +41 429 44413 
+ 3 —6 —18 —29 —35 —40 —45 —50. 
o=0:103080, x, =+0-4706, x, = —0:3920. 
Yay =1°181 (1-181), wo.=1-145 (1-155), p53 =1-130 (1-232). 
to3 = —0°0844, ps2 = —0-1664, 5, = —0-0718. 
€=0-012885x% —0-195. 


x P20 P30 

— 60 2-89 (2-89) 4-51 (4-52) 
— 40 1-67 (1:68) 1°68 (1-68) 
— 20 1-28 (1-28) 1°73 (1-73) 

0 1-45 (1-46) 1-79 (1-80) 
+ 20 final plata 1-62 (1-62) 
+ 40 1-56 (1-56) 1:78 (1:74) 
Tos 1-45 (1-44) 1-97 (1-93) 
+ 80 1-75 (1-75) 187 (1-87) 
+100 2-77 (2-81) 3-28 (3-30) 
+120 4-45 (4-49) 8:0 (7°9) 


(b) Approximate Calculations 
In practical examples it would require too much time to undertake a least 
squares determination of the parameters 9, x2, x3. The approximate scheme 
described in Section V (b) based on formulae (11), (12), and (13), will now be 
applied to the three examples treated in Section VI (a). 
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(i) Hxample 1 ; 
0,=+7-°9, r,=—0-225, w=-+5°1, 
t,=—9-0, 0,=—4°7. 


bp=2{2, +", —2%4} = —1-30, 


Ys=s{(ay m5) —2(er—0)} = 1-2, 
by =(#, —#5) +3/(n —1) =16 - 42. 
 =(n —1)/b,=0-914 (0-956), 
%g={1+1/n}{be/b1} = —0 084 (—0-123), 
%3={1+2/n}{3/b1} = —0-499 (—0-641). 
Interpolation in Table 4 gives 
[yy =1°22, Uo2=1°17, wsg=1-15, 
and hence the values 27;?(%)=9-%u,,27,%(c) are XT',?(x)=497 (479), 
UT ,?(#) =958 X10 (841), 27 32(v) =179 x 108 (189). 
On interpolating in Table 6, with x,=0 and x,=—0-5, and using (41), 
the following values are obtained. 
k=0-11427 +0-019. 


3 

os 
-O 
8 
9) 


30 

ZAG I-12 3-4 (3-6) 5-5 (5-2) 
75 —0-84 1-93 (1-99) 2-1 (2-0) 
ars —0 +55 1-38 (1-38) 1-80 (1-73) 
— 2-5 —0:27 1-49 (1-54) 1-77 (1:69) 

0 40-02 1-60 (1-65) 1-62 (1-68) 
4. 255 +0:30 1-47 (1-48) 1-80 (1-89) 
15 +0-59 1-38 (1-36) 1-78 (1-68) 
4755 +0:88 2-10 (2-11) 2-4 (2-4) 
+10 41-16 3-6 (3:8) 6-2 (7-1) 


(ii) Hxample 2 
v= +29-60, ,=—15-25, 4, =+1-13, ,=+411-05, 7,=—6-50. 
Ye=+24-18, bs =+26-00, bY, =+45-24. 
p=1:459 (1-434), x, =+0-543 (0-587), x, =+0-592 (0-740). 
11 =9°80, Uo. =0°84, 33 =0°85. 
XT,?(x%) =94 X10? (93), XT',?(%) =139 x 104 (144), &7'5?(x) =191 x 108 (191). 
k=0-0436a —0-240. 


wv k P20 P30 
=—2() 1-11 4-2 (4-3) 1 ies) 
—15 —0-89 2-66 (2-77) 3:5 (3:6) 
—10 —0-68 1-70 (1:69) 1-84 (1-69) 
= '§ —0-46 1-28 (1-22) 1-56 (1-51) 
0 —()-24 1-32 (1-27) 1-51 (1°47) 
+ 5 —0-02 1-45 (1-48) 1-46 (1:43) 
+10 +0 -20 1-47 (1-49) £°70 (1-73) 
+15 +0-41 1-48 (1-51) be 97 (2510) 
+20 +0:°63 Lat ets) 2-08 (2°18) 
+25 +0°85 2-58 (2-52) 2°8 (2:5) 
+30 +1-07 2° 94338) 5-6 (4:9) 
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(iii) Example 3 
%,=+101, 7; =—50, 7, =+8, Yg=-+55, #,=—30°5. 
v= -+-10, vs3= 593) Oe Vy =—147 *45, 
g=0-1017 (0-1031), x, =+0-506 (0-471), %3 = —0-411 (0-392). 
Yor =1-19, wgg=1-15, sg =1°14. 
UT ,?(”) =391 x 102 (378), 27',?(a@) =614 x 105 (585), U7',?(x2) =93 x 109 (93). 
k=0:012712—0-293. 


x k P20 P30 
— 60 —1-06 2:3 (2-9) 4-4 (4:5) 
— 40 —0-80 1-61 (1-68) 1-61 (1-68) 
— 20 —0-55 1-31 (1-28) 173 213) 
0 —0 +29 1-47 (1-46) 1-79 (1-80) 
+ 20 —0-04 1-61 (1-61) 1-66 (1-62) 
+ 40 40-22 1-58 (1-56) 1°78 (1-74) 
+ 60 40°47 1-48 (1-44) 1-95 (1-93) 
+ 80 +0°72 1-72 (1-75) 1-92 (1-87) 
+100 +098 2-64 (2-81) 3-1. (3-3) 
+120 41-23 4-2 (4-5) 7-3 (7-9) 


VII. DEVIATIONS OF THE ERRORS FROM THE EXACT LEAST SQUARES VALUES 

It is necessary to examine whether the smoothed set of points X(e) will be 
an adequate substitute for the actual set #(c) in the calculation of the standard 
errors. The departures x(c)—X(e) may be represented by additional terms 
kT ,(¢)+k;7;(c). Thus to obtain a closer approximation to the observed points 
the expression &(<) can be written in the form __ 

E (ce) =&5(e) +4x4t,(e) +8x575(€), ........-. (44) 

where &3(c) is the expression given in equation (4). 

If the function &(c) given by (44) is to represent the points of observation, 
it must satisfy the condition AZ(<)>0. Thus it is required to find, for a given 
&,(c), the ranges of the parameters x4, x; for which this condition is satisfied. 
The ranges of these parameters and the effect they have on u,, will depend to 
some extent on the value of n. However, since no great accuracy is required, 
it is simplest to take some definite value of n, say 50, and make use of the 
tabulated values of the orthogonal polynomials for this number of observations. 
A table of finite difference values for the polynomials can then be drawn up and 
used to estimate the allowable ranges of x4, x5. 

Table 7 gives the finite difference values for n=50. As an illustration of 
the method of procedure, the calculation of the maximum positive value of x, 
when x,—x3;—0 will be outlined. The finite difference is 


AE(e) =1 +, {4At,(€)} +%5{8AT5(e)} >9, 
and so 
%5{8At5(e)} > —1 —xy{4Ata(€)}, 


and, since At;(e) is an even function of ¢, At,(¢) is an odd function of ¢, 
%5{8At5(e)} > —1+| x4{4Ar4()} |. 
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Now, from Table 7, the minimum value of 8At;(¢) 8S —0-156. Hence the 
maximum positive value of x; occurs when x,=0, and has the value 1/0-156 =6 <4. 

Examination of the table of finite differences leads in a similar manner to 
the following conclusions : 

(a) When £&(c) =e (i.e. when x,=x3;=0), values of x; from —1-4 to +6°4 
can occur. The maximum value of | x,| depends on the value of 
x5, being zero at the extreme values of x; and reaching a maximum of 
3 when x;,=-+3. 

(b) The only major effect of the parameter x, is to permit larger negative 
values of x; (maximum negative x,=—3:0 when x,=~+1°3). 


TABLE 7 


FINITE DIFFERENCES AND VALUES OF w’ jj FOR n=50 


Finite Differences 


E INGe 2he,—Ary 4Ax, 8At; 
234 0:96 0-883 0-948 0-711 
224 0:92 0-770 0:771 0-504 
214 0:88 0-662 0-611 0-332 
204 0-84 0-559 0-467 0-192 
194 0-80 0-461 0-340 0-079 
184 0:76 0-367 0: 228 —0-006 
174 0:72 0:278 0-131 —0:071 
164 0:68 0-194 0-048 —0-115 
154 0:64 0-115 —0:023 —0-142 
144 0:60 0-040 —0:081 —0-156 
134 0:56 —0:029 —0:127 —0:156 
123 0-52 —0-094 —0:163 —0-148 
114 0:48 —0:-154 —0-190 —0:132 
104 0-44 —0-209 —0-205 —0:110 
94 0:40 —0(0- 260 —0:214 —0-083 
84 0:36 —0:305 —0-215 —0-055 
74 0-32 —0-346 —0:208 —0-026 
64 0-28 —0: 382 —0:195 0-004 
54 0-24 —0:413 —0:178 0-030 
44 0:20 —0-439 —0:155 0-056 
34 0-16 —0:461 —0:128 0:077 
24 0:12 —0-:478 —0-099 0-095 
14 0-08 —0:490 —0:068 0-108 

4 0-04 —0-497 —0: 034 0-115 
—? 0 —0-500 0 0-118 


—14 —0-04 —0-497 0-034 0-115 
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TABLE 7 (Continued) 


Effect of Parameters x,, x; 


(a) | ' , 
Xa—=xX,— 0 U 22 Ue 33 
| 
ee 1-0 2-4 0 1-0 2-4 
Xs 
| -—1-4 1-02 = 0-81 com = 
* 1-00 = 1-00 1-05 me 
1 1-01 5 — 1-24 1-25 — 
4 1-16 0 1-40 2-50 2-39 2°15 
6-4 1-42 4-27 — = 
(6) 
%3 70 %3 Boy a9 L's 
—l +6 07 2°91 
+1 +6 1-69 4-38 
+1:-3 —3 0:88 0:45 
(c) 
X_F0 uo %4 Le’ o9 L's 
—1-2 +2-2 0-76 0-84 
(d) 
Higher terms Ee Oe ing 
included SS SSS SS 
%;=+7:7 (+term in 7,(e)) 1-71 7-05 
X4= +2-3 (+term in 7,(¢)) 1-14 0:99 


(c) The effect of the parameter x, is to allow slightly higher values of x, 
when x; is small (maximum x,=+2-°2 when x,=—1:2). 


(d) Somewhat higher values of x4, x; are possible if higher order terms 
are added to equation (44). The maximum value of x, is unaffected 
by the addition of a term t,(¢), and is increased to +-7-7 by the addition 
of a term 7,(c). The maximum value of | x,| is not greatly altered 
by the addition of terms t,(¢) and 7,(¢). 


The quantities ’,,, obtained by calculating the values y,; =ZT;,?(x)/XT;?() 
and dividing by the tabulated values y,; for the same x9, %s, provide a measure 
of the deviations of the standard errors from the exact least squares values. 
Values of y’,, for various values of the parameters are listed in Table 7. 
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The general conclusions to be drawn from this table concerning the probable 
deviations of the standard errors from the exact least squares values might be 
set out as follows : 


2nd Degree 3rd Degree 
Polynomial Polynomial 
(i) Likely deviations Be 3% i Whey 
(ii) Possible deviations .. 15% 50% 
(iii) Improbable deviations 30% Factor of 2 


It should be realized that high values of x; correspond to a very wide spacing 
at the ends of the range and a very close spacing near «=-+3(m—1), and so very 
high values of x; are not likely to occur in practical examples. 


TABLE 8 


VALUES OF jj FOR SMALL 7 


(a) n 9 16 25 co 
%g=+1 ——— 
Yo 0-652 0-656 0-657 0-657 
Uso 0-714 0-761 0-772 0-781 
Di 0-537 0-675 0-713 0-745 
(0) n 9 16 25 (oe) 
%=—1 |---| 
Maa 1-458 1-457 1-457 1-457 
Uae 1-444 1-408 1-401 1-394 
33 1-564 1-414 1-386 1-361 


The parameters x4, x; will also produce errors in the rough approximations 
tO ©, %y, %3, Obtained by the use of equations (11) to. (13). The approximation 
to x, is found to be increased by 0-10x,, and the approximation to @ to be reduced 
by 0:05x,;. The approximation to x, is increased by an amount varying from 
0-05x; to 0-15x;, the larger amount corresponding to the cases in which x, is 
negative. 

When x,, x; are small, the effect they have on tgs, 33 can be estimated 
from the leading terms in these parameters. These terms are found to be: 


(i) for Uo, 0-0496x,2 ; 
(ii) for ugg, 0-156x,?+0:192x,. 
For the examples discussed in Section VI, the parameters and the corrections 
to uss estimated from the leading terms are set out below. 
(i) Example 1 
%4=-—0-522, x, =+1-802. 
U33 =1-°204-+0-390 =1-59 (exact 1-58). 
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(ii) Example 2 
%4= +0:-061, %5;= —0-094. 
33 =0°820 —0-017 =0°80 (exact 0-77). 


(iii) Example 3 
%,=+0-107, %5,—=+0-606. 
U3g =1-1380-+0-119=1-25 (exact 1-23). 


Only in Example 1, where the parameter x, is rather large, is the correction to 
U33 lmportant. 


The effect produced by the neglect of terms j2/n? in the calculation of the 
quantities u,; also requires consideration. Evaluation of the true values yu,,; 
for small values of n leads to the figures shown in Table 8. From this table it is 
seen that the dependence of u,; on » is small, except for the quantity v3; when n 
is less than 16. 


VIII. CoNCLUSION 
There are two separate questions which require some discussion. Firstly, 
whether the standard errors obtained from the exactly calculated values 9, x, %5 
are in good agreement with the true least squares values. Secondly, whether 
the standard errors obtained by rough estimation of the parameters are of use 
in practical examples. 


As regards the first point, it seems clear that the standard errors of aj, a, 
will differ from the calculated least squares values by at most a few per cent. 
In the examples given in Section VI the difference is less than 1 per cent. in each 
case. For the coefficient a, differences of up to 10 per cent. will commonly 
occur, and larger differences may occur in certain cases. In the examples given 
here the differences are 13, 3, and 4 per cent. For the fitted values when the 
polynomial is of the second degree the agreement should always be to within a 
few per cent.—in the examples given the differences are always less than 2 per 
cent. When the polynomial is of the third degree, the percentage differences 
will be less than the difference for the coefficient a, in the region of interpolation 
(| &|<1), and of the same order as for this coefficient in the region of extra- 
polation (|k|>1). For the examples of Section VI the maximum deviations 
are 11, 3, and 2 per cent. 

As was shown in Section VII, the principal cause of these divergences is the 
neglect of the higher order parameters x, and x;. It does not. seem feasible, 
however, to include the effects of these parameters in a treatment of the kind 
given here. The necessity for calculating four parameters and for tabulating 
the various quantities in terms of them would make the treatment so time- 
consuming and involved that it would be of little practical use. Consequently 
it is felt that the present treatment will provide a picture of the behaviour of the 
standard errors of quantities occurring in curve fitting by the method of least 
squares which is sufficiently detailed to serve as a basis for the calculations of 
the efficiencies of other methods of fitting. 
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Concerning the second point mentioned in the opening paragraph of this 
section, the principal use of the methods described here would be in the estimation 
of the standard errors of the fitted values. The exact calculation of these 
errors for a number of points is somewhat tiresome, since the orthogonal poly- 
nomials have to be determined for each point. For this reason Table 6 should 
prove of use in practical examples where estimates of the standard errors of the 
fitted values are required. It should be remembered, however, that the estimates 
cannot be relied on when a third degree polynomial is fitted to a series of observa- 
tions which are very widely spaced at the extremes of the range and very closely 
spaced near e=+4(n—1). 


For the examples given in Section VI the differences from the exact values 
are less than 10 per cent. for | k | <0-8, and less than 15 per cent. for | k | >0-8. 
The larger deviations for | k|>0-8 are due principally to the error in the 
estimated value of 9. 
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CALCULATION OF ACCURACY OF RESULTS OF GRAPHICAL 
SQUARE INTERCOMPARISONS 


By P. M. GiLet* and G. 8S. WaTsont 
[Manuscript received December 17, 1952] 


Summary 

Graphical squares of two types are used for calculating the results of inter- 
comparisons of standards of length, mass, and other quantities, and the results of 
calibration of scales. By means of graphical squares, estimates of the true values 
or “‘ improved ” values are obtained from observations. From the differences between 
the improved and observed values, the residuals, a measure of the accuracy of the 
intercomparison, may be obtained. In this paper expressions are derived which enable 
the calculation, from the residuals, of accuracies of observed values, of improved values, 
and of various quantities derived from the improved values. 


I. INTRODUCTION ft 

In the maintenance of standards, much use is made of intercomparisons 
by which several nominally equal standards are compared in all possible pairs. 
The results of such comparisons in pairs are used to form a so-called graphical 
square. The graphical square enables the calculation by simple arithmetic of 
improved values for the differences between the standards. Such a graphical 
square is illustrated by Johnson (1923, Fig. 19). 

From the residuals obtained by subtracting the observed value for each 
difference between a pair of standards from the corresponding improved value, 
it should be possible, of course, to calculate the accuracy both of the observed 
values and of the improved values. Johnson, however, gives no indication 
of any method whereby the accuracies can be calculated from the residuals. 


One of the uses of the type of square mentioned above is the intercomparison 
of the main divisions of a standard scale. However, this type of square is not 
suitable for the calibration of the subdivisions of the main divisions of a scale, 


* Division of Metrology, C.S.I.R.O.; present address: Department of Mechanical 
Engineering, University of Melbourne. 

+ Department of Statistics, University of Melbourne. 

+ The expressions for the variances given in this paper were originally derived by P. M. 
Gilet from first principles using very little mathematical statistics. Acknowledgments for 
assistance in this part of the work are given at the end of this paper. At a later stage G. S. 
Watson derived the same expressions by using various standard theorems in mathematical 
statistics, with a consequently great shortening of the derivations. These shorter derivations 
are those given in this paper together with the further formulae (2.6) and (3.8) and simpler 
estimates for the second type of square. For the benefit of those who may prefer the derivations 
requiring little mathematical statistics, a limited number of copies of the paper in its original 
form are available from the Division of Metrology, C.S.I.R.O. 
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and for this work a second type of graphical square is used, resulting from the 
comparison of each subdivision of one main division with each subdivision of 
another main division. Such a square of the second type is shown in Figures 
20 and 21 of the above-mentioned article (Johnson 1923).* But here again no 
mention is made of any method for calculating accuracies from the residuals. 

The discussion in this paper will be confined mainly to the calibration of 
scales, circular and linear, but the expressions derived are applicable to inter- 
comparisons of quantities of many kinds. For example, although one set of 
expressions has been derived by consideration of the calibration of the main 
divisions of a linear scale, the set of expressions is equally applicable to the 
results of comparing, say, four 3 in. slip gauges in combination against a known 
12 in. end bar, and of intercomparing the four slip gauges in pairs, or of comparing, 
say, five 200 g. masses against a known kilogram and of intercomparing the five 
200 g. masses in pairs. 


II. ACCURACY OF RESULTS FROM A SQUARE OF THE FIRST TYPE 
(a) Procedure for Use of Square 

The method of using a graphical square of the first type is given in detail by 
Johnson (1923) and for convenience is summarized below. The method is 
described in the above article for the case of 10 quantities, but in the following 
the general case is taken where there are n quantities intercompared in all 
possible pairs. Table 1 represents a partly completed square for n quantities. 
4, %,..-, &, are the true values of the quantities or, since we are usually 
comparing nominally equal quantities, the true departures from their nominal 
values. For definiteness, the first interpretation will be used _ below. 
C105 C13)» » +» €n—1n are the errors in measurement made in the comparisons. 

The observed differences between quantities, such as ¥,=%,—%,+¢,. 
are entered, as shown, below the diagonal line, and again entered with a change 
of sign in the appropriate spaces above the diagonal. 

The observed differences are added in columns and the sums entered in the 


M row. Each sum is divided by n and the resulting mean values are entered 
in the M row. 


The square is now at the stage shown in Table 1, excluding the last two 
rows. 

The improved value for a difference between any pair of quantities is given 
by the difference between the corresponding M values. It can be shown that, 
in fact, the graphical square gives a least squares solution for the $n(n—1) 
observational equations. For example, (M,—WM,) is the best (least squares) 
value corresponding to the true difference («,—«,). 

The values of these improved estimates, (M,—M,), (M,—M 3)) etc., are 
calculated and entered in the appropriate spaces of the square. Each improved 
estimate is subtracted from the corresponding observed difference and the 
resulting residual also entered in the appropriate space. 


* An example of a square of this type is given in Table 3 of this paper. 
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These residuals, as stated by J ohnson, are a measure of the accuracy of the 
whole comparison. In the following, expressions are derived enabling accuracies 
to be calculated from the residuals. 


TABLE 1 


SQUARE OF THE FIRST TYPE 


CFS Oe, 
hy —Y1 n-1 Dare tar 
Lo —Y2 n-1 Sy 
-< \ \ 
er es es : 
aan ) 
y-1 YI n-1 Y2n-1 Pies Yn-1 1 
a eS + _ 
ay Yin Yen Yn-1 n 
M M, M, M,,-1 M,, 
M M, M, My-1 M,, 
M adjusted , ; 
for departure — A ae > A are 
of overall er ke Ms+5, Mnaity; tr, 
length 
Progressive a= P,=M, Pe eM estat UP eV tee 
a eA = A = A = 
gotet M,+— +M,+2- +M,-,+(n—l)—| +M,+4=A 


Reverting to the procedure for obtaining the results and leaving for the 
moment the matter of their accuracy, it will be noted that the procedure has 
been outlined to the stage of obtaining improved estimates of the differences 
between the quantities concerned. In many applications this is all that is 
necessary. For example, when several end bars, several masses, or several 
overall lengths of line standards have been intercompared, the aim is simply 
to obtain improved estimates of the differences between the quantities. One 
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or more of the quantities is known, and the values for the others can be deter- 
mined from the known values and the appropriate improved estimates of the 
differences. 

It happens sometimes, however, that the sum of the quantities compared 
is known, but none of the individual quantities. This would happen, for example, 
when five unknown 200 g. masses have been compared with a known kilogram 
and then intercompared in pairs. The sum of the five 200 g. masses would then 
be known, as would the improved estimates of their differences. Again, in the 
calibration of the main divisions of a line standard, the divisions are inter- 
compared in pairs and improved estimates obtained for their differences. The 
overall length of the standard is known, and it is necessary to determine the 
value of each main division from the known sum of the main divisions (i.e. the 
overall length) and the improved estimates of the differences. 

In such cases the square is extended as indicated in the last two rows of 
Table 1 where A is the value assumed for the sum of the quantities «1, %,. . ., %,- 

In the example given above relating to five 200 g. masses, the improved 
value for each mass would be given by the appropriate space in the second last 
row of Table 1. 

In the case of the line standard, the improved value for each main division 
would be given by the second last row, and the last row would give improved 
values for all the main intervals of the standard starting from one end. 

If the procedure given by Johnson for the intercomparison of the main 
divisions of a line standard is followed exactly, it will be found that compartments 
of the square which are diagonally adjacent contain a common error and are not 
independent. If all the observations are repeated, it is possible to choose 
observations alternately from the two sets and combine them to form two squares 
in each of which the observed values are now wholly independent. The results 
from the two squares are used as a check upon each other. 

The analysis by the methods set out below applies to either of the two 
Squares formed as described. 


(b) Statistical Investigation of a Square of the First Type 
Denoting the observed differences between quantities whose true values 
are a; and a; by y,,, it is seen from Table 1 that 


Yj =%1 —%, +2;,, #) ‘eliie; <a, fei. 04 ei. 6) ‘eie) (elie, 8) isyue! 6) sie (2.H 
with i=1, 2,. . ..w—l and j=i+1,i+2,...,n”. Let it be supposed that all 
the errors ¢;, are independent random variables with zero means and a common 
variance 6”. 

If the true value of the sum of all the quantities is known, A say, then the 
«’s must be estimated from the observations subject to the restriction that 


n 


Bajp=A. The best linear unbiased estimates may be obtained by the method 


of least squares.* 


* All the statistical concepts and theorems used below may be found, inter alia, in Mood 
(1950). 
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The normal equations are found by minimizing 


= n 
2 (yg—a; +0)? 
a=1 j=14+1 
n 
by choice of a, a,. . ., «, with Xa;--A. They are easily seen to be 
1 
A nA 
M;=n2«,; ea gi. ED ae wae eee (Ce) 
that is, 
~ A 
pn tes Cintas SE Rarabelade. bho Fd WibIaGM @ Flees (2.3) 


The residuals v,;, are defined by 
V7 =Yy —%,-+ a, =y;; -M;+NM,, siveiiei sie) siieikelie) ‘srisi.e (2.4) 
and an estimate S,” of o,” can be found by dividing the sum of squares of these 


residuals by the number of degrees of freedom associated with it. This number 
is given by the general rule : 


degrees of freedom =(number of observations) 
—(number of independent constants estimated). 


In the present instance, there are 


n(n —1) (n—1)(n —2) 
5 (n—1) = 5 
degrees of freedom. Thus the estimate of oc)? is 
mA n 
PPTL 
: ee ee ce 2.5 
oes (n —1)(n —2) 4-2) 
By using the equation (2.4) it may be verified that 
nm—1 n nm—1 n 
yy 33; 0, 7= 2 yy Ee x M;? a) 6 1o' (0) wae (2 6) 
t= =t+1 i=1 j=i+1 N j=1 


Tf a calculating machine is being used, (2.6) leads to the most expeditious 


method for computing S5?. 
It is now necessary to find the variances of the estimates of «’s and functions 
of them. In their derivations, account must be taken of the fact that every 


pair of M,’s has a term in common. 


Thus 
var (3, —8,) 720 pee Fe , es h, (2.7) 
var (P,)=var (ate. . .+4,) 
=) CTR i ae (2.8) 
In particular, (2.8) with r=1 gives 
| var (3) ="? (Pel, borer ie ones 12.9) 
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The case of a circular scale may be given as an example in which the sum of 
the unknown quantities is known exactly. Here the unknown quantities are 
the true values of the main divisions of the 360° used for a square of the first 
type. 

For a linear scale or a group of equal masses the sum of the unknown 
quantities is never known exactly but merely through another measurement. 
Then A will be subject to error with variance o,’, say. Under these circum- 
stances, the best method of estimation is complicated. The most practical 
method is to use the above estimates of the «’s (2.3) and take account of the 
error in A when finding the variance formulae. Then the procedure and results 
are exactly as before except (2.8). This becomes now 


Vee) =A [rin nop? +126,2) (fae l e ce  a  ) 
Again, in particular, (2.10) gives with r=1 
A i ; 
Var (a;) =F al(m —1) 59° +547] C—1 So) JO nN). 6 ene (2.1 1) 


To use (2.10) or (2.11) an estimate of o,? must be available from a previous 
investigation. 
Naturally S,? of (2.5) and (2.6) will be used for oy? in (2.7) to (2.11). 
Thus, for a linear scale, the best estimates of the main divisions are found 
from a square as in Table 1 and the estimates of the accuracies of the quantities 
of interest are found from (2.5), (2.6), (2.7), (2.10), and (2.11). 


For a circular scale the same square is used but (2.8) and (2.9) replace 
(2.10) and (2.11) in accuracy calculations. It will be noted that 


var(P, 7 )=var (2,) 
and that the maximum value of var (P,) occurs for r=n/2 (nm even) and 
r=(n-+1)/2 (n odd). This is illustrated by the broken line curve of Figure 2. 


When several nominally equal standards are compared, the last row of the 
square in Table 1 is omitted since it is devoid of interest. 


TIT. AccuRACY oF RESULTS FROM A SQUARE OF THE SECOND TYPE 
(a) Description of Square 

This type of square is used when each subdivision of a main division of a 
scale has been compared with each subdivision of another main division. 

Such a square is shown in Figures 20 and 21 of the previously mentioned 
article (Johnson 1923), and the method is described for the case of two decimetre 
divisions of a metre scale, each subdivided into 10 centimetre divisions.* In 
the following the general case is taken of a scale divided and numbered as 
in Figure 1. 

The graphical square of Table 2 refers to the comparison of each of the m 
subdivisions of the (P+1)th main division with each of the m subdivisions of 


* In Table 3 is given another example of a square of this type. 
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the (Q+1)th main division. The method of representation of divisions is such 
that, for example, the (P+1)th main division is represented by P/P-+m, and, 
for example, the third subdivision of the (Q-+1)th main division is represented 
by 9+2/Q+3. 


TABLE 2 


SQUARE OF THE SECOND TYPE 


D 
P/P+1 | P+1/P+2 P+m—1/P+m| S| M|_y.?e, & 
m mm? 
= G Dy = 
Q/Q+1 a1 Zo1 emi R, Rk, —+—"_R, 
mm 
= G Do = 
Q+1/Q+2 212 229 Zme Rk, | Ry poner 
= GC} ID = 
Q+m—1/Q+m Zim Zam =mm lig k,, cooper Le 
S C; GF OR, G 
= = x G 
M Cy (Of; Om FA 
= D G 
iia gas ra _Pp_ & gels 
m mm m m* m me 
Progressive | 
totals ee Ie Py, | | Les | 


In connection with Table 2 the true lengths of the subdivisions of PIP ne 
are represented by 6,, 52,.. -, 5, and the true lengths of the subdivisions of 
Q/Q-+m are represented by 9;, 0,,...,0,. A typical entry in the table, z,,.. 
stands for the observed difference between the ith subdivision of PIP +m andi 
the jth subdivision of Q/Q-+-m. If the error in the comparison is e,, them 


2j=8;—9; +e;;. 
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The rows and columns marked S and M contain respectively the sums and 
means of observed differences, the grand total being shown as G. The second 
last row gives the mean values 0; adjusted to give the improved values of the 
lengths of the subdivisions of P/P-+-m as derived below. It will be noted that 
the adjustment consists of the addition of D,/m (where D; is the estimate of the 
main division P/P+m obtained from a square of the first type) and of the 
subtraction of G/m?. G/m, being equal to (X,5—%,0), is the difference between 
the main divisions P/P--m and Q/Q-+m as obtained from the square of Table 2. 
It can be shown that the adjustment for obtaining the second last row of Table 2 
is identical with that given by Johnson (1923, Fig. 20). 


bee teh -- “h = ihe — 
fe) m 2m 3m P P+m Q Q+m 


Fig. 1 


The last column of Table 2 gives the mean values R; adjusted to give the 
improved values of the subdivisions of Q/Q-+m as derived below. It can again 
be shown that the adjustment is identical with that given by Johnson. The 
last row of Table 2 gives progressive totals of the row above, i.e. the improved 
values for the intervals P/P+1, P/P+2,...,P/P-+m of the scale. The corres- 
ponding column has been omitted from Table 2. 

If the procedure given by Johnson for obtaining the observed differences 
is followed exactly, the errors ¢,,, €j.,. . . will not be independent. As described 
in Section II, two intercomparisons can be made and alternate entries from the 
intercomparisons made into two squares such as Table 2. If this is done the 
CIrors €,3, €y2, - - . in each square are independent, the results from one of the 
squares giving a valuable check on the results of the other. The analysis given 
below is based on the assumption that the errors are independent. 


(b) Statistical Investigation of Square of Second Type 
Denoting the observed differences of the subdivisions by 2,,, the observations 
in Table 2 may be written as 


2,;=8,—0, +6 ;i;5 () = il 2, ss ia teta) mM) eee (3.1) 
where the e;,’8 are assumed to be independent with zero means and a common 


variance o,”. As in Section II, the most satisfactory method of estimation is 


least squares, modified to take account of the estimates of the lengths of the 
main divisions. 


m m 
x5; and XO; represent the true lengths of the main divisions which will have 
1 1 


been estimated from a square of the first type. Let the appropriate estimates 
be 


A 


Dp=G,41 Do=a,  (t#r+1) 
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in the notation of Section II (b). Thus, 3, 33,. . ., 5,, and 6,, 0,,. . ., 6,, would 
ideally be estimated by least squares subject to the restrictions 
m rN m r% 
29; =o,41) 2X0;=«, 
d q 
The normal equations, obtained as before, are 
MA A 
R,; aa ea he eee Oh | 
Pao \.. (3.2) 
C; =ms; —2X6; (a =i, 2, wi, 2. os Mm). | 
1 


It is evident that only one restriction can be imposed upon the solutions of 
(3.2). Let it be that 


DOr Opa oi el elm) (weal) shee) in) var ial advie\ne] leis! fers) 6) (e (3 3) 
1 
Then 
+1 5 
0; is —k,, s\n No] 9.19! (41 (0) (ei ie: /@ 18 ei -8| <6) Je) (Sika) 0 (e) © (3 4) 
g Ry Ca ane , 
§,=C;+ me oleae: (3.4’) 
If the restriction 
ar Pie (a aliens ole) in) eiisi eo) pl aieitsiie: tel ieiel eliewelie .aite (3.5) 
is used, the estimates are 
Re 
t= aa, BELOW a, Neo Pee Saved ch a es be (3.6) 
ns G ou D , 
OL Serer aaeties HN SCALAR WN aC Te rs ONO (3 6 ) 


The estimates used by Johnson are (3.4’) and (3.6’). 
The residuals are given by 
Wi; =2,,—5,+6,, 
where 5, and 6, are defined by (3.4) and (3.4’) or (3.6) and (3.6’). 
Thus 


These are the residuals obtained by the method of calculation given by Johnson. 
It may be shown that 


m m m m DSR DO.2 G2 
f= 2 at x Re 3.8 
a ae ct ee m m Tne ( ) 
This sum of squares carries 
m? —(2m —1)=(m—1)? 
degrees of freedom, so that the estimate of c,”, S,”, is given by 
m m 
a 2 w,,? 
ey Fae cette nmin le wale (3.9) 
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When computing (3.9) with a calculating machine, use should always be made 
of (3.8). 
The variances of the estimates 0,, 5; from (3.4) and (3.4’) are found to be 


A , a 2 
var (= ee Late eee (3.10) 


A = == || 
var a | = oe (3.11) 


When the estimates from (3.6) and (3.6’) are used, the terms containing o,? 
in (3.10) and (3.11) are interchanged. When the procedure described by 
Johnson is followed, both estimates have the variance 


var (Sirsa) 


—1 
is) | (=M), 


es 


The variance of the estimate Secs oe : ae of the sum of the 
lengths of the first 2 subdivisions is given by 


var (P,)= ~ [atm —2)o,?+2? var (at: phere (3.12) 


IV. ACCURACY OF THE ESTIMATED VALUES OF INTERVALS OF A SCALE, 
EACH INTERVAL STARTING FROM ZERO GRADUATION 


The full procedure for the calibration of a scale (linear or circular) can now 
be summarized. 


The scale is regarded as being composed of n main divisions 0, %,. . ., &n, 
each of which has m subdivisions. 


The main divisions are intercompared and the results worked up in a square 
of the first type. This square gives estimates of «,, %, «3, ... and also 
OF 4, %y +H) %y+H%.+%g,. - - 

Two divisions are chosen (the choice being made on non-statistical grounds) 
and the m subdivisions of one are compared with the m subdivisions of the other. 
These divisions are denoted by P/P+m and Q/Q-+m so that the subdivisions ~ 


are denoted by P/P+1, P+1/P+2, ..., P+m—1/P+m and Q/Q+1, 
Q+1/Q+2, ..., @+m—1/Q+m. In Section III, the true values of these 
subdivisions were denoted respectively by 5,, 3:,.. ., 5,, and 0, 0... ., 6,. 


Estimates of these subdivisions and their progressive totals were obtained in 
Section III from a square of the second type. 


It remains to obtain estimates of the intervals O /P-+-1, O/P-+2,.. .,O/P+m 
and O/Q+1, 0/Q+2, ..., O/Q+m, and expressions for accuracy of these 


estimates. Consider generally the estimation of O/P+<. If P/P+m is the 
(r-+1)th main division, then 


O/P+2=(%j+a+. . .+e,)+(8,;+6,+. ..+6,). .. (4.1) 
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So that, by (2.3) and (3.4’), estimate of 
OP a= (oo... .40,) (9, +5, 4.-..+8.) 
= (+H, +. +H, +r4)+(0,44, ae 0,41 _ 0) 
Lio See OE cee cart (4.2) 
Thus the estimate of O/P +< is simply the sum of the two appropriate progressive 
totals in the squares of Tables 1 and 2 
Now 
var (est. of O/P+2)=var (%+0,+. . .+4,)-+var (§,+8,+. . .+§,) 
2 cov (ay age ee, 8 oe 6 ES: 
SAE AG ak eer aon (4.3) 
The first two terms of (4.3) are given by (2.10) and (3.12). 
To find the last term, it will be noted that 


A 


“a A A A V4 A A 
COV (a+. . 2 Ors on -te . A Oe) ae CoV (a,-+. . epee O,+1) 


V2 
=H cov (ayy & oe) 


Combining results, 
1 
var (est. of O/P +2) =p alr(n —1r) 692 +7r?6 47] += s[e(m—2) 62+ an n—1)6)?+o,7}] 


PREC 3 ay ea See bead, ate (4.4) 


mn? 


which may be rearranged to give 
var (est. of O/P +2) = 5 sal 0g 4 (7m? 1-2") (n —7 —1) (mm —z2)*} 


+o,2n?2(m—z)+o,7(rM+2)?7].  .eeeee (4.5) 
In the case of a circular scale where A is known exactly, the same result with 
o,2=0 applies. 


V. SUMMARY OF SYMBOLS AND EXPRESSIONS RELATING TO ACCURACY FOR 
GRAPHICAL SQUARES OF BOTH TYPES AND FOR COMBINED RESULTS FROM 
SQUARES OF BOTH TYPES 


(a) Square of First Type 


Number of quantities intercompared =n; 
Number of comparisons =4n(n—1).* 
Residual, i.e. observed difference minus 

improved estimate =, 
Estimated variance of value used for sum 

of quantities intercompared Shy 


* Note that each of the comparisons must be statistically independent of the remainder, 
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: 2X0? 
Estimated variance for observed differences =S,)?= PSN OES: 


Det =Ey?— EM. 


Estimated variance for improved estimates 9 

of differences =Vvar (x; ang) j)=,So a 
Estimated variance for improved estimate 

of each quantity =var (24, ==3[8,2 + (n—1) 8,3]. 


Estimated variance for progressive total of 
improved estimates of quantities up to 
and including the rth quantity =Vvar (P)= Ir°8, 2+r(n—r)So?]. 


(b) Square of Second Type 
Number of subdivisions of a main division=m. 


Number of comparisons Se 
Residual, i.e. observed difference minus 
improved estimate =U). 


Estimated variance for improved estimate 
of a division from a square of the first type =var ( +1) = 72 tig; +(n—1)8 7. 
Estimated variance for observed differences 1 
between subdivisions =f 2 =——_0*. 
(m—1)? 
Swot Det eR yo © 
: m m m 


Estimated variance for improved estimates 


of differences between subdivisions =Vvar (6, 5 =+ (2m —1)S8,?. 
Estimated variance for improved value of 
each subdivision =var (0;)=var (3; ' 


i 
8 var ( Ee eee AD ee 
Estimated variance for progressive total of 


subdivisions up to and including the zth 
subdivision =r (24) 


=a var (2,11) +e(m—2)S,2]. 


(c) Intervals from Zero Graduation 
Estimated variance for value of interval, 
O/P-+2, this value being obtained by 
adding the values for the first 7 main 
intervals, to give O/P, and the value for 
the ee P/P+2 =var (est. of O/P +2) 


one *{(rm? +-2?)(m —r —1) +r(m —2)?} +8 ,2n?2(m—z) +8 2(rm+z)?]. 
* Note that the number of v’s used in obtaining Xv? is 4n(n—1), i.e. the number is that of 


the comparisons made and not the number of compartments in the square which is n(n—1). 
} Note that each comparison must be statistically independent of the remainder. 
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VI. EXAMPLE OF GRAPHICAL SQUARE METHOD APPLIED TO THE 
CALIBRATION OF A CIRCULAR SCALE 
The graphical square method of calibration was used some time ago in 
the calibration of the scale of the 40 in. circular dividing engine of the Division 
of Metrology made by the Société Génevoise de Physique. 


The first stage was the intercomparison of the twelve 30° divisions of the 
Scale, using a graphical square of the first type for calculating the results. The 
second stage was the comparison of each 5° subdivision of one 30° division with 
each 5° subdivision of another 30° division. This was done six times to cover 
the six pairs of 30° divisions, the results being calculated using 6 x6 squares of 
the second type. The third stage was the comparison of each 1° subdivision 
of one 5° division with each 1° subdivision of another 5° division. This was done 
36 times, the results being calculated using 5 x5 squares of the second type. 


For this example, only the first and second stages will be considered, and 
the square of the first type used for the intercomparison of.the 30° divisions is 
not reproduced, the method being quite simple. It is considered advisable to 
reproduce one of the squares of the second type. 

The square shown in Table 3 is one of the squares used for the second stage 
of the calibration. The complete square is shown, in the form given by Johnson. 
Comparing Table 3 with Table 2, it will be seen that the additional items shown 
in Table 3 are improved estimates (at the top of each compartment), residuals 
(at the bottom of each compartment), a column corresponding to the last row 
of Table 2, and a row and a column giving values for the intervals from zero and 
making use of the values obtained for the intervals 0/30 and 0/210 with the 
square of the first type. If the value of Xw? is to be calculated using (3.8), 
there is no need to include in the square improved estimates of differences 
or residuals. 

The observed differences entered in this square (as for all the other squares 
used) were obtained alternately from two independent sets of values in order 
that all the errors of measurement in the observed values should be independent. 
It was permissible, therefore, to make use of the expressions derived in this 
paper to calculate the accuracies. 

The sum of the squares of the residuals in Table 3 is 2-0016 and therefore 
V Sw? =1-415 sec. 

The standard deviation for the observed differences 


Ss 


S ey See, with m=6, 
m—1 
=0-28 sec. 
The estimates, S,2 of the variances for the six squares of this stage were 


pooled, and the pooled value of S, found to be 0:32 sec. 


_ The standard deviation of the observed differences for the square of the 
first type, S,, calculated from the residuals of this square, was found to be 
0-33 see. 
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The third basic standard deviation, S,, that of the value used for the total 
length of the scale, is in this case equal to zero. 


From the above basic standard deviations, the accuracy of all the results 
of the calibration were computed using the expressions summarized in Section V. 


It is of some interest to show how the accuracies vary for the different 
intervals starting at the zero graduation. 


From Section V, the standard deviations for the improved values of the 


intervals 0/5, 0/10,. . ., 0/355 are given by the expression for var (est. of O/P +2) 
with Sj=0, 212, m=6, 
anaes “rat p~ . .,,19, 
Bele aacnates Os 
0-8S 


STANDARD DEVIATION FOR INTERVAL 


O 
° 0/60 0/120 0/180 0/240 0/300 0/360 
INTERVALS OF SCALE (DEG.) 


Fig. 2.—Twelve divisions of 30° compared using one graphical square of 
first type. Twelve subdivisions of 5° compared using each of six graphical 


squares of second type. 
S=standard deviation of observed differences. 


It will have been noted that the computed values for S, and S, were closely 
equal. Assuming, therefore, that S, and S, have a common value 8S, and 
substituting for S,, n, and m, we have 


Sor p+z => / {4327 +8642 —12rze —36r? —1332"} 


Mab Pal, 2, a so, 12, 

BL, a Boy Gs 

These values of S,,p:, are shown in the graph of Figure 2. The points 
joined by the broken curve refer to the intervals obtained solely from the square 
of the first type. 
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ENERGY RESOLUTION OF y-RADIATION UP TO 18 MEV. BY 
SODIUM IODIDE SCINTILLATION COUNTERS 


By J. G. CAMPBELL* and A. J. F. BoYLEy 
[Manuscript received February 12, 1953] 


Summary 


The pulse-height distributions to be expected from scintillation counters using 
thallium-activated sodium iodide crystals have been investigated for y-radiation of 
energies 6, 12, and 18 MeV. with two sizes of cylindrical crystal (2-5 cm. long by 2:5 cm. 
diameter and 7-5cm. long by 4cm. diameter). A Monte Carlo calculation of the 
partial shower process by which photons are absorbed in the crystals has given the 
probability distributions of ionization energy from homogeneous incident photons. 
The spreading of the distributions by statistical effects in the photomultiplier has been 
measured using light flashes of constant integrated intensity from a rotating mirror. 
The curves predicted by combining these two factors are compared with experimental 
pulse-height distributions for y-radiation from proton bombardment of fluorine, boron, 
and lithium. 

It is concluded that energy resolution above 10 MeV. is severely limited by 
broadening of peaks introduced by an appreciable and variable fraction of the energy 
of each incident photon escaping from the crystal as bremsstrahlung. This could be 
minimized by use of crystals with dimensions large compared with 8 cm., the maximum 
mean free path of bremsstrahlung photons in sodium iodide. 


I. INTRODUCTION 

Hofstadter and McIntyre (1950a, 1950b) have shown that for energies of 
the order of 1 MeV. the pulse-height distributions obtained from a scintillation 
counter using a thallium-activated sodium iodide crystal can be interpreted in 
terms of the energy distributions of secondary electrons from the y-capture 
processes of photoelectric effect, Compton scattering, and pair production. 
Maeder and Wintersteiger (1952a, 19526) have shown the further effect of capture 
of degraded Compton-seattered quanta in the crystal. 

When such a counter is used with y-radiation above 6 MeV. it is found 
that the peaks in the pulse-height distributions are considerably broader than 
can be accounted for by the above-mentioned processes alone. The work 
described herein was undertaken to ascertain whether the additional broadening 
could be explained by a more complete investigation of the partial shower process 
which takes place when each high energy quantum is absorbed. 

The use of a scintillation counter as a y-ray spectrometer depends on the 
approximate proportionality which exists between the output pulse height and 
the energy of the incident photons. By breaking down the operation of the 
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counter into consecutive stages it is possible to see where significant departures 
from strict proportionality can arise. Considering only homogeneous y-quanta 
of energy E, possible sources of variation in output pulse height are : 

(i) The energy J given up by ionization in the crystal. We will let 
f(I,E)aI denote the probability that a quantum loses energy between 
fand f-=ae. 

(ii) The number of light photons emitted per unit energy of ionization in 
the crystal. In sodium iodide this number is independent of I for 
electrons above 1 keV. (Taylor et al. 1951), and any variation in 
fluorescence efficiency through the crystal will here be neglected. 
Since, furthermore, the number is large, purely statistical variation is 
small, and so it will be assumed that the number of photons emitted 
is proportional to J. 

(iii) The fraction of the light photons which reach the photosensitive 
surface of the photomultiplier. The main variation in this arises 
from the dependence of the efficiency of light collection upon the 
position in the crystal from which the light emanates. This can be 
due to imperfections in the optical properties of the crystal (Garlick 
and Wright 1952) or to differences in the effective solid angle subtended 
by the photosurface. For the purposes of the present paper, this 
source of variation will also be neglected, and the number of photons 
reaching the photosensitive surface will be taken to be al, where a 
is constant. 

(iv) The fraction of photons reaching the photosensitive surface which 
eject electrons, and 


(v) The multiplication of electrons in the multiplier. 


The last two factors have been considered in detail by various workers 
(Seitz and Mueller 1950; Garlick and Wright 1952). We will let g(p,aZ)dp 
denote the probability that al photons reaching the photosensitive surface will 
give rise to an output pulse between p and p+dp in height. 


The probability that a y-quantum of energy H absorbed in the crystal 
gives rise to an output pulse from the photomultiplier between p and p+dp 
is now h(p,H)dp, where 


E 
Mp,B) =| GD GLEE GL. ceva cinerea nee (1) 

In Section IT of the present paper a method is described for finding the form 
of f(I,H) as a function of J. This was carried out for three values of H (6, 12, 
and 18 MeV.), and for two particular cylindrical sodium iodide crystals, one 
2-5 em. long by 2:5 em. diameter, and the other 7-5 em. long by 4 em. diameter, 
referred to as the 1 in. crystal and the 3 in. erystal respectively. 

The function g(p,al), which includes the effect of statistical variation in the 
number of electrons ejected from the photosurface by equal flashes of light and 
in the multiplication of the tube, was assumed, for any value of al, to be a 
Poisson distribution function of p with mean value proportional to a7. Section ITT 
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describes a measurement of the ratio of the standard deviation to the mean of 
the distribution as a function of the mean value. 

In Section IV experimental pulse-height distributions are compared with 
the function h(p,H) derived from (1). 


IT. CALCULATION oF f(I,E) 

The function f(J,#) could in principle be calculated analytically from the 
theory of y-ray absorption and of energy loss of electrons. However, the 
multiplicity of the processes involved renders this approach impracticable. 
Instead, it was decided to use the ‘“‘ Monte Carlo” technique, which Wilson 
(1952) has applied to the similar problem of shower production in lead. 

The principle of the method consists of following through a large number 
of individual events, the course of each being determined by a statistical process 
according to predetermined probabilities. The crystal is divided into equal 
intervals of length, and an incoming y-quantum is followed through each of 
these sections in turn. Sets of curves are drawn, representing the probabilities 
of the processes of y-ray absorption, and also of bremsstrahlung from electrons, 
in each interval. These are shown in Figures 1 (a)-(d), the intervals being 
0-5 cm. in sodium iodide. For a particular value of energy, the difference in 
ordinate between adjacent curves represents the probability of the particular 
process occurring per interval and giving products of the stated energy. For 
this purpose the energy is here ‘‘ quantized ’’ into increments of 0:5 MeV. The 
total ordinate of the figure represents unit probability per interval. 

An incident y-quantum of a particular energy # is followed using Figure 1 (a), 
important areas of which are shown magnified in Figures 1 (b) and 1 (c). Its 
energy fixes a value of the abscissa. A four-figure number is taken from a 
published list of random numbers (Tippett 1927; Kendall and Smith 1939). 
If the ordinate corresponding to that number falls within a set of curves, then 
the appropriate absorption process is said to have taken place in the first interval, 
giving products whose energies can be read from the curves. On the pair 
production curves, the numbers give the energy HE, of the negative electron, so 
that the positron has energy 

E,=E—E,,—1 MeV. 
The Compton-scattering curves are marked with the energy of the electron L,,, 
so that the scattered photon has energy 
H’ =E—E,,. 

Tf the ordinate does not fall within a set of curves, then the quantum is said to 
have passed through the interval without absorption, and a further random 
number is taken to decide its fate in the next interval. The quantum is followed 
through in this manner until it either is absorbed or escapes from the crystal. 

The positive and negative secondary electrons are treated using Figure 1 (d), 
where the curves represent differential radiation probability per 0:5 cm. in 
sodium iodide. An electron is followed through successive intervals, in each of 
which its energy is reduced by ionization, and further energy may be radiated as 
bremsstrahlung, until either its energy is reduced to zero or it escapes from the 
crystal. 
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The bremsstrahlung photons are then followed using Figure 1 (a), as also 
are positron annihilation quanta, until the shower is complete. The total 
energy I lost by electrons in ionization is then noted. This process is repeated 
for a large number of incident quanta of the same energy H, and the resultant 
histogram of the number of events giving ionization energy I against J is then 
an estimate of the form of f(Z,£) for the particular value of # in that crystal. 


PAIR PRODUCTION 


00-0600 
0-9000 


0:8000 0-8000 


0-0500 
0-7000 0-7000 
0:0400 


fl 0-5000 
0:03004 


PHOTOELECTRIC 
EFFECT 


Fig. 1.—Monte Carlo probability curves, 
(a) Probability curves for photon absorption. 
(b) Enlargement of Compton section in (a). 
(c) Enlargement of pair production section in (a). 
(da) Probability curves for radiation from electrons. . 


Wilson carried out the random selection of ordinate by spinning a cylinder, 
around which the curves were wrapped. The ordinate was determined by a 
fixed pointer when the cylinder came to rest. Since such a cylinder would need 
to be spun tens of thousands of times during this investigation, a long time 
would be spent waiting for the cylinder to stop. Also, precautions would be 
necessary against bias in the cylinder. It was decided that the use of random 
number tables to give the ordinate directly would be more rapid and more 
reliable. 


Figures 1 (a)-(d) were derived mainly from data given by Rossi and Greisen 
(1941) and Davisson and Evans (1952). 
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The curve for the photoelectric absorption probability in Figure 1 (a) was 
derived from Figures 13-17 in the paper by Davisson and Evans. 

The Compton-scattering curves in Figure 1 (b) were derived from the 
Klein-Nishina formula (Heitler 1936). For incident photons with energy H, 
the differential cross section per electron for scattered quanta with energy LH’ is 


do -2nyg(y? 1 /, eit aa OA oi 


db’ EH? 
over the range 
9\ -1 
w(t = <E' <k, 


where uw is the rest energy of an electron and g is a constant equal to 
3°92 x10-*6 cm.?.. When this was plotted as a function of E’ for various values 
of H, the areas in each 0-5 MeV. range gave the spacing of the curves. 

The curves of Figure 24 in the paper by Davisson and Evans were replotted 
as a function of negative electron energy H,, and the areas under them measured 
in each 0-5 MeV. interval. These areas gave the spacing of the pair production 
curves in Figure 1 (c). 

The spacing of the curves in Figure 1 (d) was derived from Figure 7 in the 
paper by Rossi and Greisen. This gives the differential radiation probability 
for fast electrons per radiation length in lead, and, since this quantity varies 
little between the elements, it was taken to apply to sodium iodide directly. 
A radiation length in sodium iodide is almost exactly 2-5 cm. and so 0-5 em., 
the interval of length used, is one-fifth of a radiation length. 

In the present paper it is assumed that the y-rays enter the crystal parallel 
to the axis and that all primary processes take place in the forward direction, 
i.e. all the products proceed forward in the same line. For pair production by 
6 MeV. photons, the solid angle into which the positron and electron are emitted 
is of the order of 0-1 sterad.; as the energy increases, the solid angle decreases. 
For the photoelectric effect, which is of importance only at energies of 0-5 and 
1 MeV., the angle which the photoelectrons make with the direction of the y-rays 
is of the order of 10°. For Compton scattering, one extreme case is that which 
occurs when the electron receives the maximum energy possible ; it then moves 
off in the forward direction, while the scattered photon, whose energy is approxi- 
mately 0-25 MeV., moves backward. At the other extreme, the photon moves 
on practically undeflected, while a low energy electron is scattered at 90°. Thus, 
when products of Compton encounters move in directions far removed from 
that of the incident photon, their energies are small and they are soon captured. 
In all these cases there is little error introduced if it is assumed that all the 
products move off in the forward direction. 

The electrons do not continue to move in a straight line but are multiply 
seattered until eventually their motion becomes completely random. Since it 
would be very difficult to treat this accurately, it was decided to adopt the 
approximation found satisfactory by Wilson (1951, 1952). He assumed that an 
electron continues to move in a straight line until its energy falls to some critical 


D 
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energy, after which it remains at the same point in the crystal executing a 
‘tight random motion ” until its energy is reduced to zero. Using the data 
given by Wilson, a curve was drawn giving the relation between initial energy 
and critical energy for sodium iodide. 

Since a bremsstrahlung photon emitted by an electron moves in nearly the 
same direction as the electron, the radiation from electrons above their critical 
energy travels longitudinally through the crystal, whilst that emitted by 
randomly moving electrons is isotropic. The probability that this isotropic 
radiation is captured in the crystal was calculated for the case when it originates 
from the centre. The values obtained for various photon energies were assumed 
to hold even when the radiation does not come from the centre of the crystal, 
thereby underestimating somewhat the amount of bremsstrahlung which 
escapes. The further assumption was made, that, once the isotropic radiation 
is captured, its energy is completely dissipated as ionization within the crystal, 
thus further underestimating the energy which escapes. 

A disadvantage of the technique just described is that any detail is lost 
which is as fine as or finer than the increments into which energy is quantized. 
Using increments of 0-5 MeV., this is particularly serious when the incident 
energy is only 6 MeV., and yet it would not be practicable to carry out the whole 
calculation with smaller increments. The difficulty can be overcome by breaking 
down the situation into its component processes, ascertaining in which of these 
the fine detail is introduced and using smaller increments in those sections of the 
calculation alone. In the present problem, primary photoelectric effect and 
Compton scattering do not introduce any fine detail, and neither does primary 
pair production up to the annihilation of the positron. It is the two 0-5 MeV. 
annihilation quanta, either of which may or may not be absorbed, which dis- 
tribute into three sharp peaks 0:5 MeV. apart the pulses from those primary 
pairs which otherwise give all their energy to the crystal. For this reason, it 
was decided to quantize energy in 0-1 MeV. increments when absorption of 
annihilation quanta was considered. 

Therefore, in the procedure actually adopted for finding the form of f(I,E), 
the Monte Carlo technique was not used for the primary processes. Instead, 
the primary processes giving products in each energy range were assumed to 
occur in each section of the crystal with frequencies proportional to the calculated 
probabilities. The life histories of the products for a number of examples in« 
each case were then followed through by the Monte Carlo method, and the 
results combined appropriately. 

The length of the larger crystal was divided into 20 sections, the first 10 
each 0-25 cm., and the second 10 each 0-5 cm. long. For each of the three 
energies, 6, 12, and 18 MeV., 200 photons were considered, each of which produces 
a pair in the first section of the crystal. From Figure 1 (c) the number of pairs 
was found in which the electron has zero energy, the number in which the 
electron has 0-5 MeV., etc. The development of each shower was recorded in 
the manner shown by the typical diagrams in Figure 2. Taking each pair in 
turn, the motion first of the electron and then of the positron was followed 
through the crystal. From the data of Heitler (1936) and of Halpern and Hall 
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(1948), the ionization loss was found to be close to 2 MeV./em. in sodium iodide 
and to be practically independent of electron energy above 1 MeV. Therefore 
1 MeV. was subtracted from the electron energy on crossing each 0-5 em. interval. 
Whether or not an electron also loses energy by radiation in an interval is 
determined by a random number from the tables. With the electron energy 
as the abscissa and the random number as the ordinate, a point is determined 
on the figure. If it lies above the topmost curve, no energy is lost by radiation. 
Otherwise, the electron loses the energy associated with the region in which the 
point lies, and a photon of the same energy appears in that section of the crystal. 


@ ELECTRON + POSITRON O PHOTON 
¢ ISOTROPICALLY EMITTED BREMSSTRAHLUNG WHICH ESCAPES FROM THE CRYSTAL 


> ISOTROPICALLY EMITTED BREMSSTRAHLUNG WHICH IS ABSORBED IN THE CRYSTAL 


Fig. 2.—Typical 18 MeV. showers commencing in the first interval of 
the 1 in. crystal. 


This process is continued until the energy of the electron falls below the critical 
energy. Then the processes occurring in each interval of length are still deter- 
mined as above until the electron energy falls to zero, the only difference being 
that the electron moves no further forward in the crystal. The motion of the 
positron is treated similarly. 


There exist now on the diagram two types of photons: those radiated by 
an electron moving in a straight line and those radiated during its random 
‘motion. The former are followed through each remaining interval in turn. 
In each case a new random number determines whether or not the photon is 
absorbed, and if so, in what way. The photon may continue unabsorbed and 
eventually escape from the crystal, or it may form a pair, be Compton scattered, 
or eject a photoelectron, in which cases all the products are followed until they 
are completely absorbed or escape. Those photons radiated during the randonx 
motion of the electron require only one random number to determine whether 
they are absorbed or not, as mentioned above. If a positron-electron pair is: 
formed as a secondary or tertiary process, the quanta resulting from the annihila- 
tion of the positron are treated in a similar way to isotropically emitted 
bremsstrahlung. We now have a set of diagrams representing the consequences 
of a number of photons producing pairs in the first section of the crystal. 
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Considering just the first 10 intervals, i.e. the 1 in. crystal, it can be seen 
that by removing the last section and everything that occurs in it, we have the 
consequences of a number of photons producing pairs in the second interval of 
the crystal, and by removing the last two sections, of those forming pairs in the 
third interval, and so on. Thus, to obtain a number against energy distribution 
for the number of photons forming a pair anywhere within the crystal against 
the energy I lost by them in ionization in the crystal, we first obtain separate 
number-energy distributions for the energy lost by ionization for initial pair 
formation in each section. These relations are then combined by adding them 


ie) a 4 6 8 10 12 14 16 18 re) 2 
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Fig. 3.—Distributions of ionization energy from primary pair production. 
(a) The 1 in. crystal. (6) The 3 in. crystal. 


in the ratio of the number of photons absorbed by pair production in each 
section, as determined by values of the absorption coefficient. Except for some 
modification arising from the two sizes of interval, the same treatment was 
applied for the 3 in. crystal. Thus we obtain the distributions of energy lost by~ 
ionization in the crystal by quanta initially absorbed by pair production, except 
for the annihilation radiation from the positrons which has yet to be considered. 
These are shown as the dashed curves in Figure 3. The full curves exclude the 
contribution of those showers resulting in the escape of the positron. 


The probability of annihilation of a positron before coming to rest is small 
(Heitler 1936), and it is here assumed that the two annihilation quanta are 
emitted in opposite directions along a line randomly oriented in space. A 
numerical calculation was undertaken to determine the energy loss to the crystal 
of such pairs of quanta with points of origin spread uniformly through the 
volume of the crystal. The annihilation quanta were assumed to be of 0:5 MeV. 
and energy was considered in discrete steps of 0-1 MeV. The energy jose 
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distributions for single quanta obtained at one Stage of the calculation were 
consistent with those found by Maeder and Wintersteiger (1952a, 1952b). The 
. histograms obtained for the energy loss probability distributions for pairs of 
annihilation quanta are shown in Figure 4. 

The distributions in Figure 3 were then corrected for additional absorption 
of annihilation energy by spreading out the full curves numerically according 
to Figure 4 and then replacing the area between the curves, thus completing the 
study of the energy loss of those incident quanta which are absorbed by the pair 
production process. 


O"0 O71 OF2 O-3 O°4 O°5 O°6 O°7 O'8 O-9 150 O°0 OF1 OF2 Of3 OF4 O'5 OF6 OFF OB O'9 1:0 
MEV. MEV. 


(a) (b) 


Fig. 4.—Distributions of ionization energy from annihilation quanta. 
(a) The 1 in. crystal. (b) The 3 in. crystal. 


Since at the energies considered primary photoelectric absorption is rare 
(with absorption coefficient about 1 per cent. of that of either of the other 
processes at 6 MeV.), it is here neglected, and it remains now only to consider 
those quanta initially absorbed by the Compton process. 

As in the case of pair production, 200 incident quanta were considered to 
undergo Compton scattering, the relative numbers giving products of each energy 
being proportional to the calculated probabilities. The products were then 
followed by the Monte Carlo method until each shower was complete, in the 
manner previously outlined. The resultant probability distributions for 
ionization loss from initial Compton scattering are shown in Figure 5. 

The complete distributions were then obtained by adding the pair and 
Compton distributions in the ratio of their relative probabilities. The final 
curves giving the form of f(J,/) for all the cases considered are shown in Figure 6. 


In some of the distributions there appears a spurious peak in the low energy 
region. This is a result of the particular assumption made as to multiple 
scattering. Consider a number of pairs with the same total energy starting 
from the same point in the crystal. These will all move forward approximately 
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Fig. 5.—Distributions of ionization energy from primary Compton scattering. 
(a) The 1 in. crystal. (b) The 3 in. erystal. 
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Fig. 6.—Distributions of ionization energy from all processes. (Final forms of S(i.£).) 
(a) The 1 in. crystal. (b) The 3 in. crystal. 


the same distance losing a certain amount of energy by ionization, whereafter 
they virtually come to rest and the remainder of their energy is dissipated in 
the same part of the crystal. Thus, if only the contribution of electrons which 
finally escape from the crystal is considered, it will be seen from the above that, 
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because of the particular assumption made, the number as a function of energy 
lost will be almost constant up to a certain energy, whence it will drop quickly 
to zero. Now in reality this would not be so, because the distribution from this 
cause begins to fall gradually from the low energies and extends further on the 
high energy side. In constructing the curves in Figure 10 these spurious peaks 
were smoothed over in accordance with this explanation. 


III. DETERMINATION OF g(p,al) 

The EMI type 5311 photomultiplier tube used in this experiment has a 
photocathode sensitivity of 40 uA./lumen and a gain of 107 at 160 V. per stage 
(manufacturer’s figures). In order to measure directly the broadening of the 
pulse-height distribution which is introduced by statistical effects in the tube, 
it was necessary to expose it to flashes of light of constant integrated intensity 
and to measure the spread in height of the resulting output pulses. 


The statistical spread is a function not only of the integrated light intensity 
but also of the wavelength of the light and the manner in which the intensity 
varies with time. Thus, ideally, it would be necessary to measure the spread for 
light flashes of colour and shape identical with those from the phosphor with 
which the photomultiplier is to be used. However, by inserting at the collecting 
electrode an integrating time constant long compared with both the test pulses 
and the scintillation pulses (and ensuring that the multiplier is never overloaded), 
the effect of differences in pulse characteristics can be minimized so that only 
the integrated light intensity remains important. In the present work an 
integrating time constant of 4 usec. was used, which is long compared with the 
light flashes from thallinm-activated sodium iodide, which have a decay time 
of 0-25 usec. 

The method used to produce short flashes of light was to allow a beam of 
light reflected from a rotating mirror to pass across the photocathode of the 
photomultiplier. If the mirror rotates at f rev./sec., the angular velocity of the 
reflected beam is 4rf rad./sec., and with the photocathode J cm. from the mirror 
the reflected beam passes across it at a linear speed of 4xfl cm./sec. 


The experimental arrangement, shown in Figure 7, was set up in a service 
tunnel beneath one of the University buildings. A 35 mm. slide projector P, 
with an object lens of 16 in. focal length, was used to provide the optical system, 
the slit being cut in a piece of fogged film. It was found necessary to feed a 
direct current to the projector lamp to avoid A.C. ripple in the light intensity. 
The rotating mirror, RM, was mounted on a spindle which was inserted in the 
chuck of a high speed drill, D. The back of the mirror, as well as the mounting, 
was painted black, leaving a reflecting area 2 cm. by 1:5 cm. The reflected 
beam could pass through a hole in a black curtain, C, into the otherwise dark 
section of the tunnel, 7. At the other end of the tunnel was a fixed plane 
mirror, 7M, to return the beam to the photomultiplier, PM, which was situated 
near the black curtain, so that the tunnel length was used twice. The path 
length traversed by the reflected beam from the rotating mirror to the photo- 
cathode was 107 m. 
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The rotational speed of the mirror was found with a ‘‘ Stroboflash ”’ unit to 
be 11,100 r.p.m. after warming up, with short-term variations of less than 
0-2 per cent., so that the linear speed of the slit image over the photocathode 
was 24-2 cm./usec. Two slits were used, giving images 5 cm. and 10 cm. wide 
at the photocathode, which is 2-5 cm. in diameter. Thus the flashes of light 
gave pulses of total length 0-3 and 0-5 usec. Both these times are short 
compared with the integrating time constant. 


The output pulses from the photomultiplier were fed through a preamplifier 
with a gain of —1 to the A, amplifier of a Cossor model 1035 oscilloscope and 
thence to a single channel pulse-height analyser built to the design of Farley 
(1953) and to a type 1009A discriminator unit used as monitor. Pulse heights 
at the analyser were between 15 V. and 45 V., and the channel width was about 
0-8 V. No correction was made for the broadening introduced by this channel 
width. 


54M. > 


Fig. 7.—Experimental arrangement for measurement of statistical spread. 


A number of runs back and forth over the pulse-height distribution was 
made for each of several lamp voltages with both slits, using total multiplier 
voltages of 930, 1040, and 1150 V. The gain of the amplifier was set in each 
case to give output pulse heights within the range of the analyser. The two 
runs shown by the points in Figure 8 illustrate the spread obtained in the two 
extreme cases, for the least and for the greatest integrated light intensity per 2 
flash. It can be seen that these distributions are consistent in shape with the 
Poisson distribution (curves), as were all others. 


The mean value and standard deviation of the pulse-height distribution 
were calculated in each case, and the value of (standard deviation/mean) was 
plotted against »4/(multiplier gain/pulse height at collector), the result being 
shown in Figure 9. The multiplier gain was measured relative to that at 930 V., 
and the pulse height at the collector was found by dividing the mean of the 
pulse-height distribution in volts by the measured amplifier gain. The fact 
that the points are well fitted by a straight line through the origin indicates that 
the fractional spread of the distributions is inversely proportional to the Square 
root of the number of electrons entering the multiplier, a characteristic feature 
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of the Poisson distribution, and therefore that sources of spread in pulse heights 
from uniform light flashes other than statistical variations are unimportant. 
Furthermore, there is no great dependence of the spread on multiplier voltage 
in the range used. 
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Fig. 8.—Pulse-height distributions from light flashes of constant integrated 
intensity. 
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Fig. 9.—Results of determinations of statistical spread. 


The slope of the line drawn through the points in Figure 9 was determined 
by the least mean square method. Taking the case of a1 V. pulse at the collector 
(which in our apparatus had a measured capacity to earth of 20-0 pyF.) with 
1150 V. on the multiplier, this value of the slope gives the ratio%of the standard 
deviation to the mean to be 0-047, corresponding to an effective number of 
electrons subject to statistical variation of 453. 
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IV. COMPARISON WITH HXPERIMENT 

The thallium-activated sodium iodide crystals used in this experiment 
were obtained from the Harshaw Chemical Company, Cleveland, Ohio. They 
were polished with successively finer grades of abrasive paper, and finally a 
cloth, while being kept. wet with ‘‘ Nujol”. 

For mounting on the photomultiplier tube, the axis of which was vertical, 
the smaller crystal (2-5 cm. long by 2-5 em. diameter), with aluminium foil 
wrapped round its curved and upper flat surfaces, was immersed in ‘‘ Nujol” 
in a small glass beaker which was stood directly on the photocathode, with a 
few drops of ‘“‘ Nujol”? added to couple optically the two glass surfaces. Thus 
the small crystal was mounted almost immediately on the photocathode. 

The larger crystal (7-5 em. long by 3-8 cm. diameter) was a composite one 
consisting of three separate crystals, each 2-5 cm. long by 3-8 cm. diameter, 
placed together on the one axis. As it was too large to mount directly on the 
photocathode, it was sealed into a ‘‘ Perspex ”’ block, the narrow space between 
crystal and ‘‘ Perspex ”’ being filled completely with ‘“‘ Nujol”. The block was 
tapered down to a flat circular face 1 in. in diameter, which was placed against 
the photocathode with a layer of glucose for optical coupling, so that the centre 
of the erystal lay on the axis of the photomultiplier about 4 in. from the photo- 
cathode, and the crystal axis made a right angle with the photomultiplier axis. 
The external surface of the ‘‘ Perspex ’’ had all sharp corners bevelled and, 
except for the area facing the photocathode, was covered by a layer of magnesium 
oxide about 1 mm. thick deposited by holding it in the smoke of burning mag- 
nesium ribbon. Mechanical support was achieved by a light frame of } in. 
brass rod, into which the ‘‘ Perspex”? block was inserted before the deposition 
of the magnesium oxide ; the frame was then bolted to the steel plate on which 
the photomultiplier was mounted. 

Stray light was excluded from the system by a box of thin brass sheet, 
which enclosed crystal, photomultiplier, high tension bleeder, and preamplifier 
and was screwed down to the steel plate and sealed with a rubber gasket. The 
vacuum tubes of the preamplifier were wrapped in black insulating tape to 
block light from their heaters. | 

The type 5311 photomultiplier, preamplifier, amplifier, and pulse-height 
analyser were those described in Section III. The range of the analyser was 
increased to 150 V. by the addition of further variable bias to the threshold — 
amplifier, and the channel width used was 2 V. 

The y-radiation was obtained by bombarding thick fluorine, boron, and 
lithium targets with protons from a 700 kV. electrostatic generator. The targets 
were deposited on copper backings by evaporating lead fluoride, by pressing 
amorphous boron, and by evaporating lithium hydroxide, respectively. The 
bombarding energy used on all three targets was 510 keV. The y-radiation 
entered the 1 in. crystal 9 in. from the target, and the 3 in. crystal 5 in. from 
the target. 

The experimental pulse-height distributions so obtained are shown as histo- 
grams in Figure 10. Because of the greater distance of the 3 in. crystal from 
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the photocathode and the intervening thickness of “ Perspex ”’, the light collec- 
tion efficiency from it was much less than from the 1 in. Seat Using the 
same amplifier gain throughout, the pulses from both crystals were brought 
within the range of the analyser by using a multiplier voltage of 766 V. with the 
1 in. crystal and 1040 V. with the 3 in. one. 

The distributions for the complex spectra resulting from the three nuclear 
reactions were obtained from Figure 6 as follows : 

F'%(p,xy). The predominant y-ray energy is 6-1 MeV., with 4 per cent. 
of 7-1 MeV. (Hornyak et al. 1950). The curve for 7-1 MeV. was assumed to 
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Fig. 10.—Results for nuclear spectra. 
Histograms—experimental pulse-height distributions ; smooth curves—predicted forms of h(p,£). 
(a) The 1 in. crystal.. (b) The 3 in. crystal. 


have the same shape as the 6 MeV., and was drawn so that the area under it was 
4 per cent. of the area under the distribution for 6-1 MeV., and the two were 
then added to give the distribution for this reaction. 

Li7(p,y). The y-ray energies are 17-6 and 14-8 MeV. The distribution 
for 14:8 MeV. was found by interpolation between those for 12 and 18 MeV. 
According to Walker and McDaniel (1948) the intensities of the two components 
are in the ratio 2:1. The ratio in which the components are absorbed differs 
slightly from this because of the difference in absorption coefficients for the two 
components in sodium iodide. No allowance was made for the natural spread 
in energy of the 14-8 MeV. component. 

B'(p,y). The relative intensities of the three components at 4-4, 11°8, 
and 16-3 MeV. are 4:4:1 (Walker 1950). The 4-4 MeV. distribution was 


186 J. G. CAMPBELL AND A. J. F. BOYLE 


taken to be that for 6 MeV. displaced along the energy axis, and the 16-3 MeV. 
estimated by interpolation between 12 and 18 MeV. The components were 
then added in the ratios given above, slightly modified to allow for the different 
absorption coefficients. 

From the positions of the peak in the fluorine distribution it was found from 
the results of Section III that the effective number of electrons subject to 
statistical variation for each MeV. of ionization in the crystal was 335 with the 
1 in. and 48 with the 3 in. crystal. Since some of the variation is introduced 
in the multiplier stages, these correspond to somewhat higher numbers of 
electrons from the photocathode entering the first stage. From these data, the 
integration necessary to obtain the form of h(p,Z) was carried out graphically. 

The predicted distributions, shown as continuous curves in Figure 10, were 
sealed horizontally to fit the peak in the experimental fluorine distribution for 
each crystal. The resulting factors are 5-70 V./MeV. for the smaller and 
7-26 V./MeV. for the larger crystal. The vertical scales were chosen in each 
case to fit the experimental histogram. 


V. DISCUSSION OF RESULTS 

It can now be seen that the broadening of the peaks in pulse-height dis- 
tributions for homogeneous y-radiation above 6 MeV. is explained as the effect 
of bremsstrahlung escaping from the crystal and taking with it an appreciable 
and variable fraction of the incident photon energy. 

The histograms of f(Z,#) in Figure 6, neglecting statistical fluctuations and 
the spurious peaks due to the multiple scattering assumption, correspond to the 
pulse-height distributions obtainable if the spread due to electron statistics in 
the photomultiplier were very small. These show that at 12 and 18 MeV. the 
increase in crystal size from 1 in. to 3 in. considerably reduces the tail at the low 
end but leaves the peak still quite broad. 


The increase in crystal size increases the reabsorption probability not only 
of bremsstrahlung but also of positron annihilation radiation. At 6 MeV. this 
results in a change from one prominent peak (events in which neither annihilation 
quantum is captured) to three peaks of comparable height which would be 
difficult to resolve experimentally. Thus for many purposes the smaller 
crystal would be preferable at this energy, unless it were possible to use a crystal 
so much larger again that only the peak due to capture of both quanta is 
prominent. 

Another feature seen in these histograms is that, at energies where brems- 
strahlung loss is important, the peak of each histogram corresponds to some 
energy less than the incident y-energy, and the nearer to it the larger is the 
crystal. The cut-off at the high end corresponds in each case to the incident 
energy. 

The forms of h(p,#) are compared with the experimental pulse-height 
distributions in Figure 10. The important features in the comparison are the 
abscissa values at which peaks and cut-offs occur in the B4(p,y) and Li?(p,) 
spectra, the position of the F%(p,ay) peak having been used for calibration. 
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These are such as to confirm the results of the Monte Carlo calculation of the 
effect of bremsstrahlung escaping from the crystal. As regards the actual 
Shapes of these peaks, it appears that in each case the experimental peak is 
Spread out even more than predicted. This can be explained by the fact that, 
wherever approximations were necessary in the Monte Carlo calculation, they 
were made in such a direction as to underestimate the amount of bremsstrahlung 
which escapes, so that the predicted curves exhibit energy resolution better 
than attainable. 

The width of the peak for the F%(p,x;) radiation is also greater than 
predicted. This could be due to the channel width of the analyser, non-uniform 
sensitivity over the photocathode surface, and inequality of light collection 
efficiency between different parts of the crystals. In the case of the 3 in. 
composite crystal, any variation in fluorescence efficiency between the individual 
erystals would add to the spread. 


The lower ends of the pulse-height distributions diverge upward from the 
predicted curves. This can be explained as the effect of radiation scattered 
into the crystal from matter outside it. No collimation was used, and no 
particular care was taken to minimize the amount of scattering material in the 
neighbourhood of the target and crystal. In particular, the y-radiation entered 
the 3 in. erystal through a depth of about 2 in. of ‘‘ Perspex ”’. 


Following a suggestion of Hofstadter and McIntyre (1950), some workers 
have reported improved energy resolution with scintillation counters above 
1 MeV. by using three crystals in triple coincidence to isolate those pulses due 
to events in which a positron is annihilated in the main crystal and both 
annihilation quanta escape from it (Johansson 1950; Bair and Maienschein 
1951). At the energies considered in the present paper, the form of f(I,#) for a 
detector of this type would be practically that given by the full lines in Figure 3, 
since the creation of a positron by other than the incident photon does not often 
occur. For 6 MeV. radiation, the low energy tail is small, but it increases both 
with increasing energy and with decreasing crystal size. Comparing Figure 3 
with Figure 6, it is seen that the spreading due to bremsstrahlung is less than in 
the single crystal case, because the average energy of the secondary electrons is 
less. At 18 MeV., however, the spreading has become so great that there is 
little to be gained by using the triple coincidence technique and, at higher 
energies still, all advantage disappears because pair production becomes virtually 
the only primary process. 

Therefore with y-radiation above 10 MeV. it is a fundamental limitation 
to the energy resolution of scintillation counters that a fraction of the incident 
energy is lost to the crystal by bremsstrahlung in each detecting event and that 
this fraction differs widely between events. The only way to overcome this 
appears to be to increase the size of the crystal so that the escaping fraction 
is kept small. Thus, while at lower energies the minimum crystal size is deter- 
mined by the necessity to ensure that electron ranges are small compared with 
crystal dimensions, above 10 MeV. the crystal dimensions would need to be 
large compared with the mean free path of the bremsstrahlung photons. In 
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sodium iodide, this is about 4 cm. for 1 MeV. photons, increasing to 8 cm. for 
5 MeV. and then decreasing very slowly at higher energies. 
Nevertheless, sodium iodide crystals of the sizes we have used are still 
useful up to 18 MeV., having the properties that 
(i) the efficiency of detection, as shown in Table 1-for photons entering 
parallel to the crystal axis, is good ; 
(ii) the energy of a component of the radiation can be estimated by the 
position not of the peak but of the end-point of the distribution ; 
(iii) pulses from the highest energy component can be isolated by a simple 
discriminator set above the end-point of the distribution due to the 
component next below. 


TABLE 1 


PERCENTAGE DETECTION EFFICIENCY OF SODIUM IODIDE CRYSTALS 


Photon 1 in. Crystal 2 in. Crystal 
Energy 
(MeV.) (%) (%) 
| 
27 62 
12 30 66 
18 33 70 
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THE DISTRIBUTION OF RADIO BRIGHTNESS OVER THE SOLAR 
DISK AT A WAVELENGTH OF 21 CENTIMETRES 


I. A NEW HIGHLY DIRECTIONAL AERIAL SYSTEM 
By W. N. CHRISTIANSEN* and J. A. WARBURTON* 
(Manuscript received February 11, 1953] 


Summary 

A new aerial system of very high resolving power has been designed for use in 
determining the distribution of radio brightness across the solar disk at a wavelength 
of 21cm. Thirty-two aerials with paraboloidal reflectors are evenly spaced in an 
east-west direction over a distance of about 700 ft., and are connected by a branching 
system of balanced open-wire transmission lines to a receiver. The aerial system 
produces multiple beams each 3’ of are wide and spaced 1-7° apart. The rotation 
of the Earth causes one after another of the aerial beams to scan the disk of the Sun. 
The record obtained from the radio receiver gives a one-dimensional brightness dis- 
tribution over the solar disk. 


I. INTRODUCTION 
The poor resolving power of radio aerial systems used in radio astronomy is 
in marked contrast with the high resolution obtainable with optical telescopes, 
and is the main limiting factor in astronomical studies by means of radio waves. 
Until recently even a relatively large astronomical object like the Sun could not 
be resolved by the aerial systems in use. 


The radio-frequency emission from the Sun has been studied intensively 
in recent years, and several different components of the radiation have been 
discovered. One of these is constant over months or years, and has been 
identified with thermal radiation from the undisturbed or ‘‘ quiet’? Sun. A 
determination of the brightness distribution of this component would be valuable 
in providing information about physical conditions in the solar atmosphere. 

Another component, prominent at decimetre wavelengths, has been called 


the ‘‘ slowly varying ’’ component of the solar radiation. Its variations show a 
good correlation with visible sunspot area. 


~ 


Radio observations during solar eclipses, commencing with those of 
Covington (1947), have shown that small areas of enhanced radio brightness 
often occur in the vicinity of sunspots, and there is little doubt that these areas 
are the source of the slowly varying component of the solar radiation. Eclipse 
observations are rare, however, and do not reveal the changes with time of 
these regions of enhanced brightness. Insufficient information is available, 
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therefore, to test theories regarding the nature of these regions. Their presence 
at decimetre wavelengths produces difficulties in interpreting eclipse records, 
and has prevented a clear determination of the brightness distribution of the 
quiet-Sun component over the solar disk. The most useful eclipse observations 
have been made at the highest frequencies where the variable component of the 
solar radiation is small. 

At decimetre wavelengths frequent observations are necessary to separate 
the quiet-Sun and slowly varying components, hence an aerial of very high 
resolving power is required. 


II. AERIAL SYSTEMS OF HIGH RESOLVING POWER 

For a detailed study of the solar disk, the aerial system should have a beam 
width much less than the angular diameter of the Sun, say 1/10 of this or about 
3’ of are. An aerial system 1000 wavelengths wide is required to achieve this 
resolution. At a wavelength of 2dm., this is about 700ft. It would be 
impracticable to construct a steerable aerial system of such a size and of con- 
ventional design. 

High resolution in one angular coordinate requires the aerial to be large 
in only one direction and is therefore very much easier to achieve than a pencil 
beam. The aerial beam is then fan-shaped and in radio astronomical work this 
has the great advantage that the aerial need not be steered, but instead the 
Earth’s rotation may be used to sweep the aerial beam across the object to 
be studied. If the aerial system has the form of a uniform strip, it produces a 
single main beam. The Sun would pass through this beam only once each day. 
If the system has the form of a non-uniform strip, then more than one main 
beam may be produced. An extreme form is the two-aerial interferometer which 
has a large number of beams of equal amplitude. The latter arrangement, 
however, is not useful for finding the brightness distribution across an extended 
object like the solar disk because the spacing between adjacent beams is only 
double the width of each beam. 

A modified form of the two-aerial interferometer was used by Stanier (1950), 
who varied the spacing between the two aerials and from the different inter- 
ference patterns derived a brightness distribution for the quiet Sun at a wave- 
length of 60 cm. Undetected areas of enhanced brightness on the disk may 
produce serious errors in the results obtained by this method. 


III. PRINCIPLE OF A NEW AERIAL SYSTEM 

For an aerial system in which there is a number of elements arranged at 
uniform intervals along a straight line, the polar diagram takes the form of 
multiple beams having a separation from each other which is inversely pro- 
portional to the spacing between adjacent elements. Such an arrangement 
is suitable fer studying the Sun, as beams of the required narrowness can be 
produced and sufficient elements used so that the Sun will be in no more than 
one aerial beam at any time. Such a system is analogous to a diffraction grating 
or, less directly, to a multiple-beam optical interferometer. A maximum 
response is obtained when the optical path to adjacent aerials is the same or 


E 
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differs by an integral number of wavelengths. The directivity of systems such as 
this (in terms of received power) is given by 


RECEIVER 


Fig. 1.—General arrangement of the aerial system and transmission lines. A 
maximum is obtained when 7 is integral. 


30 


20 


oo 


10° So 0° 5° 10° 


Fig. 2.—Directional diagram of the 32-aerial interferometer, 


where p=nd sin 0/A, 
@(0)=the power received by the system from a point source, relative 

to the power received by one of its elements, 

N=number of elements in the system, 

d=spacing between adjacent elements, 

A=wavelength, 

angle between the normal to the system and the direction of the 
ray. 
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A system of this type operating at a wavelength of 21 em. has been built in 
Sydney. It consists of 32 elements arranged over a distance of about 700 ft. 
in a straight line, roughly in an east-west direction. A schematic diagram 
of the system is shown in Figure 1. 

The fan-shaped beams have a calculated beam width of 2-9’ of are between 
half-power points and there is a spacing of 1-7° between adjacent beams. A 
representation of the beam system is shown in Figure 2. The envelope to the 
family of beams corresponds to the directivity pattern of the individual aerials 
of the system. Since these individual aerials can be steered, the envelope is 
movable and can follow the Sun as it passes through the large number of aerial 
beams during the course of a day. (Both the beam width and the angle between 
adjacent lobes increases, however, as the angle made with the normal to the line 
of the aerial system increases.) 


——— 


>. TIME (MIN.) 


Fig. 3.—A typical record of the passage of the Sun through several aerial beams. 


The radio-frequency energy from the aerials is amplified in a radio receiver 
and the output fed to a recording milliammeter. As the Sun passes through a 
beam of the aerial, the deflection of the meter at any instant is proportional to 
the energy being emitted from the narrow strip of the solar disk in the aerial 
beam at that instant. A series of records which gives the one-dimensional 
brightness distribution across the solar disk is obtained. <A typical record is 
shown in Figure 3. 


ITV. A MopIFIED FoRM OF THE AERIAL FOR CIRCULAR POLARIZATION 


In the arrangement described above, the polarization of all the aerials is 
horizontal, and that of the complete system is the same. A modified form of 
the system has also been used. Adjacent aerials are polarized in mutually 
perpendicular planes and the complete system resolves the incident radiation 
into circularly polarized, right- and left-hand, components. The aerials are 
connected in the way shown in Figure 4, so that there is a 90° change in polariza- 
tion between one aerial and the next, the change being progressive from one end 
of the system to the other. For directions in which there is a difference of 
1 wavelength in the optical path to adjacent aerials, cireularly polarized Tadiation 
falling on the aerials will induce currents in the aerials which will be either 
additive or will have a zero resultant, depending on the sense of rotation of the 
waves. If the optical paths to adjacent aerials differ by ? wavelength, the effect 
is reversed; the sense of polarization which produced additive currents at a 
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path difference of + wavelength now produces zero resultant, while radiation 
with the opposite sense produces additive currents. The system will now be 
examined in more detail. 

Consider a wave from a distant source, incident on the aerial system, with 
components of magnitude ¢, parallel to aerials 1, 3, 5, etc., and e, parallel to 
2, 4, 6, etc. The response v, of the aerial system to ¢, is given by 


0,= ae, Sin(cot—2Qrl,/A+9;).f(0).  .2-..++-2-: (2) 
Similarly, the response v, to ¢, 1s 
Vy =ae, Sin(wt —2r1,/A+-Sy).f(0), ..--.---- +s (3) 


= 
—— > 


-—— 


Fig. 4.—Arrangement of four aerials for reception of circularly polarized 
waves. Hight of these sets make up the complete system. 


where « is a constant of proportionality, 
@®=2n times the frequency of the wave, 
A=wavelength, 
11, l, are the optical path lengths from the source to the centres of the two 
sets of aerials, 
5,, 5, are the initial phases at the source, 
f(0) represents the directional response of either the z-plane or y-plane 
system of aerials and is given by 


f(8) 


where N and p have the same meaning as in equation (1). 
f(6) has maxima when 
2p =(2n +1)z/2, i ie ae ered 
i.e. twice as frequently as the system represented in equation (1). 


In order to find the relative phase of v, and v, at these values of p, we note 
that 


_ sin Np 
~ Cos 2p’ 


since there is a separation d between the centres of the vertical and horizontal 
groups of aerials. Hence, at the maxima, 
2rb,/A=2rl,/A+2p =2rl,/A+(2n +1)7/2, 
therefore 
0, =a0N /2.¢, sin {wt —2r1,/A+9,}, 
v,=aN/2.¢, sin {wt —27l,/A+(2n +1)r/2 +68,}. 


RADIO BRIGHTNESS OVER THE SOLAR DISK. I 195 


If e, and ¢, are equal and the phase difference (5,—38,) between the two com- 
ponents at any point along the path is equal to 7/2, i.e. the wave is right-hand 
circularly polarized, then the sum 


Pee ae =2,, if n 18 odd, 
=0, if m is even. 
If $,—5,=7/2, ie. the wave is left-hand circularly polarized, then 
0, +0,=20,, if m is even, 
=0, if n is odd. 


Hence, for any direction of maximum response for the aerial, one circularly 
polarized component of the radiation is received, while that of opposite sense is 
rejected. At adjacent maxima the effect is reversed. 

The above treatment applies strictly only at the maxima, but the rejection 
of one circularly polarized component is practically complete over the whole 
of any beam, because the relative phase of ¢, and ¢, changes slowly with 0. 
Even at the edge of the beam, i.e. near the first minimum, the phase has been 
changed only by about 10°, so that the sensitivity of the system to one component 
is 100 times greater than to the other. 

As the Sun passes through one aerial beam after another, the receiver 
responds to right-hand and left-hand circularly polarized components of the 
radiation alternately. If the radiation over the whole Sun is linearly or randomly 
polarized, then successive records are equal in amplitude and similar in shape. 
If the radiation from a particular part of the Sun is circularly polarized, the 
response to this appears only on alternate records. With elliptically polarized 
radiation, or a mixture of circularly and randomly polarized radiation, the 
amplitude of the response would be different on successive records. 

This modified form of the equipment has been used principally in 
investigating the radiation which originates near sunspots. 


V. DESIGN 
(a) Aerial System 

The 32 aerials (shown in Plate 1 (a)) which form the system are arranged 
in a straight line at intervals of 23 ft. In setting up the system a maximum 
error of 1 in., or } wavelength in the placement of aerials was allowed. A later 
survey showed that this had not been exceeded. 

Individual aerials, which have a beam width of about 10°, consist of a dipole 
radiator and reflector placed at the focus of a paraboloidal reflector, 66 in. in 
diameter. Each is mounted on a polar axis and capable of rapid position change 
in hour angle. A simple system of pegs and holes in a circular plate allows 
accurate positioning of each aerial. When in use the positions of the aerials 
are changed by hand approximately each } hr. 

Each dipole aerial and reflector is supported on a pair of parallel flat strips 
of metal attached to the paraboloidal disk as shown in Plate 1 (b). These strips 
serve, in addition, as a balanced open-wire transmission line. At the lower end, 
1 wavelength from a shorting strip, a short length of flexible polythene-insulated. 
balanced transmission line connects the aerial to the main transmission line. 
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(b) Transmission Lines 

The aerials are connected to the receiver through a branching system of 
transmission lines in the way indicated in Figure 1, so that there are equal lengths 
of transmission line between each aerial and the receiver. With such an arrange- 
ment the system is insensitive to small changes in frequency or to changes in the 
length of the feeder lines caused by temperature variations, because each aerial 
is affected equally. This is most important when the length of transmission 
line is greater than 500 wavelengths. 

The transmission lines are of the balanced open-wire type. The reasons 
for the choice of this type of line, unconventional at such a high frequency, are 
that it is easily accessible for connections, matching, and testing and can be 
designed to have low attenuation at small expense. 

The pairs of conductors consist of hard-drawn copper wire, 0-16 in. in 
diameter, with a spacing between centres of 0-37 in. The characteristic 
impedance of the line is approximately 180 ohms. Each pair is under a tension 
of about 500 lb. wt. and is supported every 23 ft. on polystyrene insulators. 
To preserve the correct spacing between the conductors, small polystyrene 
spacers are placed between the lines at intervals of about 6 ft. Both the 
supporting insulators and the spacers are arranged in pairs separated by 4} wave- 
length in order to reduce reflections in the line. 

The transmission-line attenuation resulting from resistive losses in the 
conductors was calculated to be approximately 1-1 db./100 ft. of line. Calculation 
indicated that the dielectric and radiation losses would be much less than this. 
Measurements over straight sections of the transmission line showed that the 
attenuation was approximately 1.db./100 ft. The overall loss in the line was 
found to be 6 db. The additional loss apparently takes place in the various 
junctions, matching sections, and short-circuited sections along the line. 

Reflections in the line are small. It was found that a standing-wave ratio 
of 1-1 could be preserved. Small discontinuities in the line have been compen- 
sated, usually by a suitably placed single polystyrene insulator. 

The branching structure of the transmission line, shown in Figure 1, has 
been effected by running five pairs of lines one above the other. At a junction 
a short pair of vertical conductors connects adjacent lines. The unwanted part 
of the transmission line is effectively disconnected by shorted quarter-wave 
sections, and matching is effected by use of a quarter-wave matching section 
formed from two plates of metal. A photograph of such a section is shown in 
Plate 1 (c). A very simple way of adjusting this was adopted. The correct 
position for the matching section was found by use of a standing-wave indicator, 
the two metal plates were hung on the line and their spacing varied until a 
correct match was indicated, and, finally, the plates were soldered in position. 


In the setting up of the system, power was fed into the transmission line 
at the signal frequency, and matching was effected by means of a standing-wave 
indicator. This consisted of a pair of pick-up probes made from brass rod 
embedded in a block of polystyrene. The latter was shaped to fit onto the 
two-wire line, and had a handle by which it could be slid along the line. The 
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probes were connected to a shielded pair of coaxial lines which led, through a 
balance-to-unbalance transformer, to a single coaxial line terminating at a radio 
receiver. The D.C. output from the detector of this receiver was taken back 
through long meter leads to a milliammeter close to the place of measurement. 


The aerials were matched individually to the transmission lines. They 
were then short-circuited and the electrical centre of the transmission line 
joining each pair of aerials was determined from the positions of voltage minima 
on the line. This position was checked by length measurements. (In all 
cases there was negligible difference between the positions of the electrical and 
physical centres.) 

At this central point, a short vertical section of line was used to connect 
the first transmission line to a second line situated vertically below, as shown in 
Plate 1 (c). The two-to-one mismatch at the junction was corrected by means 
of a quarter-wave matching section. The same procedure was adopted at each 
branch. 


(c) The Receiver 

A radio receiver is connected to the centre of the transmission-line system 
through a balance-to-unbalance transformer. The receiver is of conventional 
superheterodyne design. 

At the input is a radio-frequency switch consisting of a rotating condenser 
and transmission-line sections, which at a frequency of 25 c/s. connects the 
receiver alternately to the aerial system and to an effectively infinite length 
of coaxial transmission line. Following the switch is a coaxial cavity tuned to 
the signal frequency and leading to a crystal detector. A line-tuned heterodyne 
oscillator is also coupled to the detector, which in turn is connected to a 30 Me/s. 
amplifier of 4 Mc/s. bandwidth. The 30 Mc/s. amplifier is followed by a detector, 
a 25 c/s. amplifier, and a phase-sensitive detector. The output of the latter is 
connected to a recording milliammeter. 

The receiver is calibrated each day by means of a thermal noise generator, 
which has an output corresponding to a temperature approximately 100 °C. 
above ambient. This temperature difference produces a change in the receiver 
output which is approximately equal to that produced by the passage of the 
Sun through the aerial beam. The noise fluctuations on the receiver record 
have an r.m.s. value corresponding to a temperature of about 1 °C. 


VI. OBSERVATIONAL TECHNIQUE 
(a) Daily Recording 

The aerial system has been in operation since February 1952. For most 
of the time it has been used in its original form, i.e. with all dipole aerials in the 
same plane of polarization. Records, such as those shown in Figure 3, are 
obtained each day over a period of about 2 hr. around midday, when the resolving 
power of the aerial is greatest. Outside this time, two unfavourable effects 
become significant. The first is the increase in beam width which occurs as the 
projected length of the system diminishes in a direction normal to the Sun’s 
direction. The second is a distortion which results from the increasing number 


198 W. N. CHRISTIANSEN AND J. A. WARBURTON 


of wavelengths difference in the optical paths to different unit aerials. This 
means that frequencies in different parts of the receiver pass-band have their 
maxima displaced from each other. The second effect may be reduced by 
decreasing the receiver bandwidth. A bandwidth of 0-5 Me/s. can be used if 
records are required outside the normal hours, but this has the adverse effect 
of causing an increase in the noise fluctuations on the records. 


OCTOBER 1952 


| 


Fig. 5.—A succession of daily records showing the one-dimensional 
brightness distribution over the solar disk. 


The effect of noise fluctuations in the records is diminished by averaging a 
number of records for each day. A series of “ averaged ” daily records is shown 
in Figure 5. No convenient way of measuring the beam width of the aerial 
system has yet been found. However, on several occasions when there have 
been small areas of great radio brightness on the disk, an upper limit to the 
beam width could be determined. This is approximately 3-4’ of are, which 
is a little greater than the calculated value for a point source. 
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(b) Intensity Calibration 


The calibration of the receiver in terms of the effective temperature at the 
input, in the way described earlier, is not completely adequate to detect changes 
in gain of the system, because it does not indicate any changes that may occur 
in the aerial system. A comparison is made each day, therefore, between the 
total amount of energy received from the Sun as indicated, on the one hand, 
by the integral of the recorded curve of solar disk brightness obtained with 
this equipment, and on the other hand, that indicated by different equipment 
which measures daily the energy received from the whole solar disk. (The 
comparison equipment operated at 25 em. instead of 21 cm., but results indicate 
that no significant error is introduced by this.) Occasional changes in aerial 
gain have been found, these usually being associated with faults at junctions of 
the transmission line. When such changes have occurred, a check is usually 
possible through a comparison of the heights of certain parts of the records 
obtained on adjacent days. 


(c) Determination of Position 

In order to make a comparison between optical and radio features of the 
solar disk it is necessary to know the position of a particular aerial beam with 
respect to the solar disk at any time. The direction of the line along which the 
aerial system lies is known, hence the directions in space of the various aerial 
beams may be calculated and compared with the known direction of the Sun at 
any particular time. Time marks are placed on the daily radio records, and 
thus the position of the Sun with respect to an aerial beam can be calculated 
for any part of the radio record. 

Analysis over a period of many weeks showed that bright areas near the 
limb do not markedly increase the apparent diameter of the radio Sun. It 
follows that the radio Sun and optical Sun are centred on the same line in space. 
This fact was used to eliminate much tedious calculation, because the centre of 
the radio record could be taken to correspond to the centre of the solar disk, and 
the position of any features of the radio record determined with respect to this 
line. 

VII. ANALYSIS OF OBSERVATIONS 

It is not intended to analyse results in this paper, but merely to show how 
the observations can be used to elucidate certain solar phenomena. The daily 
records show characteristic peaks which change in position from day to day, 
moving at approximately the same rate as sunspots, i.e. they indicate local areas 
of enhanced brightness which rotate with the Sun. In addition, the records 
appear to show a lower level below which the brightness does not fall, and this 
presumably represents the radiation from the quiet Sun. In order to study the 
two components it is necessary to separate them. The first step is to deduce the 
contribution of the quiet Sun, i.e. to determine the one-dimensional brightness 
distribution for the thermal component. When this is done, the contributions 
of the areas of enhanced brightness are represented by projections above the 
quiet-Sun level. 
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Fig. 6.—A succession of daily records superimposed to show the contribution of the quiet Sun, 
P is the power received, in arbitrary units. 


9 is the angular Separation between the centre of the 
aerial beam and the centre of the optical disk of the Sun. 


(a) Determination of the One-Dimensional Brightness Distribution of 


the Quiet Sun 
One way in which this might be done would be to compare records in which 
no peaks are apparent. If these have the same shape and amplitude, one would 
be justified in saying that the curves represent the quiet-Sun brightness distribu- 
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tion. Unfortunately cases of complete absence of areas of enhanced brightness 
were very rare during 1952. (The absence of sunspots is not sufficient.) 

An alternative way to determine the distribution is to plot a series of daily 
records on one diagram and to investigate the existence and shape of a lower 
envelope to the curves. In Figure 6 a typical set of 20 superimposed records is 
shown. The existence of a lower envelope to the curves is clearly seen. The 
shape of this envelope will be discussed in a following paper. 


(b) Study of Areas of Enhanced Radio Brightness 

The positions on the disk of these areas indicated by peaks on the records 
change with the solar rotation. This can be demonstrated by drawing on a 
Mercator’s projection of the Sun for each day an are which represents the position 
of an aerial beam with respect to the heliographic coordinates of the Sun when a 
particular peak appears on the record. The approximate position of the area 
of enhanced brightness on the Sun can be found from the place of intersection 
of the arcs. If this is done with different assumed values for the effective solar 
radius, i.e. the distance of the radio source from the centre of the Sun, then the 
best intersection represents the probable position in the solar atmosphere in 
height as well as latitude and longitude. A comparison may then be made with 
optical features of the solar disk. 

The energy being received from each area of enhanced radio brightness 
may be deduced once the quiet-Sun level has been found. The changes in 
received energy from such a source depend both on real changes in total emission 
from the source, and on apparent changes of emission related to the position of 
the source in the solar atmosphere. The possibility of separating these two 
effects will be discussed in a later paper. 


VIII. CONCLUSIONS 

The multiple-aerial interferometer principle provides a very economical 
‘means for a detailed study of the radio-emitting surface of the Sun. The system 
described in this paper has been found simple to adjust and will remain in 
adjustment over periods of months. The main factor in producing these 
desirable characteristics is undoubtedly the branching system of transmission 
lines which is non-critical to changes of frequency or atmospheric conditions. 
The construction of such a system would have been difficult if open-wire trans- 
mission lines had not been used. 

The records obtained with this equipment allow the quiet-Sun and slowly 
varying components of the solar radiation to be separated. In later papers the 
brightness distribution over the solar disk of the first of these components and 
the characteristics of the second component will be discussed. 
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FURTHER STUDIES OF ELECTRODE PHENOMENA IN 
TRANSIENT ARCS 


By W. R. BLEVIN* 
[Manuscript received November 13, 1952] 


Summary 
High current transient arcs in air at atmospheric pressure display radial contraction 
of the column near the anode. An examination of melting in the anode allows calculation 
of the anode spot temperature. 


I. INTRODUCTION 


It has been known for some time that the arc discharge column contracts 
radially near the cathode to give rise to very high current densities at that 
electrode (Cobine and Gallagher 1948; Froome 1948, 1949, 1950; Somerville 
and Blevin 1949). The phenomenon has usually been studied by photographing 
the luminous discharge and by examination of signs of melting and tarnishing 
left on the electrode by the discharge. 

Both of these techniques have been employed by the author to study the 
behaviour of ares at the anode. The discharges examined had durations varying 
from 1 psec. to 1 msec., and were struck between metallic electrodes in air at 
atmospheric pressure by moving the electrodes together till sparking occurred. 
High constant current pulses were obtained by discharging artificial lines. 
The instantaneous potential across the gap was of the order of 30 V., showing 
that the discharge was an arc. 


II. CONTRACTION OF ARCS AT THE ANODE 


Plate 1, Figure 1, is a photograph of a 200 usec., 50 A. are between a copper 
wire cathode (top) and a polished plane aluminium anode. The photograph 
was taken obliquely with the shutter held open throughout the duration of 
theare. Considerable radial contraction of the discharge is seen to have occurred 
near the anode, and a highly luminous and circular “ anode spot ” is apparent. 
A Kerr cell shutter has been used to show that such a spot is established within 
the first few microseconds of the life of the arc, and does not alter significantly 
with time (Somerville, Blevin, and Fletcher 1952). Photographs similar to 
Plate 1, Figure 1, have been obtained for the low melting point metals tin and 
lead. 


* Department of Physics, New England University College, Armidale, N.S.W. 
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Plate 1, Figure 2, is a photograph of a similar are struck on a silver anode, 
and the absence of any anode spot is typical of the higher melting point metals. 
Contraction of the discharge at the anode is still apparent, however. The 
lower half of the photograph shows the reflection of the discharge in the anode. 
Measurement of the cross section of the discharge at the anode for different 
metals shows that the current density there may be as great as 50,000 A./em.?. 


II]. TEMPERATURE OF THE ANODE SPOT 

The temperature of the anode spot is assumed to be constant with time. 
A similar assumption has been made for the cathode by previous authors (Holm 
1947; Somerville, Blevin, and Fletcher, in press) chiefly because the problem 
of melting is more easily solved. Now, the are characteristics show that the 
total rate of supply of energy to the arc is approximately constant, while the 
above assumption implies that the rate of supply of heat to the anode is inversely 
proportional to the square root of the time. These two situations are not 
incompatible, because the transient arcs examined have been characterized 
by an expanding cathode spot, which presumably uses energy at an increasing 
rate, and a comparatively static anode spot, which is consistent with a state of 
temperature equilibrium. 


It has been possible to calculate the temperature of the anode surface in 
the central region of the active area by observation of the extent of melting of 
the electrode by each transient are. Usually the depth of melting is small 
compared with the anode thickness and the theory of melting in a semi-infinite 
solid can be applied to the physical problem with reasonable accuracy. A 
technique for measuring depth of melting into thick anodes has been described 
previously (Somerville, Blevin, and Fletcher 1952). Unfortunately this method 
does not give sufficiently accurate measurements, and it has been found more 
satisfactory experimentally to study melting by ares struck on metallic foils, 
and to develop a theory of melting for that case. 


Consider the case when an arc of duration T has as anode the plane surface 
of a thin slab of metal of thickness «. If the diameter of the discharge greatly 
exceeds «, there is little radial conduction of heat in the metal from the centre 
of the active area, and heat entering the anode in that region is conducted 
linearly through the slab. Assume that for the duration of the are the active~ 
anode surface is held at a constant temperature ® (the initial temperature of 
the anode being zero), and that no heat is lost from the back of the anode slab. 
Let V be the melting point of the anode metal. 


An analogous problem has been solved by Lightfoot (1930) to give the rate 
of solidification of a slab of molten steel. Small changes in Lightfoot’s solution 
allow the rate of melting of the anode in the present problem to be determined. 


Although the solution is not exact, it is an extremely good approximation for 
the region used in the present case. 


The position of the level at which the temperature is V, at time t, is given by 


a =2kV xt, 
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where x=the coordinate of depth into the anode, 
x=the diffusivity =K/co, 
K=the thermal conductivity, 
e=the specific heat, 
o=—the density, 
and k is given by 
® 1 
Vi—erf ke 
where A=the latent heat of fusion. 
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The temperature in the molten region 0<«v@<2kv xt is 
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and beyond this region, for 2kVxt<a#<a, the temperature is 
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The quantity of heat entering the anode per unit area is 
T 
Ov 
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Consider a slab of critical thickness %, such that melting just extends to 
its back surface. Then 
== ORO G Vath) eeietce: (0 nsaNe te erst cris helte (6) 


Tf we now eliminate Q from (5) and (6), and substitute for v, from (3), we obtain 
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Using (2) to eliminate k, we can obtain A/cV in terms of V xT'/a for given 
values of ®/V. The solution is shown in Figure 1 for values of ®/V in the 
range 1-2-10. 

If the assumptions are approximately correct, Figure 1 enables the central 
anode spot temperature ® to be determined. The abscissa A/eV is a constant 
for a given metal and the ordinate V xT Ja is determined by experiment. For 
some metals accurate measurement of a, is difficult, but in the cases mentioned 


* A more elementary treatment (Somerville, Blevin, and Fletcher 1952) gives a similar 
result, but with the infinite series omitted. Errors due to this omission are not serious when 


V uP |og is small. 
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below the error is less than 5 per cent. (It is found that % is independent of the 
are current for values greater than 50 A., presumably because the spot diameter 
is then large enough for radial conduction of heat from the centre to be negligible.) 
Then ®/V is read from the graph, and so © is known. 
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Fig. 1.—VxT'/a» is shown as a function of A/cV for values of the 
parameter ©/V in the range 1-2-10. 


Results for anodes of nickel, aluminium, and tin are given in Table 1. If 
the anode spot temperature is not constant as assumed, © represents a mean 
value. However, the results for tin suggest that the assumption of constant 
temperature is approximately true. For each metal ® is well below the boiling 
point. 


TABLE 1 
7 an VALUES OF CENTRAL SPOT TEMPERATURE 
ae = 
| Are | a VT cy Spot 
Anode Metal | Duration | cV c= | V |Temperature 
(usec.) | be | (°C.) 
| | 
| 
Tin ae E 6 4 27 1-06 0-22 7:5 1600 
50 1-06 | 0-24 | 6-8 1460 
250 | 1-06 0-25 6:5 1400 
: l 
Aluminium... 250 | 0-45 0-63 1-9 1250 
ee | | - 
| ‘ ee ; Xa 
Nickel (7074) Wie aa Heenan G fr aas 0-83 1-50 2300 
| 


The calculated average surface flux of heat is consistent with the value 
derived from the anode drop. Our solution gives values from 2 to 9 V. for the 
anode fall with the above metals (assuming that all the energy of the anode fall 
enters the anode), and accepted values for this quantity are of the same order 
(von Engel and Steenbeck 1932). 
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It is necessary to consider whether the values of ® in Table 1 also hold for 
normal electrodes of much greater thickness than %, for it is possible that use 
of a thin slab as anode may have so limited the amount of heat conducted away 
that the surface temperature is considerably increased. The temperature at 
the back of the slab at time t=—T7 gives an indication of the extent to which the 
use of the slab has influenced the spot temperature. With t=7, and 2=a, 
(4) becomes 


z 2V ea. & (2m —-1)a\ ) 
ig ert (| at |S ee 
Or, 4 i: \/ a} m= { ( 2VxT }) 


For tin this temperature is less than 10 °C. and the boundary «=a therefore 
has negligible influence on ®. However, for aluminium and nickel the values 
of vy are not much less than V’, and the values of © for these metals are somewhat 
greater than the spot temperatures on thicker anodes. 

Indeed, experimental examination shows that the anode surface conditions 
alter when very thin metal foils are used for the electrode. The area of the 
molten spot increases when z falls below some critical value «,. This is partly 
due to increased radial conduction of heat, but photographs of the discharge 
show that its cross section at the anode also increases, causing a decrease in the 
‘adial contraction. A tentative explanation is that high temperatures built 
up in very thin anodes cause appreciable thermionic emission of electrons, which 


TABLE 2 
COMPARISON OF THICKNESSES %y AND 


Anode Metal | og on 
| (cm.) (cm.) 
CSM ss an ee, | 0-030 0-007 
Aluminium .. ne 0-018 0-016 
Nickel ts P 0: 0071 0-016 


decreases the total current density. Table 2 compares values of % and a, 
for 250 usec, 75 A. arcs. For tin %>a, in agreement with the above con- 
clusion that the boundary x= does not significantly influence the state of 
the surface r—0. However, % and x, are of the same order of magnitude for 
each of the other metals, and this again suggests that the thinness of the foil 
in these cases is affecting the anode spot temperature. For aluminium and 
nickel the spot temperature on normal anodes must therefore lie between their 
melting points (660 and 1455 °C., r spectively) and the values given in Table 1. 
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Fig. 1.—Radial contraction of an are discharge at a low melting point anode. 15. 
g 
Fig. 2.—Radial contraction of an are discharge at a high melting point anode. 15, 
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CLIMATIC CHANGE IN AUSTRALIA SINCE 1880 
By E. L. DEAcON* 
[Manuscript received December 4, 1952] 


Summary 

Australian climatic data show that, for the period 1911-1950, the summer rainfall 
over much of the southern part of the continent was considerably greater than in the 
previous 30 years and, for the same season, mean daily maximum temperatures in 
the interior were appreciably lower. A difference in character of the annual variation 
of atmospheric pressure between these periods also suggests a shift of mean position of 
the subtropical high pressure belt. 

It is tentatively concluded that, contemporaneous with the increased meridional 
interchange which has taken place over large parts of the northern hemisphere, a 
similar increase has occurred in the Australian region. 


I. INTRODUCTION 


The climate of large regions of the Earth has been subject to wide variation 
over long periods of time as has been amply shown by many lines of geological 
and palaeobotanical evidence. From these studies it seems that fluctuations 
of greatly varying intensity and time scale have occurred, ranging probably 
all the way from the ice age glaciations and interglacial epochs at one extreme 
to the year to year variations at the other. Although many theories have been 
advanced to explain these phenomena (see Brooks (1949) for a discussion and 
bibliography), none has yet achieved general acceptance and consequently much 
attention is being given to the lengthening series of instrumental observations 
in the hope that detailed study of such changes as have occurred in this period 
may eventually lead to an understanding of the causation of climatic variation. 
As yet the main emphasis is on establishing the extent of climatic change in the 
instrumental period and the relation of changes in any one region to those 
elsewhere. 

Convincing evidence of an appreciable climatic trend in recent decades over 
much of the northern hemisphere has been put forward, and Ahlmann (1948) 
has reviewed much of this material together with the results of glaciological 
studies which have demonstrated a notable retreat and thinning of glaciers in 
many areas, trends which have in most cases accelerated since about the beginning 
of the century. The climatological evidence points to an increasing transport 
of heat into high latitudes by the general circulation of the atmosphere during 
this period, with an appreciable increase particularly in the mean winter 
temperatures over large areas mainly in high latitudes. A possible reversal 
of this trend since about 1940 is not yet fully established. 


* Section of Meteorological Physics, C.S.I.R.O., Melbourne. 
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A similar study for the southern hemisphere is handicapped by lack of data 
for high latitudes and by the shorter period of instrumental observations, but, 
in view of the small amount so far published for this region, it was considered 
to be useful to make the study of Australian data presented in this paper. 

The search for climatic trends in Australia, which might have resulted from 
a change in pattern or intensity of the general circulation of the globe, was 
started with the guiding idea that such a change would probably most strongly 
affect the summer climate, as there is at this season a very strong temperature 
contrast between central Australia and the Southern Ocean. Most attention 
has therefore been given to the summer statistics and for this purpose the 
months December, January, and February comprise the summer. As will be 
explained later, it was found convenient in much of the work to examine the 
differences between 30-year mean values of various climatic elements and for 
brevity two 30-year periods are referred to as follows : 

Period 1 1881-1910, 
Period 2 1911-1940. 


II. CLIMATIC REGIME OF AUSTRALIA 

Before proceeding to the changes in climatic elements since 1880 in Australia, 
it is necessary first to sketch very briefly the main features of the Australian 
climate in relation to the general circulation of the southern hemisphere, with 
particular attention to the more populated southern part of the continent, 
as the data for the north and west are too scanty for the present purpose. 

The climate of Australia is largely influenced by the subtropical belt of 
high pressure, the axis of which moves north and south with the Sun. In winter 
the high pressure is sufficiently far north for the south of the continent to come 
intermittently under the influence of the westerlies and so have a winter 
maximum of rainfall. At this season the north is very dry ; Darwin, for example, 
with a mean annual rainfall of 60 in., receives rather less than 1 in. of this in the 
four months May to August. 

When the high pressure belt has moved south in summer much of the north 
and north-east, except far inland, receives a copious rainfall under the influence 
of tropical low pressure areas assisted by monsoonal action. Cyclonic activity 
along the east coast extends the area of mainly summer rainfall southward into 
eastern New South Wales. The continent south of the tropic then receives little 
rainfall except for the region embracing the highlands of south-east Australia ; 
low pressure troughs between the migratory anticyclones of the high pressure 
belt cause this region to have a summer rainfall of similar magnitude to that in 
winter. 


III. Air TEMPERATURE CHANGES 
Ag already mentioned, a change in advective influences due to changing 
general atmospheric circulation would be expected most clearly to influence 
Australian inland summer temperatures. Climatic comparisons are commonly 
made in terms of some broad average such as the mean monthly or mean annual 
temperature. However, factors such as wind strength, cloud amount, and 
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wetness of the soil affect minimum temperatures inversely to the maxima, so 
that changes in these elements may be taking place which are not reflected to a 
marked degree in the mean temperature. For the present purpose, where 
evidence for change in the circulation pattern is being sought, either the mean 
daily maximum or the mean daily minimum temperature would provide a more 
sensitive and revealing index. The choice between the two is to some extent 
arbitrary, but the former is on the whole preferred since the high rate of turbulent 
mixing of the lower atmosphere in the day-time should make the maxima more 
representative. 
ra 
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Fig. 1—Ten-year running averages of mean summer 
maximum temperature. 


Moving 10-year averages of mean daily maximum temperature for summer 
are shown in Figure 1 for some typical Australian inland stations. There are 
some differences in character between the graphs but all show a marked falling 
trend over much of the period with a levelling off or reversal in the last 10 or 15 
years. This suggested studying the differences of the mean values for the two 
30-year periods 1881-1910 (Period 1) and 1911-1940 (Period 2), a choice which 
also seemed appropriate in the light of the northern hemisphere trends. Table 1 
gives these differences for the inland localities in central south and south-east 
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Fig. 2.—Thirty-year means of mean monthly maximum and minimum 
temperatures at Hay and Walgett. 


TABLE 1 


DIFFERENCES BETWEEN MEAN DAILY MAXIMUM TEMPERATURES FOR THE SUMMER SEASONS OF 
1881-1910 (7) anv 1911-1940 (7',) FOR INLAND AUSTRALIAN LOCALITIES 


| 

Place Lat. Long. TT, Place Lat. Long. T,-T, 

(°S.) (°E.) (°F.) (°S.) (°E.) (2199) 

Alice Springs .. 23°6 133-6 2-3 | Hay a oe 34-5 144-9 3-1 

Walgett we 30-0 148-2 2-4 Goulburn os 34-7 149-7 0-5 

Bourke ve 30-1 146-0 2:4 Albury of 36-1 146-9 0-8 

Narrabri me 30°3 149-8 3:0 Echuca we 36-1 144-8 1:6 

Coonabarabran | 31-3 | 149-3 2-9 | Cooma -. | 36-2 9) 149-1 4:7 

Dubbo .. at 32-3 148-6 2-3 Bendigo Ba 36:8 144°3 3°6 

Bathurst ue 33:4 149-6 2-1 Omeo. . os 37-1 147-6 3°0 
ee SS ee ee |e 
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Australia which have sufficiently complete temperature records extending back 
to 1881. 

All these localities show lower mean summer maximum temperatures in 
Period 2 and the average fall of 2-5 °F. is comparable in magnitude to the 
Simultaneous changes in winter temperature in north-west Europe. The good 
consistency of the changes suggests the cause to be mainly climatic rather than 
changing observational technique or exposure. 

Changes in the mean maximum temperature at other times of year and in 
minimum temperatures at all seasons are smaller,* as may be seen from Figure 2 
in which the 30-year averages of monthly mean values are shown for Hay and 
Walgett. As a result the annual mean temperature at these places has not 
changed very appreciably, the decrease from the first to the second period being 
only 0-7 °F. at Hay, 0-4 °F. at Walgett, and 0-6 °F. at Alice Springs. This 
result shows how little informative annual mean temperatures may be. Hanzlik 
(1931) has remarked on the importance of studying circulation patterns by 
seasonal rather than annual means. The present results suggest that, in studying 
temperature, it may often be necessary to go a stage further and take the maxima 
and minima separately, as combining the two in mean temperatures may obscure 
significant features, particularly in climates where clear skies predominate. 


IV. PRECIPITATION CHANGES 

Rainfall data for south and south-east Australia were examined for evidence 
consistent with the trend in summer maximum temperatures. Too few records 
back to 1880 are available for the rest of the continent. Some rather remarkable 
increases in summer rainfall in the second 30-year period over that in the first 
period are displayed in Figure 3. It is also notable that the figures for the 
different localities, with but few exceptions, vary systematically over the region 
so that rough isopleths can be drawn with some confidence. The zero isopleth 
is almost coincident with the dividing line between two different rainfall régimes. 
The region to the north-east receives much of its rain under the influence of east 
coast cyclones but the summer rainfall in the southern area is largely associated 
with troughs of low pressure (meridional fronts) travelling from west to east 
between the migratory anticyclones and often being greatly intensified by the 
temperature contrast between the continent and the ocean. 

That the increased summer rainfall in the south of the continent is not due 
to one or two exceptionally wet summers in Period 2 is shown by the frequencies 
of summer rainfalls given in Table 2 for the region around Adelaide, the rainfalls 
at Adelaide, Georgetown, Kapunda, and Cape Borda having been meaned for 
this purpose. 

On examining the summer months individually it was found, for the whole 
area for which the summer rainfall in the second period exceeded that in the 
first by 20 per cent. or more, that the increase was greatest for February, 
averaging about 70 per cent., moderately large for December, 30 per cent., 
and negligible for January. 


* Nearly all the places given in Table 1 do show a rise from Period 1 to Period 2 in mean 
winter minima, the range being from —0:3 to +2-4 °F., with an average of +0:9° F. 


214 Hh DEACON 


Winter precipitation (June, July, August) has changed less markedly than 
that of the summer between the two 30-year periods but Figure 4 shows Period 2 
to have been drier over much of the area, particularly in the interior of South 
Australia. 


30 °S. 


40 °Ss. 
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Fig. 3.—Percentage increase in summer rainfall between 1881-1910 and 
1911-1940 periods. 


In South Australia and western Victoria the average rainfall increases 
almost linearly with time during.the months March to June which mark the 
transition from the summer minimum to the winter maximum. In Period 2 
this increase has lagged behind that in Period 1 by about a fortnight. This 


TABLE 2 


SUMMER RAINFALL FREQUENCIES FOR REGION AROUND ADELAIDE 


| Number of Summers in 
Rainfall | 
(in. ) | 
| 1881-1910 1911-1940 
a | 2 1 
1-1:99 15 | 8 
2-3 7 | 10 
3 6 | Ta 


tendency is apparent in the graphs given by Cornish (1936) in his study of the 
incidence and duration of the winter rains at Adelaide. 

As a result of the opposite sense of the summer and winter rainfall trends 
for the south of the continent, the mean annual rainfalls have changed but little 
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between the two periods. In South Australia the changes are negligible. In 
Victoria the second period has averaged a little wetter, some 7 per cent. in the 
central district (mean of 9 stations) but elsewhere the increases are only about 
2 or 3 per cent. 


V. BAROMETRIC PRESSURE CHANGES 
Atmospheric pressure data show interesting differences between the means 
of the two 30-year periods, as will be seen from the graphs for Adelaide and 
Sydney shown in Figure 5. During Period 1 at both places there is a definite 
secondary pressure minimum in June which is absent in Period 2. The annual 
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Fig. 4.—Percentage increase in winter rainfall between 1881-1910 and 
1911-1940 periods. 


oscillation in latitude of the high pressure belt was evidently such that its axis 
was appreciably to the north of Adelaide (35 °S.) and Sydney (34 °S.) in June 
during the first period, whereas these places mark approximately its most 
northerly average position in the second period. 

The data for Wellington, N.Z., exhibit a similar effect but, owing to the 
higher latitude, the secondary minimum in winter was present in both periods. 
It was, however, considerably more pronounced in the first period than in the 
second. 

This comparison of the form of the annual pressure variation has the 
advantage of avoiding a comparison between absolute pressure values for the 
two periods; such comparisons may frequently be doubtful owing to imper- 
fections in the instrumental techniques of the earlier period. When, however, 
it is the change in pressure from one month to another that is compared between 
periods, then changing technique can be expected to have only a negligible 
influence. 
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Making the assumption that the difference in form between the graphs of 
Figure 5 was caused by displacement of the high pressure belt and not by a 
change in the form of its meridional profile, it was estimated that the southward 
displacement in the mean northerly limiting position of the high pressure axis 
was some 3° of latitude or 200 miles between the two periods. 


1020 


30-1 


30-0 


PRESSURE (IN.) 
PRESSURE (MB.) 


ADELAIDE 


1881-1910 
29-9 1911-1940 


1010 


29-8 
1020 


30-1 


30-0 


PRESSURE (IN.) 
PRESSURE (MB.) 


SYDNEY 


—— 1881-1910 
29:9 ===) 1911-1940 


1010 


29-8 


JAN. MAR. MAY JULY SEPT. NOV. JAN. MAR. 


Fig. 5.—Comparison of 30-year means of annual pressure 
cycle at Adelaide and Sydney. 


VI. DIScUSSION 


As evidence has been found above for an appreciable climatic change in the 
Australian region contemporaneous with the notable amelioration of climate in 
higher latitudes of the northern hemisphere, it is desirable to discuss the present 
work in relation to the main findings as to the type of change in the northern 
hemisphere. Until recently it was far from clear whether the rising winter 
temperatures in north-west Europe and elsewhere were a consequence of increased 
activity of the zonal westerly winds or whether increased meridional transport 
usually associated with a more broken and less intense zonal circulation, an 
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responsible. Pettersen (1949) has, however, made use of the northern hemisphere 
charts of the Historical Weather Map Series of the U.S. Weather Bureau to 
investigate more thoroughly the changing pattern of zonal motion and meridional 
interchange for the North Atlantic region in the period 1899-1939. He concluded 
that it was not possible to ascribe the increased temperatures in high latitudes to 
a speeding-up of the general westerly winds in middle and high latitudes and 
found the most systematic and pronounced change in the general circulation to 
consist in “‘ a vast intensification of the rate of total transport between the cold 
arctic source and middle latitudes, and a much smaller intensification of the total 
exchange across subtropical latitudes ”’. 


The increased summer rainfall in South Australia and Victoria in 1911-1940 
as compared with 1881-1910 is most probably a result of increased activity in 
the troughs between the migratory anticyclones and it points to an increase in 
meridional interchange, which, together with the resultant increase in cloud 
amount, would account for the decreased inland maximum temperatures at this 
season. If this interpretation is correct then it suggests that, in these southern 
latitudes, the climatic trend was of a similar basic nature to that in the North 
Atlantic region. Unfortunately, it is impossible to obtain much information 
of occurrences in higher southern latitudes owing to lack of observations but it 
may be noted, however, that Willett et al. (1949, p. 49) find some evidence 
(presumably based, almost entirely, on observations in the South American 
sector) that during 1910-1934 the mean spring pressure at 50-60 °S. was dis- 
tinctly lower than in the period 1873-1909, and this suggests some change in 
pattern or intensity of the westerlies. 


The Australian pressure data suggest that the high pressure belt did not 
move so far north in Period 2 as in Period 1. Some evidence that pressure 
changes at about 35 °S. in the neighbourhood of South Africa, South America, 
and Australia were similar in some respects is afforded by a pressure change chart 
given by Lysgaard (1950) who used the same two periods as in the present work. 
His chart for January shows that in the second period, as compared with the 
first, pressures at 30-35 °S. have fallen on the eastward side of each of the three 
land masses and risen or remained steady on the westward side, so that in all 
three cases there has been an increase in the mean southerly geostrophic wind 
component at this time of year. 


The differences in 30-year mean pressure gradients between Adelaide and 
Sydney were examined to obtain more information on this point. There was 
no appreciable change in the winter months but for the summer half-year 
(November to April) there was an increase in the mean southerly geostrophic 
wind component from 0-5 m./sec. in the first period to 1-0 m./sec. in the second, 
which lends a little support to increased meridional interchange in the second 
period as compared with the first. 

As the subtropical high pressure belts are stronger heat sources than the 
equatorial belt, it seems that increase in meridional heat transfer is compatible 
with the rising trend of temperatures in Indonesia which have been studied by 
de Boer and EBuwe (1949) and Schmidt-ten Hoopen and Schmidt (1951). 
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VII. CHANGES SINCE 1940 

The data for the decade 1941-1950 (referred to hereafter as the last decade) 
were examined to see whether or not the trend displayed by the earlier observa- 
tions continued. 

The changes in summer rainfall from Period 2 to the last decade have 
followed a mainly similar pattern to that of Figure 3 and, over the large area in 
that figure enclosed by the 20 per cent. isopleth, the rainfall of the last decade 
has averaged about 20 per cent. greater than in Period 2. Around Adelaide 
(4 stations) the mean increase was 19 per cent., while in western Victoria it was 
22 per cent. (12 stations). Over this region, therefore, the last decade had an 
average summer rainfall nearly 50 per cent. greater than in the period 1881-1910. 

The mean summer maximum temperatures at the places in Table 1 were 
mainly lower in the last decade than in Period 2, with the exception of the 
more easterly stations Bathurst, Goulburn, and Cooma, which showed rises of 
0-3, 1-5, and 1-3 °F. respectively. The average change at the other 11 stations 
was a fall of 0-74 °F., so the general indication is that the trend shown by the 
earlier data continued into the last decade over much of the area. 

The mean southerly geostrophic wind component (November to April) 
between Adelaide and Sydney was greater in the last decade as compared with 
Period 2 by 0-1 m./sec., a change in the same sense as that from Period 1 to 
Period 2. 

As all these differences are of a similar character to that between Periods 1 
and 2 it seems that the main trend up to 1940 was continued in the decade 
1941-1950. 
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THE SOUTHERN AURORAL ZONE AS DEFINED BY THE 
POSITION OF HOMOGENEOUS ARCS 


By F. Jacka* 
[Manuscript received December 4, 1952] 


Summary 
Observations on homogeneous ares (H.A.) made at Macquarie Island (geomagnetic 
coordinates 60-7 °S., 243:1°E.) are examined. The latitude of H.A. is found to be 
significantly dependent on the geomagnetic planetary disturbance index K » and the 
time of day. For given values of K, and time the probability distribution of latitude 
of H.A. has a sharply defined mode about 0:5° north of the mean. 


I. INTRODUCTION 

The main features of the frequency distribution of geographic position of 
auroras in the northern hemisphere are well known from the work of Fritz 
(1881) and Vestine (1944). The first comprehensive study of this distribution 
in the southern hemisphere was made by White and Geddes (1939) who found 
the zone of maximum frequency of occurrence to be roughly circular with a 
radius 18° about a point (75 °S., 129 °E.) near the magnetic axis pole. Vestine 
and Snyder (1945), from an analysis of the disturbance daily variation (Sp) 
of the Earth’s magnetic field and comparison with northern hemisphere observa- 
tions, estimated the positions of the zone of maximum frequency and other 
isochasms (lines of equal frequency of occurrence of auroras). Their estimates 
show only very rough agreement with the observed frequencies of occurrence 
of auroras up to that time (cf. Fig. 1). In all of these studies the data were 
taken from various periods in the sunspot cycle, and the auroral observations 
referred to auroras of all forms. 

In the present paper attention is confined to just one type of aurora, viz. 
homogeneous ares (H.A.) (see Atlas of Auroral Forms 1930), and the latitude 
of the southern auroral zone as defined by the most frequent position of H.A. 
on the 243 °K. geomagnetic meridian is determined by an examination of the 
records of 211 H.A. observed by Parsons and Fenton (1953) at the Australian 
National Antarctic Research Expedition Station at Macquarie Island during 
the period May 1950 to April 1951. The geographic coordinates of Macquarie 
Island are 54° 29’S., 158° 58’ E., the geomagnetic coordinates being 60-7°S., 
243-1° BE. The data used are the observers’ estimates of the elevation above 
the southern horizon of the apex of the lower border of the H.A., the fraction in 
eighths of the sky which was cloud covered, the hour (G.M.T.) during which the 
observation was made, and the value to the nearest integer of K, (geomagnetic 
planetary disturbance index) associated with the 3-hr. period including the hour 


of observation. 
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The observations on H.A. were selected for the following reasons : 

(1) The orientation and simple shape of H.A. permit of fairly accurate 
visual estimation of the elevation of the apex of the lower border which 
was in all cases approximately in the magnetic meridian plane. The 
Observers consider that errors of more than 5° in these estimates are 


rare. 


Fig. 1.—Diagram by Vestine and Snyder (1945) showing estimated percentage 

frequeney of days with occurrence of aurora on clear dark nights at high 

latitudes, southern hemisphere. Figures in Square brackets are observed 
values. 


(2) H.A. appear to be due to a quiet discharge (as distinct from a constricted 
discharge which May remain fixed in the atmosphere for long periods). 
This has also been suggested by Alfvén (1950) who considers H.A. to 
define the position of the “ A curve” of his theory. 
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The latitude departures L°, measured positive to south (see Fig. 2), of the 
H.A. from Macquarie Island were calculated from the relation 
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Fig. 2.—L is the latitude departure of the H.A. from the 
observer at Macquarie Island. 


where a=elevation of H.A., R=radius of the Earth (6-36 x10 km.), h=height 
of the lower border of H.A., taken as 105 km. (near the most frequent value 
found in the northern hemisphere (cf. Harang 1951)). 
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Fig. 3.—Observed frequency of H.A. in 10° intervals of elevation measured from the 
southern horizon. 


The observed frequency of H.A. in 10° intervals of elevation is shown as a 
function of elevation in Figure 3. In Figure 4 (a) the relative frequency of 
H.A. per degree of latitude is shown as a function of L. This curve clearly 
shows two maxima, one at L~1° and one at L=0°. The possibility has been 
considered that the decrease in relative frequency south of [=1° may be due to 
the effect of cloud obscuring the sky at low elevations. The unimportance of 
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cloud effects is, however, clearly demonstrated by the similarity of Figures 4 (b) 
and 4 (c), which were derived from observations made at times when the cloud 
cover was 0/8 or 1/8 and >2/8 respectively. 


If. LatiruDE oF H.A. AND GEOMAGNETIC DISTURBANCE 

Several workers in the northern hemisphere have shown that the auroral 
zone expands with increase in geomagnetic activity. Among them Rostad 
(1935) found a roughly linear relation between auroral zone radius and magnitude 
of the perturbing magnetic vector at Potsdam and Rude Skov. Nagata (1950), 
from an examination of magnetic records of a number of stations at different 
times during one magnetic storm, found the mean radius of the auroral zone, as 
defined by the line of maximum geomagnetic north component of the D,, field 
AYX,,, to increase during the development of the storm and to be related to the 
mean equatorial AXY,,. This relation was interpreted using Stérmer’s auroral 
theory and found consistent with the view that increase in auroral zone radius 
is due to modification of the Earth’s field associated with the development of an 
equatorial ring current of radius about 20 Earth radii. The solar particle 
stream was assumed to consist of Cat ions moving with velocity 1000 km./sec., 
the particle trajectories being determined by the magnetic field of the Earth. 

According to Martyn’s (1951a, 19516) theory one would expect the radius 
of the outer edge of the auroral zone to increase with increase in kinetic energy 
density of the solar particle stream. Also Alfvén’s (1950) theory indicates an 
increase in mean radius of his ‘‘ A curve ”’ with increase in velocity of the stream. 

The geomagnetic planetary disturbance index K, was devised to measure 
the intensity of the solar particle stream by its geomagnetic effects (cf. Bartels 
and Veldkamp 1949 ; Bartels 1949). For this reason it was considered desirable 
to examine the relation between latitude of H.A. and K,,. 

Figure 5 shows the mean latitude of H.A. associated with each value of K,,, 
the straight line 

Eig 22 9B — COB Ky yes wile Gis we pitting (2) 
through the points being fitted to the raw data by the least squares method. One 
of the assumptions on which the validity of the least squares method is based is 
that successive errors are distributed independently of one another. When 
this condition is violated the estimates of the regression coefficients, though 
unbiased, need not have least variance and the ¢ and F tests generally used for 
making confidence statements are not valid. 

In the present case the observations were ordered chronologically and 
where several observations occurred during the same hour these were shuffled so 
that their ordering was random. The deviations from the regression equation (2) 
then show positive serial correlation significant at the 1 per cent. level. This is 
indicated by the statistic d=X(AZ)?/XZ?=1-43 being less than d,(1%)>1-52 
as given by Durbin and Watson (1951). (Z is deviation from regression, AZ’s 
are first differences of Z). Consequently the usual test of significance of the 
correlation coefficient Trp according to which in this case the value found is 
significant at the 1 per cent. level, is not valid. The deviations Z from regression 
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show, on the average, a systematic non-linear variation with time of day as 
shown in Figure 6. A regression equation linear in K, and quadratic in time ¢ 
was therefore fitted, the equation found being 
L,=2+72—0-72K, +0-06(¢—12-5) +0-104(t—12-5)?. ....(3) 

The value used for ¢ is the mid-point of the hour (G.M.T.) of observation. In 
this case, too, the deviations from regression show positive serial correlation 
significant at the 1 per cent. level; d=1-52<d,(1%)~1:60. An examination 
of the values of AZ shows that in a number of places several small values follow 
one another, these being associated mainly with the occurrence of several 
observations during the same hour. 


MEAN LATITUDE OF H.-A, 


Kp 


Fig. 5.—Dependence of latitude of H.A. on K,. (The figures 
near the points indicate the number of observations used in 
computing the point.) 


For this reason a regression equation linear in K, and quadratic in ¢ was 
fitted, taking as dependent variable the mean latitude L’ of all H.A. observed 
during the same hour. Cases where several observations were made during the 
same hour are mainly those where several H.A. occurred simultaneously. The 
observations were again ordered chronologically. The regression equation. 
obtained is 

DL’; =2°98—0-79K,+0-06(t—12-5)+0-11(t—12-5)?. .. (4a) 
The deviations from regression in this case show no serial correlation significant 


at the 5 per cent. level ; d=1-781 >dy~1-780. Equation (4a) may be rewritten 
in the form 


L’,=2-97 —(0-79 +.0-20)K, +(0-11 0-05) [t (12-2 +0-8)]2, 


in which the limits shown are the 95 per cent. fiducial limits. 


All of the above statistical tests involve the assumption that the errors 
(departures from regression in the population) are normally distributed with 
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constant variance. An examination of the frequency distribution of L—L', 
(Fig. 7) suggests that this is not so in the present case ; however, this is not 
likely to affect the conclusions here. 

The quadratic form of equation (4) was chosen purely on the grounds of 
simplicity to fit the data which cover the range K,=0 to 7,t=7-5 hr. to 17-5 hr. 
G.M.T.; it is not inconsistent with the view that the auroral zone is a closed 
curve, as is required by Alfvén’s and Martyn’s theories. 

From equation (4) it can be seen that for any K p UL’, has a minimum value 
at t,;,=12-2+0°8 hr. G.M.T. which is not significantly different from mean 
magnetic midnight (12-4 hr. G.M.T.) as defined by MeNish (1936). This result 
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Fig. 6.—Nocturnal variation of deviation of observed L from equation (2). 
(The figures near the points indicate the number of values used in com- 
puting the point.) 


is in fair agreement with observations on arcs in the northern hemisphere 
summarized by Alfvén (1950). According to Alfvén’s theory, however, the 
minimum L’, should occur 6 hr. before magnetic midnight. Martyn’s theory, 
on the other hand, indicates no dependence of L’,, on time of day. 

In Figure 7 is shown the frequency distribution of deviations L —L’, of the 
observed latitudes of H.A. from the regression equation (4). The smooth curve 
estimates the probability distribution of latitude of H.A. at constant A, and ¢ ; 
but it definitely underestimates the probability at each end of the curve, especially 
for L>L’,. This is caused by the limitation in range of L over which H.A. may 
be observed from a single station. 

At this stage it may be pointed out that when several H.A. occur simul- 
taneously their latitudes are not independently distributed. This is shown 
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by the fact that the deviations of observed L from regression equation (3) show 
significant positive serial correlation while the deviations of observed L’ from 
regression equation (4) do not. 

Figure 7 shows that the auroral zone is extremely sharply defined especially 
on its northern edge where the probability of occurrence of an H.A. decreases 
from its maximum to half the maximum over a range of less than 13° of latitude. 
This result is of course not inconsistent with any of the auroral theories proposed 
by Stérmer, Alfvén, or Martyn but the general shape of the curve (Fig. 7) is 
relevant to considerations of the accuracy of Alfvén’s and Martyn’s theories. 

According to Martyn’s theory the auroral zone is an annular ring about 6° 
wide. On the outside of this ring positive ions impinge on the upper atmosphere 
while on the inside edge electrons enter. If now we assume that both positive 
ions and electrons produce H.A. we would expect the distribution of Z at constant 


’ 
E; 


RELATIVE FREQUENCY OF VALUES L-L 
FROM EQUATION (4) 


Fig. 7.—Frequency distribution of deviations L—L’,, of observed latitudes of H.A. from 
equation (4). The dotted curve estimates the probability distribution of latitude of 
H.A. at constant K, and time of day. 


K, and t to be rectangular with a width of about 6° or bimodal with the modes 
separated about 6°. Figure 7 is not consistent with either case. The presence 
of the H@ line in the spectrum of H.A. (see, for example, Dahlstrom and Hunten 
1951) demonstrates that protons do occur in the streams of particles producing 
this phenomenon. If, then, we assume that electrons do not produce H.A. 
we may identify the line of maximum frequency of occurrence of H.A. with the 
outer edge of Martyn’s auroral zone. 7. 

According to Alfvén’s theory the auroral zone has a well-defined outer edge 
only, the day side being produced by positive ions, the night side by electrons. 
The results of this work, then, are consistent with Alfvén’s theory only if electron 
streams do produce H.A, 

Vestine (1944) estimated the probability distribution of latitude of the aurora 
in the northern hemisphere. His result is shown in Figure 8. The extreme 
difference between this curve and Figure 7 is largely explained by the following 
features of the data used by Vestine : j 

(1) Since the ordinate represents the probability that the aurora will be 

within “‘ seeing range’ from a given point the latitude resolution is 
about 10-12°. 
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(2) The curve is derived from observations associated with various values 
of K, and ¢. 


(3) The observations used refer to auroras of all forms while the probability 
distribution may be different for different forms. This is certainly the 
case at Macquarie Island where pulsating and flaming auroras occur 
almost invariably north of all H.A. visible. 
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Fig. 8.—Estimated average auroral percentage frequency on clear dark nights, meridian 
290 °E. ; adjusted to circular zone of maximum auroral display in geomagnetic latitude 
69 °N. (after Vestine 1944). 


(4) Vestine assumes the mean auroral zone (Alfvén’s “ M curve ”) to be 
circular with its centre on the magnetic axis pole. Owing to the local 
irregularities of the Earth’s magnetic field this is unlikely to be an 
accurate assumption. 

From an examination of the distribution given in Figure 7 it can be seen 
that the most probable latitude L,, of an H.A. is about 0-5° less than the expected 
value L’ , given by equation (4). The equation 

Ly=2-47—0-79K,+0-11(¢—12-2)? ...... ee en he) 
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then predicts the most probable position of an H.A. given that an H.A. occurs. 
The frequency distribution of L,, (calculated from values of K, and ¢) is given 
in Figure 4 (d). This clearly shows the main features of the observed distribution 
(Fig. 4 (a)). 

Summarizing then: the expected value of the mean latitude L’ of all H.A. 
visible from Macquarie Island at the one time is given by equation (4), while the 
latitude of the southern auroral zone as defined by the line of most frequent 
occurrence of H.A. is given on the 243 °E. geomagnetic meridian by equation (5). 
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Summary 

The radar echoes received from rain during systematic observations carried out 
from January 1950 to January 1951 at the Radiophysics Laboratory, Sydney, N.S.W., 
are illustrated and described. Examples of echoes from melting and upper bands. 
non-freezing and frontal showers, thunderstorms, and echo masses are shown by vertical 
cross sections of the atmosphere through the point of observation. 

Correlation between the rain echo and the prevailing weather situation shows 
that the melting-band rain, which over this period was responsible for most of the 
rainfall, is usually associated with low pressure, whereas non-freezing showers are 
shown to be more frequently associated with high pressure. 


I. INTRODUCTION 


It has been well established that various forms of precipitation give rise 
to radar echoes. Ryde (1947) and others have given a theoretical derivation 
of the intensity of signal received from the scattering of radio energy by raindrops, 
ice crystals, and snowflakes. It is shown that the reflected radio power received 
at the radar set is a function of the constants of the equipment and the range to 
the raindrops and is proportional to the summation XN D°, where WN is the number 
of drops, of diameter D, per unit volume, the summation being taken over the 
whole range of the drop sizes. 

The sixth-power law which determines the echo intensity has the effect 
that, with the wavelength and equipment used, radar echoes are only received 
from actual precipitation, and that no echoes are received from masses of cloud 
droplets even at minimum range. It is this feature which enables radar tech- 
niques to be used with advantage in the study of rain physics. 

Although illustrations and explanations of the most noticeable characteristics 
of rain echoes have already been given by Jones (1950) and others, a number 
of important features seen during systematic observations in this locality do 
not appear to have received attention. The purpose of this paper is therefore 
to illustrate, classify, and describe the various rain echoes received during 
observations carried out from January 1950 to January 1951 at the Radio- 
physics Laboratory, Sydney, N.S.W., and to outline an attempt to correlate the 
rain echoes with the weather situation prevailing at that time. 

With few exceptions, radar observations were carried out whenever pre- 
cipitation appeared likely between 0900 and 1800 hours each day throughout 
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the period, rain echoes being recorded on 74 separate days. The rainfall on these 
days appears to give a fair sampling of the types of rain experienced over the 
period in this locality. 


II. EQUIPMENT AND WEATHER INFORMATION 


The equipment consists of a search radar, type SCR717B, operating with a 
wavelength of 9:1 cm. The peak power of the radar transmitter is approxi- 
mately 40 kW. and the pulse duration 1:25 usec. The antenna system, a 
dipole-fed paraboloid, is arranged to rotate about a horizontal axis at 30 r.p.m. 
in such a manner that the 10° radar beam scans a path from horizon to horizon 
through the zenith. This results in a representation on the cathode-ray display 
tube of a vertical cross section through the atmosphere about the point of 
observation. This type of display has an advantage over the conventional 
Range Height Tube (R.H.T.) presentation, since the range and height are 
maintained in true proportion, and a better interpretation of the rain echoes 
immediately above the point of observation is possible. 

The sensitivity of the radar equipment is such that a precipitation rate of 
0-02 in./hr., assuming the rainstorm completely fills the radar beam and has a 
size distribution as given by Laws and Parsons (1943), will just be detected at 
a range of 10,000 ft. Likewise, drops all of 1 mm. diameter would just be 
detected at this range if their density were 100 drops/m.?. Because of the double 
divergence of radio energy when using radar techniques, the intensity of the 
received echo decreases rapidly with increase in range and causes even widespread 
rain to appear, on the radar display, as of limited horizontal extent centred 
about the point of observation. 

Facilities are provided for taking 35 mm. photographs of the cathode-ray 
display tubes every second, fifth, or tenth antenna revolution, and such photo- 
graphs are used to illustrate this paper. The bottom edge of each photograph 
corresponds to ground level; the radar is located at about the centre. Small 
echoes, shown in some photographs as rising from the ground level in the form 
of small ares of circles, are from nearby buildings and should not be confused 
with the rain echoes. The range markers visible on some photographs indicate, 
as usual, distance from the point of observation, which, in this type of display, 
corresponds to height above site level when the beam is pointing towards the 
zenith. 

Automatically recorded on the 35 mm. films, but not shown in the repro- 
ductions, are a vertical radar ‘‘ A” scope display, chronometer, date card, 
and aximuth bearing of the antenna. During observations this azimuth bearing 
or plane of rotation of the antenna is aligned with the direction of movement of 
the cloud mass from which the echoes are being received, so that the build-up 
and decay of these echoes can be seen to advantage. 

The data relating to the prevailing weather situation issued by the New 
South Wales Branch of the Commonwealth Meteorological Bureau consist of 
the surface synoptic weather map, the weather reports, and the record of the 
radiosonde sounding taken daily at the Royal Australian Air Force station, 
Rathmines, N.S.W. At the Laboratory, rainfall and rain intensity measurements 
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are made and recorded, with personal observations on the weather situation 
generally. In addition, information on cloud structure and formations and 
reports on turbulence have been received from aircraft flying in the area. 


III. TypEs oF RAIN EcuHo 


The radar echoes received from precipitation appear to fall naturally into 
three distinct groups. The first group comprises the echoes which are received 
from widespread steady rain ; the predominant feature of these is a band of high 
intensity situated just below the 0 °C. isotherm. A number of investigators 
(Ryde 1947; Austin and Bemis 1950; Hooper and Kippax 1950) have given 
explanations for this intensification, and agree that the change in phase of the 
precipitation from the solid to the liquid state and its change in vertical velocity 
are contributing factors to the phenomenon. In the literature the phenomenon 
has been called the ‘‘ bright band” or ‘“‘ melting band”; the latter term is used 
in this paper and is considered preferable as it distinguishes it from other bands 
of increased intensity which sometimes appear with this type of rain echo. 

The second group of rain echoes consists of those which develop as individual 
column-like structures. These are without doubt from rain showers and they 
are therefore broadly classified as ‘‘ shower echoes’. There are at least three 
types of shower from which radar echoes are received ; firstly, that in which the 
precipitation apparently consists wholly of water drops, as will be seen later, 
and in which the icing stage has played no part; secondly, that accompanying 
cold frontal conditions ; and finally, the thunderstorms. The echoes received 
from these showers are called non-freezing shower echoes, cold-front echoes, and 
thunderstorm echoes respectively. 

The third group consists of rain echoes which are devoid of both the column- 
like structure of the shower echoes and the intense band of the melting-band 
echoes. They appear in cross section as a mass or layer of echo extending 
from the ground to a height usually determined by either an inversion layer 
or the 0 °C. isotherm. These have been called echo masses, and can perhaps 
best be visualized by reference to appropriate illustrations. Detailed descrip- 
tions and illustrations of all three groups of rain echoes are given below. 


(a) Melting- and Upper-Band Echoes 

The melting-band echoes comprise all those in which a band of increased 
intensity appears just below the 0 °C. isotherm, as shown in Plate 1. Observa- 
tions and aircraft weather reports suggest that the rain which produces this 
type of echo is usually widespread. The radar display confirms these observa- 
tions and shows that the vertical cross section of the rain echo is free from 
marked column-like structures that would suggest strong local convection 
currents or turbulence. 

Usually the first indications of a band forming are faint echoes above the 
0 °C. isotherm, falling towards the ground. At about, or just below, the 0 °C. 
level, the echoes develop the increased intensity and band structure which is the 
characteristic feature of this formation, and which has been identified as the 
melting band. Following the development of this band, echoes appear falling 
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from the underside in the form of diffuse patches, which eventually reach ground 
level. The band persists, perhaps intermittently, for the duration of the rain 
period, which may be several days. 

The observations throughout the year agree with those of Hooper and 
Kippax (1950) that the intense band is invariably situated just below the 0 CG, 
isotherm, confirming that this is the region of transition from the solid to the 
liquid state. The 0 °C. isotherm in this area varied throughout the year from 
5000 to 16,000 ft. 

It seems clear that in this melting-band rain, the precipitation originates 
as ice at some height above the 0 °C. isotherm. That is the mechanism of rain 
formation visualized by Bergeron (1933), who has stated that in his opinion 
almost every real raindrop and all snowflakes originate around an ice crystal. 

Frequently in the presence of melting bands the echoes above the band 
extend to considerable heights. The upper echoes, as they are called, sometimes 
take the form of horizontal striations or upper bands, which can clearly be seen 
to develop and gradually fall towards the melting band. A detailed description 
of the formation of these upper bands has been given by Bowen (1951). Plate 2 
shows the formation of an upper band at a height of 8000 ft. above the melting 
band. 

Occasionally two or more upper bands can be seen simultaneously, or the 
upper echoes may take various other forms such as sloping layers, diffuse patches 
or simply a random distribution of echoes: Plate 3, Figures 1-3, shows typical 
examples of such upper echoes. Usually these echoes appear to fall gradually 
towards the melting band, their distinctive outlines becoming less obvious as 
the melting band is approached. At times, when a particularly distinct upper 
band develops, the path traversed by the echoes can be clearly followed from 
their initial development above the 0 °C. isotherm down to site level, illustrating 
very clearly the intensification of the transition region. 

Only exceptionally does the melting band show any appreciable signs of 
turbulence. On one such occasion the melting band, for several hours, was 
repeatedly seen to burst up into a very ragged formation, and then subside again 
to a normal melting-band formation. A similar effect is illustrated in Plate 4, 
Figure 1, which shows a local thunderstorm developed at the same time as a 
melting-band formation. The echoes forming part of the band were clearly 
seen to be transported from 11,500 ft. to a height of 25,000 ft., obliterating the 
melting band and producing this combined effect. 

On two occasions a lowering of the melting band was observed. These 
coincided with the passing of a cold front over the area, and in each case the 
drop in height was of the order of 1000 ft., and the time taken about 30 min. 


(b) Shower Echoes 
The thunderstorm, cold-front, and non-freezing shower echoes can be readily 
identified by their characteristic cellular column construction. Observations 
on the build-up of the shower echoes, together with reports from aircraft observa- 
tions, confirm the meteorological evidence that convection is the predominant 
factor in the development of these showers. 


“ 


RADAR OBSERVATIONS OF RAIN 233 


The rain intensities, rain echo intensities and drop size spectra (samples 
of the latter are taken from time to time by the stained filter paper technique) 
all vary considerably during the rapid build-up and decay of individual showers 
and between the different types of shower. The thunderstorms give rise to 
intense radar echoes with clear-cut edges, to rain intensities often in excess of 
2 in./hr., and to numerous drops exceeding 3 mm. in diameter. At the other 
extreme, the smaller non-freezing showers are more often only of moderate rain 
intensity (0-2 in./hr.) and have a restricted drop size spectrum with a tendency 
for the larger drops to reach a maximum size of about 1:5 mm. diameter. 

It has been well established by Bowen (1950) and Smith (1951) that non- 
freezing showers are a feature of this locality, and often a number of these can be 
seen together on the radar display tube. Plate 4, Figure 2, shows examples of 
these non-freezing showers in which the echo-producing precipitation elements 
develop wholly below the 0 °C. isotherm, presumably due to coalescence. This 
type of shower is of frequent occurrence in this locality during the warmer 
months of the year, and situations favourable for its development may last for 
several successive days. A well-marked temperature inversion below the 0 °C. 
isotherm invariably limits the maximum height reached by non-freezing showers 
to the inversion layer, as shown in Plate 4, Figure 3, where the inversion layer 
at 8000 ft. is some 5000 ft. below the 0 °C. isotherm (-++4 °C. at 8000 ft., +3 °C. 
at 9000 ft.). Aircraft observations in this area suggest that usually the atmos- 
phere above such inversions consists of clear air free from ice crystals or cloud 
layers. 

On occasions, shower echoes are seen to extend up to and beyond the 
0 °C. isotherm, and there appear to be two distinct phenomena involved. In 
some cases an obvious brightening or intensification at the top of each shower is 
clearly visible, at about or just below the 0 °C. isotherm, as shown in Plate 5, 
Figure 1, and on these occasions the melting stage is obviously part of the 
mechanism of rain formation. However, there is, generally, no visible sign of 
increased intensity which could suggest a transition from the ice stage and, as 
these showers are frequently associated with those which develop wholly below 
the 0 °C. isotherm, the observations tend to confirm the suggestion by Bowen 
(1950) and Smith (1951) that showers in which the icing stage plays no part do 
extend, in this area, up to and beyond the 0 °C. isotherm. 

An approaching cold front, distinguished visually by the characteristic 
frontal cloud formation, almost invariably gives rise to showers and shower 
echoes. Apart from the unmistakable column construction, these cold-front 
showers can be readily recognized because a number of them appear together, 
and the radar picture suggests a series of separate convection showers embedded 
in the cloud, which is usually continuous, associated with the front. Observations 
of the development of these cold-front shower echoes, and of the cloud formations 
producing them, suggest this marked convection, and, although when fully 
developed the echoes extend from well above the 0 °C. isotherm to the ground, 
no apparent melting stage is visible at any level. Typical examples of these 
cold-front showers are illustrated in Plate 5, Figure 2, and these particular 
examples clearly show the tilting effect of the lower winds on the column-like 
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structures. These frontal showers have a more rapid development, extend to 
greater heights, and are usually of greater intensity than the non-freezing 
showers, and, although individual showers may build up and decay rapidly, 
the showers as a whole may last several hours. 

The difference between the cold-front showers and the thunderstorms appears 
to be essentially one of size; in addition, the latter can develop entirely 
independently of frontal conditions as isolated convection showers or heat 
storms. The immense cumulo-nimbus cloud formation which develops before 
the appearance of the radar echoes, the peculiar squally wind which immediately 
precedes the rainfall, and copious precipitation are some of the characteristics 
of the thunderstorm. Hail occasionally fails, and thunder and lightning are 
invariably present. Precipitation elements of any size first develop at some 
height above the 0 °C. isotherm, and the echoes received from them are seen to 
extend in all directions, developing into the column- or tower-like structures 
illustrated in Plate 5, Figure 3. Plate 6 comprises a series of photographs 
showing the development of this thunderstorm echo. 

A fully developed thunderstorm echo may extend to a height corresponding 
to 35,000 ft., the maximum height of the echo being reached at about the time 
the first precipitation reaches the ground. On reaching this maximum height 
the echo commences to collapse or decay, the precipitation elements responsible 
for the echo falling out of the sky in a violent local storm covering a comparatively 
small area and lasting only a short time. 

Radar echoes from lightning flashes have been seen, as reported by Ligda 
(1950), the echo from the path of the discharge appearing as a streak of high 
intensity situated or commencing near that part of the echo which first appeared. 

As with the cold-front showers, there is no sign of a melting or transition 
stage, but this does not necessarily signify complete absence of the icing stage ; 
in fact, some observations suggest that the glaciation of the top of the cumulo- 
nimbus starts this phenomenon developing. It has been suggested that the 
extreme turbulence which is known to exist within this type of cloud formation 
may be responsible for the absence of any visible melting stage. 


(c) Echo Masses 

The broad layer-like formation of the echo masses can perhaps best be 
defined by the absence both of the column structure of the shower echo and of 
an intense melting band. As the name suggests, they consist of a solid mass or 
block of echo, limited in horizontal extent only by the sensitivity of the radar 
equipment. As with the non-freezing showers, there appear to be at least two 
distinct sets of conditions for development of echo masses, and it is by no means 
clear whether the two phenomena are related or brought about by entirely 
different mechanisms. 

In Plate 7, Figure 1, the maximum height of the echo-producing elements 
of the echo mass is shown to be that of the temperature inversion derived from 
the radiosonde sounding taken about the time of the observation (+2 °O. at 
7000 ft., +6 °C. at 8000 ft.). The 0 °C. isotherm is shown to be some 5500 ft. 
above this inversion layer. This set of conditions is clearly similar to that of 
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Fig. 1.—Multiple upper bands, July 10, 1950. 
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Fig. 2.—Upper echoes forming sloping layers, June 8, 1950. 
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Fig. 3.—Upper echoes falling into melting band, January 18, 1950, 
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Fig. 2.—Non-freezing showers extending to 0°C. isotherm, January 18, 1951. 
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Fig. 3.—Non-freezing showers limited by temperature inversion, April 14, 1950. 
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Fig. 2.—Shower echoes from cold front, March 27, 1950. 
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Fig. 3.—Thunderstorm echo, March 27, 1950. 
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the inversion-limited non-freezing showers, and it is likely that these masses 
consist wholly of water drops formed from cloud droplets by a similar coalescence 
process. Drop size measurements taken when these inversion-limited echo 
masses prevail suggest a similar spectrum to the smaller non-freezing shower 
echoes, with no particularly large drops and a tendency for the largest of those 
present to be of uniform size. 


The second type of echo mass, although it appears somewhat similar on 
the radar display tube, is not accompanied by an inversion, and the 
maximum height of the echo-producing precipitation approaches the 0 °C. 
isotherm. Although at times the top of an echo mass of this type is as clearly 
defined as with the inversion-limited type, more frequently there is a gradual 
fading of the echo intensity against height, as would be expected from its range 
alone. Plate 7, Figure 2, is an example of this type of echo mass. In exceptional 
cases patches of echoes can be seen falling into these masses from well above 
the 0 °C. isotherm, but without any obvious indication of a transition stage. 

Although the inversion-limited echo masses may persist for many hours, 
this is not the case with the other type, which more frequently appears associated 
with melting-band formations. This suggests that a melting stage might be 
involved, the size or density of the precipitation elements being such that, with 
the sensitivity of the particular radar used, no radar echo is visible. Probably 
at least two distinct processes are involved, and further evidence is necessary for 
a complete understanding of the phenomenon. 


IV. CORRELATION BETWEEN TYPE OF RAIN ECHO AND WEATHER 
SITUATION 

It seemed likely that the type of rain echo observed should depend primarily 
on the vertical stability of the air. Observation days were first classified into 
two groups according to whether the rain echoes seen indicated the presence of 
ice crystals or not. 

(i) ‘‘ Bergeron rain ’’—days when a melting band was present. 

(ii) Purely non-freezing rain—days when the echoes (showers or masses) 
did not extend up to the freezing level, or where they reached close to 
it, but without any intensification such as would be expected if ice 
particles were melting just below it. 

All other observation days were classified as complex. These included 
days when showers or thunderstorms occurred, giving echoes which reached 
above the freezing level, but without any band formation near it, and days on 
which melting bands were observed some of the time and not at others. 

Some difficulty was met in finding a criterion for the vertical stability of 
the air. The radiosonde data from Rathmines did not seem adequate, partly 
because of the displacement in space (90 miles) and in time (up to 9 hr.), and 
partly because of the difficulty of radiosonde observations during bad weather. 
Aircraft reports of turbulence were found to be too sparse and inconsistent. 
In the absence of direct observational data, it was necessary to fall back on 
synoptic criteria. In the neighbourhood of Sydney the association between 


936 G. A. DAY 


TABLE 1 


RADAR ECHOES, DEPARTURE OF PRESSURE FROM MONTHLY MEAN, AND RAINFALL DATA 


| 
| 
Departure 
e Classi- | Pressure | 24-Hr. ype assl- f -Hr. 
Date e fication}| from Mean| Rainfall || Date of ficationt| from Mean Rainfall 
Echo* for Month (in.) |] Echo* for Month (in.) 
(mb.) (mb.) 
July 
mre | B B —4:1 | 4-48 || 13 | wes | wR +4:0 | 0-36 
Feb. 41S Bp fe +7°3 
+ B B +0°6 AN VG NFS NF | +3°6 0-17 
6 |B B er, 1-60 18 | S,B CG | +1-8 
7 B, M, C —7°8 24 NFS NF +7°9 0-29 
OFS 25 | NFS | NF +7-6 | 0-33 
8 B B —6-8 0:12 26 NFS NF +4:-7 0-23 
14 M NF +1°5 0 27 NFS NF +1-1 0-64 
15 BS. C —3:2 28 AS, Ja} Cc +3:-6 
—3- -26 Au 
ee ‘ - | ica BA |B B —10-6 | 0-25 
3 B B =5:9 0°53 10 75) B +7°8 0 
6 B,CFS|C —3:9 16 NFS NF +8:-8 0-14 
# B B +2-1 0-88 21 BS C —2-9 
14 NFS NF +8:8 0-12 23 Bais: Cc +6-2 
27 fp C +5:-6 28 BS C +4:-0 
28) 1B B +2-9 0-06 Sept 
30 B B —1:6 0:10 Alp B B +6:°3 1-71 
31 B B —0:-2 0-02 12 NFS NF +1-0 0 
Apr. 13 | NFS NF +3-0 0-72 
3 B B —6-1 0:29 14 B, Cc +1-7 
4 B B | =a liloyy 0:09 NFS 
12 NFS, NF +5°+2 0-09 Oct. 
M 6 |B B —0:5 0-09 
14 NFS, NF +6:3 0-24 18 2 = ao fee 
19 eS ry ; 
30 |B C +1-1 20 | CFS C —15-9 
May 25 |B B —6-3 0-31 
OC ES C —10:0 Nov. 
M 1 B B —5:7 0 
24 1B B —8-9 3°15 3) 8, We —9-3 
June S 
of B B —5°3 2-05 10 CFS C —1]-4 
Seales, B —71 1-91 24 SBS C —2-6 
13. | NFS NF +7:-0 0:35 146 $|B B +4-4 0-60 
14 B&S|C +5:°0 17 NFS | NF +5:7 0-01 
15 Bo& SC —2:2 20 Sey Cc +2-1 
146 |B&SIC —5:1 Pale | 78} B +2°3 0-32 
19 | CFS C | +5°5 24 |B B —0-2 0-60 
20 NFS NF +6°:7 0-17 Dec. 
26 | S,B C —14:5 6 | NFS NF +0-1 0 
July 8 | CFS Cc —12-0 
3 B B —7:7 0-01 23 B B +4:-2 0-12 
LOM ES, B +2-9 2°17 30 |B B —1-7 0-27 


* B, Bergeron or band echoes ; NFS, showers not extending above freezing level ; CFS, cold- 
front showers; M, masses not extending above freezing level ; S, showers extending above 
freezing level; 7, thunderstorm, 


+ B, Bergeron or band; NF, non-freezing rain not extending above freezing level: @ 
complex (not plotted on Figures 1 and 2), 


rain and fronts is much weaker than in higher latitudes. Most of the rain 
results from convergence of apparently homogeneous air masses. An attempt 
to relate rain echo type to the air mass as determined from the trajectory of the 
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lower layers failed ; the properties of the onshore maritime streams which brought 
most of the rain varied only slightly from one rainy day to another, and no 
correlation could be found with echo type. This latter result is consistent 
with the fact that the stability of air masses in this region is influenced more by 
vertical movements associated with mass convergence and divergence than by 
advective effects. In view of this and of the known connection between stability 
and surface pressure situation, it was decided simply to classify the days of 
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Fig. 1.—Histograms of number of days with (a) ‘‘ Bergeron ” and 
(b) non-freezing rain, grouped according to the departure of the 
surface pressure from the mean for the month. 


observation on the basis of the pressure at Sydney. The mean of the 0900 and 
1500 hours (E.S.T.) pressures being readily available, this was used as the 
pressure for the day. The mean value of these pressures was found for each 
month, and the departure of the day’s pressure from this mean was found. 
The relevant data are shown in Table 1. For each date is given the type 
of echoes observed, as described in Section III above. Then follows the classi- 
fication used for the present purpose into days when the echoes showed melting 
bands (B), those when they were from non-freezing rain (NF) and the 
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undetermined or complex cases ((). In the fifth column is given the 24-hr- 
rainfall (9 a.m. to 9 a.m.) observed at Sydney Weather Bureau for days classified 
as Bor NF. For the use made of them (see Fig. 2), these rainfall measurements 
may be taken as representative of the rainfall at the Radiophysics Laboratory. 
The association between pressure departure and rain echo type is shown in 
Figure 1, which gives histograms of days of Bergeron and non-freezing rain 
grouped according to the departure of the pressure from the mean for the month. 
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Fig. 2.—Total of 24-hr. rainfalls on days when (a) *“‘ Bergeron ”’ 
and (6) non-freezing rain fell, grouped according to the departure 
of the surface pressure from the mean for the month. 


Clearly, melting bands occurred mostly when the pressure was low ; non-freezing 
rain occurred in this series only when the pressure was above the norm. The~« 
same effect is shown in Figure 2, where the total amount of rain (i.e. the sum of 

the 24-hr. rainfalls) is used instead of the number of days. Figure 2 also shows 

that the days when only non-freezing rain echoes were observed accounted for 

only a small proportion of the total rainfall occurring on the days of observation. 

The latter amounted to 53 per cent. of the entire rainfall over the period of 

observations. 


V. CONCLUSIONS 
From the observations described here it appears that it is possible to classify 
rain echoes into several distinct types. The distinction of greatest physical 
interest is that between Bergeron-type rain, with the radar echo showing a. 
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melting band just below the freezing level, and non-freezing rain where no such 
band occurs. 

Bergeron-type rain was observed predominantly with low pressure, that 
is, in unstable air; non-freezing rain with high pressure, that is, in stable air. 
It must be noted that the presence of ice crystals in a cloud does not imply that, 
in their absence, no rain would have fallen. The simplest interpretation of 
Figures 1 and 2 seems to be that, with pressure above normal, in stable air, 
cloud tends to be so limited in height that ice crystals are not formed and only 
the non-freezing rain process—the coalescence of liquid drops—can operate 
giving purely non-freezing rain. This latter process no doubt operates algo in 
deeper clouds where ice is present, but the present study gives no hint of its 
relative importance. Thus, although Figure 2 would indicate that the relative 
contribution of purely non-freezing rain to the total rainfall was small, this 
might be quite misleading as regards the real importance of ice crystals in the 
rain régime at Sydney. So far as these present observations go, it could even 
be that, if somehow ice were prevented from forming at all in clouds, little 
difference would be noticed in the total rainfall. 
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EXPLICIT MATRIX ELEMENTS FOR MULTIPOLE RADIATION 
By Bo BoTreacy* 
[Manuscript received March 10, 1953] 


Summary 


Using a simple model, a formula is given for the radiation intensity from a multipole 
of any order. This formula is extended to include polarization properties of quanta. 
As an example, a matrix element is calculated for multipole radiation of order four. 


I. INTRODUCTION 

In the theory of angular correlations, it is relatively simple to calculate 
matrix elements for transitions which involve the emission of heavy particles. 
Thus, in the case of a nucleus of total angular momentum J and component m, 
which disintegrates into two particles of spins S, and S, and relative orbital 
angular momentum JL, the lighter particle proceeding in a direction specified 
by spherical polar coordinates (9, 9) in the usual way, the matrix element 
connecting transitions to a final state of spin S=|S,+8S,]| and component 
Ms=M 5, +Mso iS Simply 

(Jm | H, | Sms)=a,,5. (LSJm | LSm,ms) . Py"t(cos 0)e—™z9 /(272)8. 
ope aera ayes (1) 


Here (LSJm|LSm,ms;) is a transformation coefficient for vector addition, in 
the notation of Condon and Shortley (1935); «,, is a complex quantity taking 
account of (unknown) orbital and spin dependence of the matrix element. 
The remaining term is Y7"z*(0, ~), a normalized spherical harmonic of order Z 
and m,=m—m,, consistent with the definition of an arbitrary phase in 
(LSJm | LSm,m,). (The symbol * denotes complex conjugate.) Contributions 
from different S and m, values must be combined incoherently using equation (1). 

It is the purpose of this note to show that formulae similar to (1) can be 
used in the calculation of matrix elements for multipole radiation, assuming 
as a model that a quantum is a ‘“ particle ”’ of intrinsic spin one, and components 
+1, 0, and —1. With this assumption the intensity of a radiation process may 
be written down immediately, and a simple extension makes it possible to 
evaluate the polarization of the radiation field. A general formula for radiation 
intensity of a multipole has been given by Ling and Falkoff (1949) (see also 
Falkoff, Colladay, and Sells 1952). In their method polarization effects do not 
appear automatically. Fierz (1949) has calculated multipole matrix elements 
for most cases of interest, while the straightforward calculation of matrix elements 
of field vectors has been carried out to multipole order 3 by French (1951), 
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using the method of Condon and Shortley (1935). The present model has the 
advantage of simplicity and of providing a formula completely explicit in its 
angular dependence. 


IJ. FORMULAE FOR MULTIPOLE RADIATION 
Consider a radiative transition of order Z from a system described by 
(J, m) to a lower state (J’, m'). Because of the nature of the electromagnetic 
interaction, we may define the matrix element of the radiation field E, (cf. 
Ling and Falkoff 1949) as 


(Jm | E, | J’m')=f(J, J’)(JLI'm’' | Jimm' —m)(Lm' —m | E, | 00) 
=f*(J', J)(J'LJm | J'Lm'm —m')(Im—m' | E, | 00), 
of ARS Sas eee (2) 
where f*(J’, J) is unspecified but independent of m and m’. In the matrix 
element (Lm—m’ | E,| 00), the order of complexity is to cos¥0, and therefore 


the model is not inconsistent in supposing that this represents the emission of a 
particle of spin one and orbital angular momentum L. The intensity of radiation 


| (Lm—m’ | B, | 00) 2=| (LI£ | E, | 00))2 
is thus given as the sum of the squares of three terms. In the notation of 
equation (1) these are 
a=(1M)\ A, | 11) =(L LEM | LM —1i)}e ve = *(0. 9), 
b=(LM | H, | 1—1)=(L1LM | LIM +1—1)a,,Yi¥%** (6, 9), 
e=(LM|H,|10) =(Z10M | 11M0)a,,VYr"*(6, 9). 
| ene ae eee eee (3) 
Using the known explicit forms of transformation coefficients given by Condon 
and Shortley (1935), we find 
| (LM | E, | 00) |@=] a [2+] 6 [2+] [2 
ay gece Sa 
ve ¢ 2L(L-+1) 
(L—M)(L+M +1) 
20(L-+1) 


2 


M 
+r A GY (0556) Be sides ans otek (4) 


| Yz™~* (8, ¢) |? 


+ | YzM+* (8, ») |? 


| (L+1) 
as given by Ling and Falkoff (1949). 

It might be objected that the model is not consistent with the fact that a 
quantum can have only two components of angular momentum about its 
direction of motion. This, however, is not necessarily true for the intrinsic 
spin of the quantum as defined here. The property of the total angular 
momentum JL, that 

(LM | E, | 00)@-.-0=0, unless M=-+1, 
is not violated by equation (4). 

In order to complete the method it is necessary to introduce polarization 

properties of the radiation field. We have found it possible to describe matrix 
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elements simply in terms of dipole field vectors. From a well-known property 
of spherical harmonics (Margenau and Murphy 1943) one may write 


Fs e-ig wal + (Jae yatit)eos 0-+e sin 0 : 
of eee ACP Sania (5) 


It is therefore consistent with equation (4) to write the matrix element for 
electric multipole radiation as 


| @ |?+] 6 [?+] ¢ [P= 


e-ig+t 


(LM | E, | amc 


8 5 ie " (<Fgert?—a7ge'? os 0 -Le sin 0} 


—ik cos 0)e-i? + | j+ik cos O)ei¢ 


=a V2 
Be i SLT ee on Sie tate ey Acs ey (6) 


Here j and k are unit vectors in the direction in increasing 0 and 9 respectively. 
Equation (6) is in agreement with the calculations of French. In it, the co- 
efficients of a, b, and c are field vectors for a magnetic dipole: for magnetic 
multipole radiation, it would be necessary to replace them by field vectors for 
an electric dipole. Otherwise, equation (6), in conjunction with equations 
(2) and (3), gives an explicit form for a radiation matrix element of order L. 

This method of separating orbital and intrinsic angular momenta is not 
unique. For instance, electric multipole radiation has been described (Bethe 
and Placzek 1937) as the emission of a particle of orbital angular momentum 
(Z—1) with intrinsic electric dipole field vector. The present system, however, 
has the advantage that the coefficients a, b, and ¢ are sufficient for calculation 
of intensity (equation (4)) and polarization patterns (equation (6)), independently 
of one another. 

As an example of the method, we shall calculate the matrix element 
(42 | E, | 00)e1 for electric multipole radiation of order 4. From equation (3), 
with L=4, M=2, we find 


a=(58) {3 sin 9 (7 cos? 6 —3 cos 0)}e-9, 


b= lear {—7 sin? 0 cos O}e—*9, 


$) 
C= fell {1/2 sin? 0 (7 cos? §—1)}e-9. 


Neglecting the common numerical factor (9/128), the coefficients of j and —ik are 


—ei9 = pues sin 6 cos 6 (7 cos? 0 —4)e'9, 
a ee 
b ’ 2 rere 
——e-ip— ——~ei § —=—— (7cos? 0—1) sin 0e-2!9 
(a ? aioe ) cos 0+e sin F; ( ; 


and equation (6) yields 


(42 | E, | 00)a=— i .4 sin 0 cos 6 (7 cos? 0 —4) —ik . 2 sin 0 (7 cos? 0 —1)}e-79, 
2 


AA 
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whence the intensity pattern is 
| (42 | E, | 00)e1 |2=2 sin? 6 (196 cos* §—175 cost 0+50 cos? 0+1), 


in agreement with that calculated from equation (4). 

It should be pointed out that the expression (Jm| E, | J’m’) introduced 
in equation (2) is only valid for ‘‘ pure ” multipole radiation of order L, defined 
such that its intensity pattern is the same as that of (LM|E,|00). This 
definition does not coincide with that given by Condon and Shortley. Thus, 
for instance, in the case of octupole radiation, the matrix elements of the quantity 
rrr (French 1951) lead partly to a dipole pattern, which has been suppressed 
(French, personal communication, 1953). This means that a dipole pattern 
could appear mixed with an octupole pattern even in the absence of “ pure ”’ 
dipole radiation, and would have the same intensity dependence on quantum 
energy as the accompanying octupole pattern. 
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THE SCATTERING OF 1 MeV ELECTRONS AND POSITRONS 
By J. A. McDONELL* 
[Manuscript received June 1, 1953] 


Summary 
Electrons and positrons of energy 1 MeV were selected by a B-ray spectrometer 
and scattered by a gold foil. The scattered particles were detected by a coincidence 
Geiger counter arrangement, using the same geometry for electrons and positrons.. 
The results show that the ratio of the fraction of electrons scattered through an angle 6) 
to the fraction of positrons scattered through 0 varies with 0, and the magnitudes of 
the ratios agree with those predicted by theory. It is also inferred that there is a 
difference between the multiple scattering of electrons and positrons under the same 
scattering conditions. 
I. INTRODUCTION 
Many investigations of the single elastic scattering of electrons have been 
carried out since Mott (1929) calculated the cross section for the process, using 
the Dirac wave equation for the electron. He showed that the probability 
that an electron will be scattered into an element of solid angle dQ at an angle 


y, to its original direction is given by 


T(y)dQ=x? . R(x) cosect sy. dQ, 
where 


3 Lew *No 
: slomaat=) M° 
Z, M, and o are the atomic number, atomic weight, and surface density in 
gem? of the scatterer, and ¢, m, and w are the charge, mass, and total energy 
in mc? units, of the electron. N is Avogadro’s number. 
x2 cosect 4y is the form of the cross section obtained from the relativistic 
Schrédinger equation, and is generally referred to as the “ relativistic Ruther- 
ford” cross section. The important function is R(y), which is dependent on 
@ (=v/c) and « (=4Z/137), and arises from the presence in the Dirac equation of 
terms which take account of the spin of the electron. For small values of «, 
values of R(y) can be calculated from the first approximation 
R(x) =1—§? sin? 4y-+7«8 sin $y . (1—sin 37). 
For larger values of «, R(x) must be calculated numerically. Bartlett and 
Watson (1940) have performed the calculation for 7=80 and energies up to 
1-7 MeV, and McKinley and Feshbach (1948), using an approximation in which 
only terms of order «? are retained, have calculated R(x) for 1, 2, and 4 MeV 
and all values of Z. In both of these calculations, the interaction between the 
electron and the nucleus is represented by an unscreened Coulomb field. 


* Physics Department, University of Melbourne. 


246 J. A. MCDONELL 


For an energy of 1 MeV, with which we will be concerned, the most reliable 
calculation using a screened atomic field is that of Gunnersen (1952) for Z=80. 
His results show that the effect of screening is probably very small. 

Massey (1942) calculated R(y) for positron scattering, his calculations being 
based on those of Bartlett and Watson, with Z changed to —Z throughout. 
He found that the values of R(y) for electrons and positrons were quite different, 
and pointed out that measurements of the ratio of electron intensity to positron 
intensity under identical scattering conditions (hereafter called the electron- 
positron ratio) would provide a much more sensitive test of the theory than 
measurements with electrons alone. Experiments of the latter type had, up 
till that time, given rather conflicting results. 

More recently, accurate measurements using accelerated beams of electrons 
have shown good agreement with theory (Van de Graaff, Buechner, and Feshbach 
1946; Buechner et al. 1947), but at the time when the present work was com- 
menced, no satisfactory measurements of the electron-positron ratio had been 
made, although cloud-chamber measurements by Fowler and Oppenheimer 
(1938) and Lasich (1948) had suggested that the ratio was of the order predicted 
by theory. Since then Lipkin (1952) has made accurate measurements of 
scattering at an angle of 58° using platinum and copper foils as scatterers and 
particles having various energies in the region of 1 MeV. The values of the 
electron-positron ratio which he obtains are generally 10 per cent. larger than 
the theoretical values. Howatson and Atkinson (1951) have observed the 
scattering of electrons and positrons by argon in a cloud chamber, and find good 
agreement with theory for the total number of scatters through angles greater 
than 20°. However, because of the small number of events involved (70 electrons 
and 66 positrons), their observations do not permit a significant estimate of the 
electron-positron ratio as a function of the scattering angle. Cusack (1952), 
in a similar experiment, but using positrons only, and nitrogen as the scatterer, 
obtained 114 scatters through angles greater than 20°. The expected number 
was 181, and he was unable to account for this discrepancy. 

The present experiment was designed to measure the electron-positron ratio 
at various angles for 1-07 MeV particles scattered in gold. This energy was 
used by Gunnersen in his calculations. 


II. APPARATUS 
(a) The Spectrometer 

A short magnetic lens ~-ray spectrometer was constructed to provide 
particles having energies within a small range. The instrument was similar 
to that of Deutsch, Elliott, and Evans (1944), and their calculations of trajectories 
were used in its design. From the description of the scattering arrangement 
which follows, it will be seen that it was desirable to focus the beam within as 
small an area as possible. Since the sources could not conveniently be deposited 
within a circle of less than { in. diameter, a magnification greater than one 
would not have been satisfactory. On the other hand, as the magnification is 
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decreased, so is the transmission of the instrument, and hence the intensity of 
the available beam. Therefore the instrument was adjusted for unit magnifica- 
tion, with the central aperture fairly wide, thereby reducing the resolution in an 
endeavour to increase the transmission. The resolution, aS’ measured by the 
width of the transmission curve at half-maximum, was 7 per cent. 


During a preliminary run, it was found that particles scattered from the 
edges of the } in. diameter exit window which ultimately defined the focused 
beam, were making a significant contribution to the measured count rates. 
This window was then machined to a diameter of 14 in., and other defining 
baffles introduced further back in the spectrometer. In this way the image of 
the source was confined almost entirely to a circle of 1 in. diameter centred on 
the axis of the spectrometer, and in a plane } in. beyond this last 14 in. diameter 
aperture. The size of the image and its location (determined by the final lining-up 
of the spectrometer) were examined by the use of the photographic film. 


(b) The Scattering Arrangement 

The arrangement of the scattering foil and the detector for the scattered 
particles is shown in Figure 1. The gold foil was prepared by plating gold on a 
thin polished copper foil, and then removing the copper with nitric acid. The 
foil was then mounted over one of two { in. diameter holes on a vane which could 
be rotated by a shaft through an O-ring seal. The other hole was left blank. 
The foil was mounted on the side of the vane furthest from the source, and the 
plane of this face contained the focused image. Thus, the beam of particles 
could be made to pass either through the centre of the scatterer or through the 
centre of the blank hole. It was found that the centering of the foil or the blank 
hole on the spectrometer axis was best achieved by installing a small light globe 
inside the vacuum system, and observing the rotation of the vane visually through 
a piece of plate glass waxed over a small hole in the centre of the end wall of the 
vacuum chamber. 

The scattered particles were detected by a counter whose axis was horizontal 
and passed through the centre of the image. This counter was mounted so that 
it could be rotated about a vertical axis, also through the centre of the image, 
the rotation being effected by an O-ring seal. A pointer rotating with the 
counter but outside the vacuum system moved across an angular scale, and 
provided a measure of 0, the angle which the counter axis made with the spectro- 
meter axis, to within +4°. 

In the design of the counter, the main consideration was reduction of the 
high background produced by the energetic y-rays from the positron source. 
It was found that these were strongly scattered in the magnet coil of the spectro- 
meter, producing a high y-ray flux in the region of the detector. This was no 
doubt increased by a certain amount of annihilation radiation from positrons 
striking the baffles in the spectrometer. 

Accordingly, a counter had to be designed having a high directional 
sensitivity. The form finally chosen is shown in Figure 2. The counter is of 
the Maze type, with a body of high conductivity soda glass, and an external 
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““ Aquadag”’ cathode. The cathode is “ split” into three sections, and the 
centre section is at the anode potential, so that a discharge at one end of the 


HORIZONTAL SECTION A <= 


VERTICAL SECTION A-A 


Fig. 1.—Scattering arrangement. 


a, Counter in brass box ; b, vane carrying gold foil ; 
c, lead shielding ; d, O-ring seals ; 


e, glass window ; f, pointer and angular scale. 


counter cannot travel to the other end. P 


ositive pulses are taken off each of the 
two outside cathode Sections, 


and coincidences between them counted. Thus a 
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single particle is counted only when it traverses practically the whole counter, 
and its path makes only a fairly small angle with the counter axis. As an 
indication of the effectiveness of this arrangement, its cosmic ray background 
with the axis horizontal was 0-5/min. The conductivity of the soda glass was 
high enough to prevent any appreciable decrease in pulse height as the count 
rate increased. To reduce further the y-ray background, the quadrant in which 
the counter rotated (Fig. 1) was lead-shielded above, below, and on the side 
nearest the magnet coil. 

The end window of the counter was made of soda glass, sealed on to the body 
with solder glass. The window was thick enough to absorb electrons of energy 
less than 0-85 MeV, this energy limit being checked using the direct beam of 
focused electrons in the spectrometer. Thus any particles scattered inelastically 
through the angles at which measurements were taken would not be detected, 
ncr would any “ stray ’’ low-energy particles such as were observed by Schulze- 
Pillot and Bothe (1950) in their spectrometer. 


-GLASS SLEEVE "“AQUADAG' CATHODE SECTIONS 


SODA GLASS WINDOW l } : 


Fig. 2.—End window directional counter. 


There is reason to expect that this absorber would affect identical beams 
of electrons and positrons rather differently. However, the relative strengths 
of the electron and positron beams incident on the scatterer were measured using 
this same counter, in the manner described below. Therefore, since the quantities 
which we measure have the form 


Fraction of incident electrons scattered through 0 
Fraction of incident positrons scattered through 0 ’ 


the presence of an absorber will not affect the results unless the energy distribu- 
tions of the scattered electrons and positrons differ as a result of their having 
traversed the gold foil. There is no reason to believe that positrons differ 
greatly from electrons in the way they lose small amounts of energy, and since 
the theory of Landau (1944) gives the most probable energy loss for electrons 
in this case as 0-6 per cent. of the initial energy, one can assume that the effect 
of any such difference in our measurements is negligible. 
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(c) Sources* 

The energy calibration of the spectrometer was obtained using the photo- 
electrons produced in Pb by the y-rays of ®Co. The energies of these y-rays 
have been accurately measured by Lind, Brown, and Du Mond (1949). 

The sources of positrons and electrons had to be chosen subject to the fairly 
severe limitations of having a spectrum with maximum energy rather greater 
than 1 MeV, and a half-life of at least several days, since all radioactive materials 
had to be imported. Of the possible electron sources, the most readily available 
was 22P (obtained from Harwell) and a 20 me source of this isotope was found to 
be quite satisfactory. A further advantage is that **P has no y-rays, and 
therefore the background count is at a minimum. For a positron source, 
however, there is no choice, as the only available positron emitter with suitable 
energy and half-life is °°Co. While this isotope has a maximum positron energy 
of 1-5 MeV and a half-life of 75 days, it has certain less desirable features from 
our point of view. 


TABLE 1 
ISOTOPES PRESENT IN A SOURCE OF RADIO-COBALT 
Isotope 58Co 5"Co 58Co 
Half-life (days) .. 75 270 75 
Decay particles B, 0-995 Bt, 0-315 B+, 0-45 
(max. energy MeV) .. Bt, 1-53 
y-Ray energies (MeV) .. 0-845 0-119 0-805 
1-26 0-131 
1-74 
2-01 
2-55 
3-25 
Production 56Re-d-2n 58He-d-n 57Re-d-n 


°®Co is produced by deuteron bombardment of Fe or Ni, or by «-particle 
bombardment of Mn, but in all cases, other cobalt isotopes are formed as well. 
The most recent investigation of these isotopes is that of Cheng, Dick, and 
Kurbatov (1952). In our case, the radio-cobalt was produced by deuteron 
bombardment of Fe}, and the main isotopes present are those shown in Table 1. 
After the conclusion of the scattering measurements, the 6- and y-spectra of the 
cobalt source were investigated. The spectra obtained were in good agreement 
with those previously reported. 

Although no published data are available, one would assume that the 
Fe-d-n reaction would be more probable than the Fe-d-2n reaction, so that a 


* All radioactive materials used in this work were obtained through the agency of the Tracer 
Elements Section, C.S.1.R.O. 


{ We are very grateful to the Department of Terrestrial Magnetism, ‘Washington, U.S.A., 
which prepared this source. 
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cobalt source of given strength would contain more ®7Co than ®6Qo. Further, 
if the strength of the source is estimated from y-ray intensity measurements, 
it is likely that the measured intensity will be largely due to the 119 keV and 
131 keV y-rays of ®"Co. It is assumed that effects such as this account for the 
fact that the number of 1 MeV electrons from 20 me of 22P was 160 times greater 
than the number of 1 MeV positrons from our 12 me source of radio-cobalt. 
(These source strengths are those quoted by Harwell and the Department of 
Terrestrial Magnetism.) 


III. EXPERIMENTAL PROCEDURE 

The surface density of the foil was measured as follows. <A piece of foil 
(about 5 cm?) from the same sample from which the scatterer was taken was 
placed on a piece of glass and illuminated from below. It was then covered by 
a piece of graph paper having millimetre divisions of good precision. The 
outline of the piece of foil was carefully traced on the graph paper and its area 
estimated by counting squares. The piece was then weighed. It was then 
divided in two and the procedure repeated for each small piece. The surface 
densities thus obtained were: for the whole piece, 9-65 mg cm-? and, for the 
two small pieces, 9-65 and 9-67 mg cm-?. On the basis of these measurements, 
the foil was taken to be sufficiently uniform, and of surface density 9-65 mg em~?. 

With the counter set at a particular angle, and the beam passing through 
the blank hole, the count rate was made up of contributions from : 


(a) cosmic radiation, 
(b) y-ray background (for the positron source only), 
(c) electrons scattered into the counter from baffles etc. in the apparatus. 


With the foil brought into position, the count rate was made up of (a) and (bd), 
together with electrons scattered by the foil, and some fraction of (c). This 
fraction was unknown, unless one could in some way determine whether the 
source of these particles lay in front of, or behind the scatterer. Thus the baffles 
were located as described above in order to reduce (c) to negligible proportions. 
Under these conditions, the count rate due to electrons scattered by the foil is 
just the difference between the rates with the foil “in” and ‘‘ out”’. 

As a check on the effectiveness of the baffle arrangement, the count rate as 
a function of 6 with the foil out was measured before the scattering measurements 
were commenced, using a *P source. Since this source emits no y-rays, all 
electrons counted in this measurement must have been in category (c). The 
result is shown in Figure 3, and indicates that satisfactory measurements of the 
particles scattered from the foil could be expected for 0>40°. The “ plateau ” 
at about 10° on the curve in Figure 3 is due to particles entering the counter 
from the direct beam of the spectrometer. The intensities of the positron and 
electron beams incident on the foil were compared by measuring the count 
rates at 0=10°, with the foil out. 

While measurements of the electron-positron ratio would not be affected 
by any variation with 6 of the effective solid angle subtended at the centre of the 
scatterer by the counter, measurements of the relative intensities at different 
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angles for electrons or positrons alone are of some interest. For such measure- 
ments, some information about this solid angle is necessary. A thin (less than 
0-1 mg em-2) “ Formvar’’ film was temporarily mounted over the blank hole 
in the vane, and a small amount of **P evaporated at its centre. This was then 
lined up on the spectrometer axis, providing a source of electrons isotropically 


COUNT RATE (ARBITRARY UNITS) 


6 


Fig. 3.—Count rate v. angle with foil out and °*P source. 


distributed in space, except for directions making small angles with the plane of ~ 
the film, where some effect due to backscattering might have been expected. 
The count rate under these conditions was constant for 96<70°. Thus the 
angular range in which scattering measurements were made was 40°<0<70°. 

For the scattering measurements using positrons, the following procedure 
was adopted. At the beginning of each day, a count was taken in the 10°, 
foil out position. This served to monitor the decay of the source, and also to 
check that the apparatus was operating correctly. Four-hour counts were then 
taken in the foil out and foil in positions for a certain angle, say 70°. On subse- 
quent days, these measurements would be made at 60°, 50°, 40°, 70°, 60°, . . ., 
and so on. Counting at the lower angles was discontinued when sufficient 
accuracy had been attained. 
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With the electron source, the count rate in the 10°, foil out position was 
initially so high that an appreciable fraction of counts was lost due to the dead 
time of the counter. The count rate in the 40°, foil in position was used instead 
to monitor the decay of the source. One-hour counts in the foil out and foil in 
positions were taken at each angle, and the angles taken in turn as previously. 
The count rate in the 10°, foil out position was taken daily, and its initial value 
calculated in the following way. 

Let R(t) be the count rate at time ¢, then 

R(t) =R(0)e(1 —R(0)e-*r), 
where 7 is the dead time of the counter and A is known from other measurements 
on the decay of the source. 


Then 
In R(t)=In R(0) —At-Hn (1 —R(0)e-+) 
~In R(0)—At —R(0)ez (since + is small), 
and 
d 
Gy In Rit) = —AlL —R(0)e™). 


Thus, by plotting In A(t) against ¢ and measuring the slope of the curve, the 
correction term R(0)e-t could be found, and hence R(0). The correction 
term was quite small, being 0-038 at t=20 days. 

The cosmic ray background was measured and found to be independent of 
angle, within the statistical errors of the measurements. 

The scattered intensities at the various angles had to be determined from 
measurements taken over about one half-life of each source. To do this, the 
decay was neglected over the period of each pair of foil out and foil in counts, 
so that for a given angle, if t; is the time at the change over from foil out to 
- foil in, we have 

#2,=the count recorded during the standard time interval at ¢; with the 

foil out, 

y;=the corresponding count with the foil in. 

Then, if p, =the mean rate due to cosmic rays, 

uy=the mean initial rate due to y-rays from the source, and 

v.,=the mean initial rate due to electrons scattered by the foil, 
vw; is Poisson distributed with mean 

Bet pye M4, 
and y; is Poisson distributed with mean 
Be +(py +H, )e Mi. 

and wu, are known, and we want to estimate wu, and the variance in our estimate 
of u,. Using a least squares method, we form the sum 


S=Z[{e;,—p,— pre} + {yi — ee (Uy +e, 
and from the equations 
| as as 
—— ei") 
Gaemee O uae’ 
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we obtain 
A X(y;—#,)e™i 


Ve De-2At; 


as our estimate of u.,, 
Lae —p De Mi 


fae 


] 


Ye-2M; 
and “ 
a, ULE (a,) +E (y,;)le7% 
var (Ue) = (Xe-2Mi)2 ‘ 
where 
E(x;)=p,+pye, 
and 


E(y;)=u,+(by+b,)e%. 

The minimum variance in the result should be obtained if one uses a 
maximum likelihood rather than a least squares technique. This was done for 
one case, but the difference was slight, and the simpler least squares method was 
used throughout. 


For the electron measurements, the standard errors, defined by 


o(f,)=[var (f.,)]*/f., 
were all less than 1 per cent., and x; and y; were used instead of H(x;) and E(y,) 
in the calculation of var (f,), in which case values of Gy were not required. 


The results of these calculations are shown in Table 2. 


IV. COMPARISON WITH THEORY 

In order to obtain usable count rates with the positron source available, the 
foil used was rather thicker than originally intended. As a result, the intensities 
of the scattered particles contained large contributions due to multiple scattering. 

The usual procedure in single scattering experiments is to make corrections 
for multiple scattering using a technique such as that of Chase and Cox (1940) 
or of Butler (1950). In our case, however, the corrections obtained in this way 
were so large that they could not be relied upon. What was required was a 
complete angular distribution, covering in particular the region of transition 
from multiple scattering at small angles to essentially single scattering at large 
angles. Further, separate distributions of this kind for electrons and positrons 
were needed. The only existing multiple scattering theory which produces 
such a complete distribution in a readily calculable form is that of Moliére 
(1948), but his theory makes no distinction between electrons and positrons. 
However, it has been shown by the experiments of Groetzinger, Humphrey, 
and Ribe (1952) and Seliger (1952) that there is a difference in the multiple 
scattering of these particles. 


Thus a technique was devised for producing the separate electron and 
positron distributions. Firstly, Moliére’s complete distribution f(y)* was 
calculated up to y=120°, taking the effective thickness of the foil to be its actual 


* Moliére (1948), equation (7:3), p. 88. 
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thickness divided by cos 11°. This angle of 11° was the mean angle that the 
incident particles made with the normal to the foil, as estimated from the 
calculated trajectories in the spectrometer. Now, for large values of y, f(y) 


TABLE 2 


EXPERIMENTAL RESULTS 


Positrons 
A A 

0 Ley le 5( the) 
(counts/4 hr) (counts/4 hr) (A) 
40° 296°6 1448 2°45 
50° 265-2 416 de 22 
60° 167-1 168-5 7:60 
70° 146-8 45°5 14-60 

Electrons 

A 

6 Ue 3 (te) 
(counts/hr) (%) 
40° 62800 0-40 
45° 39600 0°55 
50° 25800 0:63 
55° 16760 0:68 
60° 11590 0-68 
65° 7570 0-81 
Te 5150 0-72 


10°, foil out rates: 100-6/min (positrons), 15780/min (electrons). 
From these figures, we calculate R,(0)=ratio of electron intensity 
to positron intensity. 


0 R,(9) Standard Error 
(%) 

40° 1-11 2°5 

50° 1-58 5:3 

60° 1-75 7-6 

70° 2-88 14-6 


asymptotes as expected to the single scattering distribution from which it is 
generated. However, instead of the exact single scattering distribution 


I(y)=x? cosec* Fy . R(x), Sree cies s CL) 
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Moliére uses the approximate form 
Ty ex LOR ys 
For large values of y, this is a poor approximation, and the result is that, 
for electrons, f(y) lies well below the exact single scattering distribution at large 
angles, as is shown in Figure 4. 


10 


—<«— f{(X) (MOLIERE) 


~<— | (X) (ELECTRONS) 


om 


10-4 


o° 20° 40° 60° 80° 100° 120° 
ax. 
Fig. 4.—Relation between multiple and single scattering 
distributions. 


A new distribution was then formed by calculating 


PWO=LQFW LOI. 

The implication here is that the ratio f(y)/I'(y) is regarded as giving the relation 
between the single scattering distribution and the multiple scattering distribution 
resulting from it. 

Next, the function 

Y=) -F(Q)] . 27 sin x 

was calculated. 

Now our function f’(y) is un-normalized. Since f’(y) is very small indeed 
for angles greater than 120°, we can normalize it by multiplying by 1 /k’, where 


: 21/3 
k= f'(x) . 27 sin ydy. 
0 
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However, we know what values our final distribution should take for 
angles near 120°, because at these angles we find that the Chase and Cox correction 
for multiple scattering* is less than 15 per cent. and therefore can be taken as 
giving fairly accurately the corrections to be applied to I (x). Denoting the 
Chase and Cox correction by [1+C(x)], we now have to modify slightly our 
function f’(x), so that it becomes f,(y), with 


; f, (120°) =I (120°)[1-+0 (120°)], 


where 
270/38 
k= F,(x) - 27 sin yd. 
0 


FW=faX)+y(y)/2% sin x, 
and so the modification can be made by replacing y(x) by a new function y,(y), 
such that 


We can write 


fiAW=fA(X) +Yn(X)/27 sin x, 
where 


120° 120°)/27 sin 120° 
J FY, (120°) a =I (120%[1-+0 (120°)]. ... (2) 


F(x) . 27 sin ydy +[""9 y)dy 


0 


A slightly different technique for choosing y,(y) was adopted for the cases 
of electrons and of positrons. In the electron case, y(y) was found to be well 
fitted throughout the range by a function of the form 


y (x) =a(1 —e-x")e-%. 


Then the parameters a, b, and c were varied by trial until condition (2) was 
satisfied. For the positron case, it was found that plotting log y(y) against x 
gave practically a straight line from y=60° onwards. Suitable values of w,(x) 
were obtained by replacing this straight section by the tangent to the curve at an 
angle slightly less than 60°. 

The whole calculation was designed to produce distribution curves which 
only differed slightly from the general form of the Moliére distribution, and the 
final normalized distributions are shown in Figures 5 (a) and 5 (b). 

The justification for the somewhat arbitrary procedure adopted is that the 
resultant distributions have the following features : 

(1) In the multiple scattering region, they have very much the same form 
as that of Moliére, and in fact differ from the latter by 10 per cent. or less for 
angles up to 35°. This similarity in form is regarded as desirable, in view of the 
recent measurements of Hanson et al. (1951), who obtain good agreement with 


* The second order correction 
9 11 1 
Al(x) =e (cosec? $x Ad) +e fe cosec4 $y — — cosec? $y 12) 
I(x) 16 24 24 
has been used here. This expression was derived by Lipkin (1950), but with some numerical 
errors in the coefficients. 
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Moliare’s distribution for a case in which the mean angle of the distribution is 
of the order of 3°, ie. the approximate single scattering cross section can be 
regarded as valid. 


5) 
CcC> 
A> 
B> 
sai 
We 
(Kem 
o° 20° 40° 60° 80° 100° Tee? Xe}? 10° 20° 30° 40° 50° 60° 
(a) “ (b) “ 


Fig. 5.—Normalized complete angular distributions shown on logarithmic (a) and linear 
scales (b). Curve A, original Molicre distribution, f(y); curve B, (1/k)f,(y) for electrons ; 
curve C, (1/k)f,(y) for positrons. 


(2) At large angles, the distributions take the values predicted by the 
accurate single scattering theory, corrected for the effect of multiple scattering. 
It is shown in Table 3 that, while the distributions were obtained by forcing a 
fit at 120°, the agreement is good over a considerable angular range. 


TABLE 3 
COMPARISON OF VALUES OF THE CORRECTED SINGLE SCATTERING DISTRIBUTIONS WITH THE VALUES 
OF OUR FINAL DISTRIBUTIONS 
Electrons Positrons 
Xs 
{| 1 
ifn) T(y)(1+0(y)] zinl%) I(yx)[1+C(x)] 
90° 0-00466 0-00465 0-001090 0-001083 
100° 0-00299 0-00296 0- 000670 0-000663 
110° 0-00199 0:00196 0:000440 0-000440 
120° 0-00134 0:00134 0:000300 0-000300 


SCATTERING OF 1 Mey ELECTRONS AND POSITRONS 259 


(3) The mean angles of the distributions are 22-9° for electrons and 19-0° 
for positrons, a difference which is consistent with the experimental results 
which compare the multiple scattering of electrons and positrons. Groetzinger, 
Humphrey, and Ribe (1952) report an r.m.s. angle for positrons 10 per cent. 
less than that for electrons scattered in nitrogen. Lasich (1948) obtained a 
smaller mean angle for positrons than for electrons with gold as the scatterer, 
although his results are hardly significant in this respect. 


R (0) 
\\ 
FOo4 
\ 
\ 
\ 
\ 
te, 


— O— THEORETICAL VALUES, Rr (6) 


t EXPERIMENTAL VALUES, Re (8), 
SHOWING STANDARD ERRORS 


° ° ° ° 


50 60 70 


40 


Fig. 6.—Values of the electron-positron ratio. 


Finally, to calculate the expected scattered intensities in our apparatus, 
the incident beam was regarded as being uniformly distributed round the surface 
of a cone of half-angle «, in which case, the fraction of the beam scattered into 
an element of solid angle dQ at an angle 6 in the apparatus is 

dQ (271 
P(0)dQ= 5 , pinnae, 
where cos y=cos « cos 6+sin « sin 0 cos 9. . 
All the integrations in the above work were, of course, carried out numerically. 


For comparison with the experimental results, we calculate 
R,(8)=P(0)-/P(0)*, 
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the superscripts referring to electrons and positrons. These are compared 
with the values R,(0) from Table 2, in Figure 6. 

Also the ratios 9(8)=f2,(0)/P(9) were calculated for electrons and positrons, 
and these are shown in Figure 6. 


pe(0)/P (8) 


4 ELECTRONS re) POSITRONS 


Fig. 7.—Ratios of experimental and theoretical intensities. The ratios have been 
multiplied by the appropriate factors to reduce the 70° value to unity in each case. 


V. DISCUSSION 

The experimental results clearly establish a variation of the electron-positron 
ratio with the angle of scattering. Whether or not the measured values of the 
ratio can be said to agree with the theoretical values, depends on how much 
reliance can be placed on the calculations outlined in SectionITV. From Figure 7 
one deduces that, over this angular range, our method of calculation may ver 
produced incorrect predicted intensities. However, since the errors introduced 
are, within the limits of experimental error, the same fraction of the intensity 
for both electrons and positrons at any angle, the electron-positron ratios as 
calculated will be unaltered by such errors. 
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If we take this to be the case, and it seems reasonable to do so, then our 
experimental values of the electron-positron ratio agree well with theory, and 
confirm Gunnersen’s (1952) calculation which predicts no Significant effect 
on the cross section due to the screening of the nucleus. 


Also, since the mean angles of the complete angular distributions are 
approximately 20°, the existence of an electron-positron ratio for angles of the 
order of twice the mean leads to the conclusion that electrons and positrons 
must have different multiple scattering distributions. This is not predicted by 
any of the existing theories of multiple scattering. 
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THE DISTRIBUTION OF RADIO BRIGHTNESS OVER THE SOLAR 
DISK AT A WAVELENGTH OF 21 CENTIMETRES 


Il. THE QUIET SUN—ONE-DIMENSIONAL OBSERVATIONS 
By W. N. CHRISTIANSEN* and J. A. WARBURTON* 
[Manuscript received May 11, 1953] 


Summary 

Daily records of one-dimensional distribution of radio brightness over the Sun 
are obtained in the way described in Part I of this series (Christiansen and Warburton 
1953). When superimposed, these records show a well-marked lower envelope which 
remains substantially the same, in shape and size, over a period of months. This 
envelope gives the brightness distribution over the “ quiet’ Sun. The direction of 
scan, with respect to the position of the solar axis, changes during a year by more 
than 50°. The very small change in shape of the envelope during this period suggests 
that for purposes of preliminary calculation the brightness distribution may be assumed 
to be circularly symmetrical. The radial distribution of brightness, calculated on this 
basis, is found to show marked limb-brightening and to be consistent with the calculated 
brightness distribution for a simple solar model in which the assumed values of temper- 
ature and density are close to those commonly accepted. 


I. INTRODUCTION ; 

The Sun is known to show limb-darkening when viewed optically. This is 
attributed to the negative temperature gradient outwards in the photosphere. 
What might be expected at radio frequencies cannot be determined from temper- 
ature gradients alone, because one cannot assume that all rays reach effectively 
infinite optical depth (Smerd 1950). However, the high temperature of the 
corona relative to the inner atmosphere of the Sun, derived from optical evidence 
and confirmed by radio observation (Pawsey 1946 ; Pawsey and Yabsley 1949), 
is likely to lead to limb-brightening at some radio frequencies. This was first 
suggested by Martyn (1946, 1948). More detailed calculations by Unsdéid (1947), 
Waldmeier and Muller (1948), Smerd (1950), Denisse (1950), and Reule (1952) 
have shown the magnitude of limb-brightening to be expected from various 
‘“‘models ’’? of the Sun. All have indicated marked limb-brightening at some 
part of the centimetre-decimetre range of wavelengths. 


Much information on electron temperatures and densities in the chromo- 
sphere and corona, and particularly in the relatively unknown transition region 
between these, could be gained from observed brightness distributions at different 
radio frequencies. Many attempts have been made to derive the brightness 
distribution, usually during solar eclipses. Results to date have been dis- 
appointing, mainly because of the difficulty of separating the effects of small 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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areas of enhanced radio brightness (usually associated with sunspots) from the 
background or “ quiet-Sun ” radiation. This difficulty arises because in a single 
set of observations, such as that obtained during a solar eclipse, variable and 
constant components cannot be distinguished from each other. In addition, 
the reduction of eclipse observations to a one-dimensional or a radial brightness 
distribution presents considerable, if not insurmountable, difficulties. It is 
clearly desirable to obtain a brightness distribution of simple geometry and high 
resolution and capable of being separated into steady background and short-lived 
components. 

In an attempt to measure the brightness distribution over the solar disk in 
the absence of variable components, Stanier (1950) recorded the radiation from 
the Sun during periods when the Sun was relatively free from areas of enhanced 
radio brightness. A two-aerial interferometer was used and the amplitude 
of the interference pattern was determined for different: spacings between the 
aerials. From these a one-dimensional brightness distribution over the solar 
disk was derived and, by an assumption of circular symmetry, the radial 
brightness distribution was determined. Stanier found no sign of the expected 
limb-brightening at a wavelength of 60 cm. 

The results obtained, however, must be treated with some reserve since the 
relative phases of the Fourier components were not determined and it was 
necessary therefore to assume that the one-dimensional brightness distribution 
was symmetrical. The published experimental curves show the presence of 
localized bright areas, which are probably situated asymmetrically with respect 
to the centre, and these could cause an error in the final result. 

A more direct way of determining the one-dimensional brightness distribu- 
tion is obviously to be preferred. The 32-element interferometer described in 
Part I of this series (Christiansen and Warburton 1953), which has a beam 
width in an east-west direction of only 3’ of arc, has been employed for this 
purpose at a wavelength of 21 cm. 


II. OBSERVATIONS 

As described in Part I, daily records of the one-dimensional brightness 
distribution across the solar disk are obtained. These daily records normally 
show peaks of intensity which change in position from day to day and indicate 
the effects of areas of enhanced radio brightness on the disk. The change, with 
time, in the shape of the brightness records makes possible an investigation of 
the existence of a steady base-level component of the solar radiation and a 
determination of its brightness distribution. 

The method adopted was to superimpose a number of daily records and 
investigate the lower boundary of these curves. Before this could be done, 
however, it was necessary to ensure that the curves were all on the same scale 
and to find reference axes by means of which the curves could be superimposed. 
Changes in the gain of the system from one day to the next were detected, as 
stated in Part I, by a daily measurement of the area of the interferometer record 
produced by the Sun’s passage through the aerial beam and a comparison of 
this with the reading of an instrument which registered the magnitude of the 


BB 
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radio energy received from the whole solar disk. The result could be checked by 
comparison of suitable parts of the interferometer records on successive days. 
Hence short-term changes in the vertical scale of the records could be detected 
and corrected. 

Short-term changes in the horizontal (time) scale of the records were small 
and could be detected by measuring the distance between successive time marks 
on the records. Longer-term changes will be mentioned later. 


In superimposing records for different days, the horizontal and vertical 
registration lines are respectively the line drawn by the receiver when the aerial 
beams are directed away from the Sun and a line drawn at the instant when the 
centre of the solar disk passes through an aerial beam. The position of this 
second line on the record can be found from calculations of the directions of the 
aerial beams and from astronomical data relating to the Sun. 


Calculations of the relative positions of the Sun and aerial beams were 
carried out for several weeks and lines were drawn on the interferometer records 
corresponding to the times of passage of the centre of the solar disk through the 
aerial beams. It soon became apparent that these lines always fell very close 
to the centre of the patterns on the interferometer records, the maximum 
difference corresponding to a time interval of less than 4 sec. This indicated 
that the central lines of the optical and radio disks could be considered identical 
for the purposes of this investigation. The central lines could be determined 
therefore with sufficient accuracy by simple measurements on the records rather 
than by tedious calculation. This practice was followed for a large number of 
the records displayed in this paper. 

The sets of superimposed records were each confined to convenient periods 
of about one solar rotation. This was adequate to establish a lower envelope 
and in addition gave the possibility of investigating longer-term changes in 
brightness distribution. Before a comparison could be made between different 
sets of records, however, further corrections had to be made to allow for annual 
effects. 

The first annual effect is the changing declination of the Sun. The time of 
passage of the Sun through an aerial beam varies with the secant of the Sun’s 
declination. This causes a change in the width of the record of the Sun’s passage 
through the aerial beam, and this must be taken into account before a comparison 
is made between records separated in time by many days. 


A second annual effect is the change in apparent size of the Sun during the 
year. Unlike the effect of declination changes, this does not affect the gain 
calibration procedure but it has simply the effect of increasing the size of the 
record in height and width. The changes are small, being less than 4 per cent. 

A third annual effect is the change in the inclination of the Sun’s axis 
relative to that of the Earth (and hence the aerial system) during the course of 


the year. This may result in changes in the recorded apparent width of the disk 
if this is non-circular. 
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III. RESULTS 

In Figure 1 are shown five sets of records obtained over a period of 9 months. 
A well-defined lower envelope is seen on these records and its position has been 
indicated for each set of observations. The areas of enhanced brightness aie 
seen above a constant base level. 

This lower envelope has the same height (within a few parts in 100) for all 
sets of observations. After the corrections have been applied it is found that 
the shapes of the curves are similar. Hence the results provide good evidence 
for the existence of a “ quiet’ component of the radio-frequency emission 
from the Sun. 

It may be noted that the lower envelope is occasionally approached when 
there is little sunspot or other activity on the solar disk. We infer from this 
that during the present part of the solar cycle the emission sometimes falls to 
the base level at this wavelength, which corresponds to an apparent disk temper- 
ature of approximately 7 x104 °K. 

Although the distribution of brightness appears to remain constant during 
the period of the measurements, a careful comparison shows a very small 
systematic change in the apparent angular width of the Sun over this period. 
In Figure 2 the measured angular width of the solar disk, as derived from the 
five determinations of quiet-Sun brightness distribution, is plotted against the 
inclination of the Sun’s axis (projected on the disk) relative to the direction on 
the disk of the strip which is being scanned at any instant by the aerial. Very 
little change in the apparent width of the solar disk is found as the direction of 
scanning changes. The small change that is present appears to indicate that the 
Sun is widest in the equatorial region. This latter conclusion was reached also 
by Blum, Denisse, and Steinberg (1952) who found that the solar disk had a 
markedly elliptical shape at metre wavelengths. Our results, however, are not 
conclusive, and further work over a much larger range of angles will be necessary 
before definite conclusions can be reached. 

The effect found at 21 cm wavelength is small enough to justify the assump- 
tion of circular symmetry for the purposes of a preliminary analysis. On the 
basis of this assumption it is possible to determine the radial distribution of 
brightness over the disk. In Figure 3 is shown the radial brightness distribution 
over the solar disk as calculated from the five separate one-dimensional distribu- 
tions of Figure 1 by means of an approximate method. It will be noted that the 
shapes of the curves are strikingly similar. ; 

All of the diagrams shown in Figures 1, 2, and 3 are smoothed by the effect 
of the finite width of the aerial beam. Various methods are available to reduce 
this effect, although it is not possible to resolve features which have an angular 
width which is much less than that of the aerial beam. In Figure 4 (full line) 
the effect of the aerial has been partly removed from the curve of Figure 3 (c) 
by use of a simple iterative process described by Bolton and Westfold (1950). 
As a check, the effect of passing the aerial beam over the distribution of Figure 4 
has been calculated and the one-dimensional brightness distribution found. 
This is shown in Figure 5 together with the experimental curve which was the 


starting point of the analysis. 
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Fig. 1.—Superimposed daily records of the one-dimensional radio brightness distribution 

across the Sun during 1952. (a) March 15 to April 9, (b) June 20 to July 10, (c) August 22 

to September 12, (d) September 13 to October 3, (e) October 7 to October 28. The dotted 

lines show the estimated base levels. P is the power received, in arbitrary units. 0 is 

the angular separation between the centre of the aerial beam (scanning strip) and the 
centre of the optical disk of the Sun in minutes of arc. 
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The curve of Figure 4 is consistent with observations but these could equally 
well be satisfied if the bright ring round the edge of the solar disk were consider- 
ably Sharper than is shown in Figure 4. The amount of energy in this bright 
ring can be calculated from this curve, but only the outer limit of its width can 
be derived. In Figure 4 a dotted line has been drawn to indicate one of an 
infinite number of distributions that could not be distinguished from that 
obtained from the measurements. Marked linb-brightening, of course, is a 
feature of all of these distributions. 


Fig. 2.—Apparent width W of the solar disk, between half- 

amplitude points on the curves of one-dimensional brightness 

distribution. 

@ is the angle that the scanning strip on the disk makes with 
the projection on the disk of the Sun’s axis. 


From the brightness distribution at only one frequency it is not possible 
to derive the physical characteristics of the solar atmosphere. It is possible, 
however, to eliminate various possibilities by comparing the experimental curve 
with those derived theoretically from various solar models. A comparison has 
been made with some curves published by Smerd (1950) who assumed chromo- 
spheric and coronal densities derived from Cillié and Menzel (1935) and from 
Baumbach’s formula as modified by Allen (1947) together with an isothermal 
corona and an isothermal chromosphere with several assumed values of electron 


268 WwW. N. CHRISTIANSEN AND J. A. WARBURTON 


BRIGHTNESS (ARBITRARY UNITS) 
BRIGHTNESS (ARBITRARY UNITS) 
BRIGHTNESS (ARBITRARY UNITS) 


Oo 0-2 o-6 1:0 14 0°25 46"6 1:0 1-4 “ Oo 0O-2 o-6 1:0 4 
DISTANCE FROM CENTRE DISTANCE FROM CENTRE DISTANCE FROM CENTRE 
OF DISK (UNITS OF Ro) OF DISK (UNITS OF Ro) OF DISK (UNITS OF Ro) 
(a) (b) (c) 
4 4 


BRIGHTNESS (ARBITRARY UNITS) 
BRIGHTNESS (ARBITRARY UNITS) 


Oo Or2 0:6 10 14 O02 O-6 oO 4 
DISTANCE FROM CENTRE DISTANCE FROM CENTRE 
OF DISK (UNITS OF Ro) OF DISK (UNITS OF Ro) 


(d) (e) 


Fig. 3.—Radial distributions of radio brightness across the solar disk, derived from the 
one-dimensional distributions shown by dotted lines in Figure 1. JR, is the radius of the 
visible disk, 


temperatures. Smerd* (personal communication) has recently extended his 
calculations to include a greater range of temperatures and densities. 

The curves published by Smerd for wavelengths close to 21 em show the 
limb-brightening feature of the experimental distribution but show differences in 


* The writers are indebted to Mr. Smerd for the use of these unpublished calculations. 
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detail. A comparison of the experimental distribution and the unpublished 
curves calculated for a wavelength of 21 em reveals a reasonably good agreement, 
in the region from the centre of the Sun to a little beyond the optical limb, for a 
model in which the chromospheric temperature is 104 °K, the coronal temperature 
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Fig. 4.—Radial brightness distribution across the Sun, derived 

from (c) of Figure 3. The effects of the finite beam width of the 

aerial have been partly removed (full line). The dotted line shows a 

typical distribution which would produce an effect on the aerial 
similar to that shown by the full line. 


is 3x106 °K, and the coronal densities are as given by the Baumbach-Allen 
formula. 

The agreement is still good if the assumed value of coronal temperature is 
reduced to 3 x105 °K provided that the coronal densities are reduced to one-half 
of the values given by the above formula. Hence the experimental brightness 
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distribution at 21 em does not lead to unique conclusions with respect to the 
coronal temperature. 

In the region well outside the visible disk all the calculated distributions of 
brightness, for the ranges of coronal densities and temperatures quoted above, 
decrease more rapidly with increasing distance from the centre than does the 
observed distribution. This suggests that the actual rate of decrease in the 
outer corona is less than that given by the Baumbach-Allen formula. 


Fig. 5.—Check on Figure 4. The full line shows the experimental one-dimensional 

brightness distribution from which Figure 4 (full line) was derived. The dotted line 

shows the calculated effect of scanning the curve of Figure 4 with an aerial of 3’ of arc 
beam width. 


IV. CONCLUSIONS 
The presence of a clearly defined lower boundary to the daily curves of 
one-dimensional radio-brightness distribution for the Sun gives conclusive 


evidence for the existence of a base or quiet level in the radio-frequency emission 
from the Sun. 


The solar disk appears to be nearly circularly symmetrical at a wavelength 
Olezi ecm. 


, If circular symmetry is assumed, then the derived radial brightness distribu- 
tion at a wavelength of 21 cm shows marked limb-brightening. 


. The distribution of radio brightness is in fair agreement with calculations 
from solar models involving a 104°K chromosphere and a 0-3-3-0 108 °K 


corona, provided that coronal densities lie between 0-5 and 1-0 times the values 
usually quoted. 
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A HIGH-RESOLUTION AERIAL SYSTEM OF A NEW TYPE 
By B. Y. Mrzs* and A. G. LitTLE* 
[Manuscript received May 6, 1953] 


Summary 
A method of constructing an aerial system of high resolution but small area and 
low cost is described. Its application to the production of narrow pencil beams at 
metre wavelengths for investigations in radio astronomy is discussed. A small-scale 
model has been constructed to test the principle. 


I INTRODUCTION 

Recent studies of cosmic radio-frequency radiation have shown that its 
brightness distribution over the sky is complex. Sources of an angular size 
less than about 4° have been known to exist for some years and, now, extended 
sources of considerably greater size have been observed (Bolton 1952; Mills 
1952), some of which appear to merge with the general background radiation. 
Interferometric methods, which were so useful in the early days of radio 
astronomy, have encountered serious difficulties when used for observing such a 
complex distribution. It therefore appears desirable to rely mainly on the use 
of pencil beam aerials of high resolving power for future work, and to reserve 
the use of interferometric methods for special applications. 


A study of the available information suggests that a beam width of the order 
of 1° or less is desirable for such a pencil beam. For an aerial of conventional 
form at metre wavelengths this beam width would require a prohibitively large 
and costly structure so that an alternative solution has been sought. 


A satisfactory solution is possible because the number of randomly dis- 
tributed discrete sources which can be individually detected at metre wavelengths 
with a large aerial is determined by the beam width (or the resolution) rather 
than the gain of the aerial. This follows from the fact that in these cireum- 
stances the number of discrete sources with intensities above the detectable~ 
threshold will normally greatly exceed the number which may be separately 
resolved. Advantage can be taken of this to construct an aerial system of high 
resolution but relatively low gain, that is, small effective area, which sacrifices 
very little of the usefulness of a conventional aerial but which can be made at a 
fraction of the cost. 


Such a system can be constructed from two long aerials arranged in the 
form of a cross. At the wavelengths we are considering, these aerials preferably 
consist of arrays of dipoles. In Figure 1 this is shown schematically, together 
with an idealized diagram of the outline of the aerial beam produced when the 
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arrays comprising the two arms of the cross are connected together in the same 
phase. An aerial diagram of this form is unsatisfactory for, although there is an 
enhanced response in the central region where a source is received by both arrays, 
the total solid angle over which reception occurs is very large. However, 
advantage may be taken of the presence of signals in both aerials from the 
central region and their phase coherence for, if the arrays are now connected in 
antiphase, there will be no response from this central region, while the “ spokes ” 
of the diagram will be unaffected. If, therefore, the connections between the 
arms of the cross are switched rapidly between the two conditions, a source which 
is in the solid angle common to both beams will deliver a modulated signal at the 
switching frequency, while the signal from a source which is received by one 
aerial alone has no modulation imposed. After amplification and detection the 
modulated signal may be picked out by a phase-sensitive detector and used to 
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Fig. 1 (a).—Plan view of dipoles in cross arrangement. 


Fig. 1 (b6).—Idealized response of the cross arrangement, plan view. 


deflect a pen recorder. The recorder then gives the integrated signal from 
within the central region so that, in effect, a pencil beam is produced which has a 
size determined by the maximum dimension of each array. 

A similar method of using the common portion of overlapping beams to 
produce a narrower effective beam has already been used by one of the authors 
in an interferometer (Mills 1952). 

s II. ELEMENTARY THEORY 

In order to appreciate the possibilities of an aerial of this type, it is necessary 
to examine its operation in more detail. Consider the response of the system to a 
signal of unit intensity originating in any arbitrary direction and, as a first 
approximation, assume that there is no interaction between the two arrays. 
We shall also assume that for each array the response in any direction may be 
fully represented by the voltage polar diagram, that is, the phase of the response 
is everywhere either equal or opposite to that in the direction normal to the 
array. This is true for aerials in which the current distribution is symmetrical 
about the mid point. 

When the arrays are connected together in phase addition the received 
power is given by P,=k(S,+8,)’, where S, and S, are the amplitudes of the 
voltage polar diagrams of each aerial in the selected direction. 

c 
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When the arrays are connected in phase opposition the received power is 
given by Py=k(S,—S,)?. 

The modulated power delivered to the receiver is given by the difference 
of these quantities, that is, 

Pj =AkSS.- 

The composite power polar diagram is therefore given by the product of 
the voltage polar diagrams of each array. One consequence is that the recorder 
deflection will be negative where the voltage diagrams are of opposite sign. A 
further consequence is that trouble from side lobes will be accentuated, since 
in the planes in which one of the arrays has a wide angle of reception, the side 
lobes of the composite beam will be those appropriate to the voltage rather 
than the power diagram. For example, if the current distribution is uniform 
along each array, the first side lobes in the planes of the arrays are 20 per cent 
in amplitude instead of the normal 4 per cent. As any complexity in the 
composite diagram leads to great difficulty in the interpretation of the records, 
it is therefore imperative to minimize the side lobes. 

A well-known method of eliminating side lobes in an aerial is to employ a 
current distribution across the aperture in the form of a normal error curve 
which produces a polar diagram of the same shape. Such a distribution has 
another advantage in the present case, for, consider two idealized polar diagrams 

S,=eh6, S,=e*9", 
where 0 and » are the two zenith angles in the planes of the arms, then the 
composite diagram is 
S2=S,8,=e“hO' +9"), 
Thus a beam is produced without side lobes and of simple elliptical section 
everywhere. When k,—k, the beam section will be circular, which is the simplest 
possible case to deal with. 

In practice a beam of exactly this shape cannot be produced because an 
' infinite aperture is required. If, however, the aperture is finite and extended 
until the current has fallen to about 10 per cent., it is found that a sufficiently 
close approximation to an error curve is obtained. To obtain the same beam 
width this requires an aperture some 50 per cent. larger than that for a uniform 
distribution, but the advantages are obvious. 

The above analysis of the operation is approximate only, for in general 
there will be an interaction between two arrays placed so close together. The 
effect of such an interaction may be obtained from a thermodynamical argument. 
Consider such an aerial in a constant temperature enclosure. No modulated 
output will then be produced, as the power received by the arrays will be a 
function of the enclosure temperature only and will be independent of any method 
of connecting them together. If the composite diagram formed from the cross 
product of the two voltage diagrams were to have an average value of zero this 
result would be given by the previous analysis. In general, however, the 
average value will not be zero as can be seen, for example, by integrating the 
idealized composite diagram above. The neglected interaction between the 
arrays must then be just sufficient to produce zero output. 


This point is con- 
sidered in a practical example later. 3 ite 
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From the thermodynamical argument it can be seen that the aerial, as 
described, measures only differences in brightness temperature between the 
complete reception angle of both arrays and the central solid angle common to. 
both. However, a little consideration will show that the absolute value of the 
temperature over the central angle may be obtained by adding the temperature 
calculated from the amplitude of the modulated signal to the average temperature 
of the two arrays. 

When the aerial is used in this way the results are similar to those which 
would be obtained from a conventional aerial of the same beam width with an 
attenuator connected between it and the receiver, the attenuation being roughly 


Fig. 2.—The experimental aerial system. 


equal to the ratio of the area of the conventional aerial to that of the arrays 
forming the cross. When using a narrow pencil beam at wavelengths of a few 
metres for observing discrete sources, this attenuation is not very important 
because the resolution and not the sensitivity is the limiting factor. It does, 
however, lead to reduced sensitivity for observing the brightness temperature of 
extended distributions. 


III. AN EXPERIMENTAL MODEL 

The construction of an aerial at metre wavelengths to produce a 1° beam, 
even when using the above method, is a large undertaking. It was decided, 
therefore, to construct first a small-scale model to test the principle and to 
allow experiments with possible designs. A sketch of this model is shown in 
Figure 2. It operates at a frequency of 97 Mc/s and the arms of the cross are 
120 ft in length. They are arranged in the north-south and east-west directions-~ 
The beam width is 8°. 

The east-west arm consists of a line of folded dipoles, end to end, backed by 
a wire-mesh reflecting screen. The dipoles are fed from a twin-wire transmission 
line stretching the length of the arm which is itself fed in the centre and 
terminated at each end by matching resistors. Quarter-wave resonant stubs 
are used to couple the dipoles to the feed line, the currents in the dipoles being 
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adjusted by changing the point at which they are connected to the stub as shown 
in Figure 3. Standing waves on the feed line are kept low by adding capacity 
at appropriate places. The north-south arm consists of an array of full-wave 
dipoles similarly fed The beam is swung in declination by changing the phases 
of the currents in the dipoles of this arm. Phase changing is performed by 
changing the points of connection of the stubs to the feed line. 

The currents are adjusted in each arm to coincide with the normal error 
curve which has a value at the ends of the arrays of about 10 per cent. of that 
at the centre. Only about one-half of the power collected by an array is fed to 
the receiver, the remainder being dissipated in the matching resistors at the 
end of each feed line. Each arm is connected to its own preamplifier, the outputs 
of which are combined through a phase switching arrangement as described 
above. Further amplification, detection, and recording are accomplished in a 
conventional manner (Mills 1952). 
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Fig. 3.—Arrangement of dipole feeds in experimental aerial. 


The factors involved in observing uniform temperature distributions can 
be seen very clearly with this aerial. In order to reduce complications due to 
cross coupling between the arrays the central dipoles of each were omitted. 
This results in relatively large distances between the closest dipoles so that cross 
coupling is small. An attenuation of more than 40 db was measured between 
arrays. The effect of omitting the central dipole, however, is to subtract its 
radiation field from the total, so that the voltage polar diagrams of each array, 
which would normally be zero outside the central beam, are now negative in that 
region. Sources in the spokes of the diagram of Figure 1 therefore produce a 
negative deflexion. It is easily shown that the average value of the composite 
diagram is now zero so that, if the aerial is pointed at a uniform temperature 
distribution, the positive deflexion over the central beam is counterbalanced 
by the negative deflexion produced over the much larger solid angle of the 
spokes of the diagram, and the net deflexion is zero. If a different construction 
were utilized to eliminate this depression of the polar diagram, then, as was 


shown before, the cross coupling between aerials which is introduced produces 
a similar effect. 
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Sample records obtained with this experimental model are shown in Figures 4 
and 5. Two quantities are recorded in each case, the output from the phase- 
Sensitive detector in the upper graph and the receiver output level in the lower. 
The latter is a measure of the average temperature of the two arrays The 
addition of the two temperatures derived from these graphs gives the actual 
temperature averaged over the central beam. Calibration marks are shown every 


20 min when the preamplifiers are connected to cold resistors for a period of 
1 min. 


RECORDER OUTPUT 


E.A.S.T. 


Fig. 4.—A record of the Sun showing the agreement between the observed and computed 
polar diagrams. 


A record obtained on the Sun at a declination of +1° is shown in Figure 4. 
The sensitivity was much reduced for observing such a strong source. Points 
derived from the computed polar diagram are shown superimposed on the record 
for comparison; the agreement is excellent. The lower graph Shows only a 
slight increase as the Sun passes through the aerial beams, the major part of the 
deflexion being due to the galactic background. The declination of +1° 
represents an inclination of the beam of 35° from the vertical. 

Figure 5 shows portion of a record obtained at a declination of —34°, that 
is, with the beam pointing vertically upwards. The comparatively strong 
“ point ” source 03-3 (Mills 1952) is shown first, then the weaker source 04-3. 
The effect of an ‘ extended” source is illustrated when the Galaxy at about 
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galactic longitude 220° crosses the beam. The record illustrates one advantage 
of this system, for the sky temperature is divided into a slowly varying 
background which is recorded at relatively low sensitivity on the bottom graph 
and a detailed structure which is recorded at high sensitivity on the upper. A 
conventional aerial operating at the same sensitivity would require some system 
of backing off the output to keep the deflexion within the range of the recorder. 

A survey of the southern sky is now in progress and an analysis of this and 
similar records will be given in a subsequent paper. It is interesting to note, 
however, that the resolution of the model aerial has been sufficient to detect 
radiation from the large Magellan Cloud and to show that the centre of the 
Galaxy is narrower than previously suspected from earlier low-resolution surveys. 
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Fig. 5.—A record centred on declination —34°, showing two discrete sources and the Galaxy at 
longitude 220°. 


The experimental work which has been performed with the small-scale 
model has shown that the principle of operation is sound and has demonstrated 
the feasibility of a full-size aerial. Work is in progress on the design and con- 
struction of an aerial which will operate at a frequency of about 80 Mc/s and 
have a beam width of less than 1°. It will be capable of surveying approximately 
one-half of the celestial sphere. 
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BUOYANT MOTION IN A TURBULENT ENVIRONMENT 
By C. H. B. PriestiEy* 
[Manuscript received May 14, 1953] 


Summary 


Solutions are given of the simultaneous equations for the vertical velocity and 
temperature of an element of fluid moving under buoyancy and subject ta continuous 
mixing of heat and momentum with its environment. Three distinct modes of behaviour 
result : (A) ascent followed by damped oscillations, (B) asymptotic ascent to an 
equilibrium level, (C’) absolute bwoyancy in which the ascent rate increases indefinitely. 
For an environment in which the lapse rate is subadiabatic the motion is of type A 
for sufficiently large elements but may become B for the smaller elements ; in super- 
adiabatic lapse rates the mode is C for sufficiently large elements, and B for the smaller 
elements, which are in no way unstable. The mode of motion is independent of the 
initial conditions but the scale of the motion is not. 

The same formulation applies within known limits to the ascent of saturated air, 
and applications made to atmospheric convection include the verification of a formula 
for the period of large cloud tops oscillating in a stable layer. 


I. INTRODUCTION AND SCOPE 

The motions which might ensue, and the stability of these motions, when a 
fluid is heated from below was first discussed in a formal manner by Rayleigh 
(1916). This classical paper, and those that followed it, require no summary 
here ; one has recently been provided by Sutton (1950), who goes on to offer an 
explanation for another mode of motion observed under laboratory conditions 
and described as columnar, in contrast to the regular cellular pattern which had 
been the subject of the earlier work. It has been demonstrated that motion 
will not necessarily ensue in either case when the layer of fluid is thin, even though 
its stratification is favourable, owing to the prohibiting effects of viscosity and 
molecular conduction. The thinner the layer, the more “ unstable’”’ the 
stratification can be without motion occurring. 

Valuable as these studies are, they are not entirely suited to the treatment 
of the phenomenon as it occurs in nature. Their shortcomings in this context 
are the assumptions that the heating at the bottom is uniform and that the only 
buoyant forces which operate within the medium are those which arise directly 
as a result of this heating or by advection from the motion which the heating 
sets up. Natural surfaces are subject to both small- and large-scale irregularities 
in their thermal properties; there are similar irregularities in their radiative 
properties so that in the atmosphere, bounded by a natural surface which emits 
and receives radiation, the scope for variety is great. The irregularities are 
passed on in the form of temperature contrasts, and in other ways, to the layers 
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of the medium most closely in contact with the surface. Moreover, when the 
medium is already in turbulent motion there will in general be a continuous 
source of creation of irregular buoyancy within the medium itself; when an 
element has been displaced vertically it will in general find itself at a different 
density from its environment and will henceforward be subject to buoyant 
forces as well as those inherent in the turbulence until equilibrium is 
re-established. 

Whereas Rayleigh and his followers, by assuming a regular patterned 
structure, were able to formulate equations which took account of the condition 
of every element of the medium, this is no longer possible in the natural 
phenomenon where the buoyant elements are arranged in space, and to some 
extent also in time, in a disorderly manner. For the latter we require in the 
first place a treatment of the changes in motion and temperature experienced 
by an individual buoyant element, preferably in terms which permit of statistical 
recombination at a later stage. In the normal phraseology of meteorology the 
approach is along the lines of the parcel as opposed to the slice method (Normand 
1946 ; Petterssen et al. 1946). But the parcel method does not appear to have 
been extended in any satisfactory manner to allow for the simultaneous mixing, 
both of heat and momentum, which must take place between the element and 
its environment according to the laws of turbulent exchange. 

An allowance for these processes, and for the consequent need to solve two 
simultaneous equations instead of one, forms the essential contribution of this 
paper. This leads to a formulation of single-cell convection which embraces 
some aspects of the process of entrainment of air, though in a manner different 
from that adopted by other workers (see Austin (1951) for a summary). The 
present treatment is not confined to the ‘‘ unstable ”’ stratification since the 
origins of elemental buoyancy are present in nature even when the medium is 
cooled from below or a “‘ stable ”’ stratification is otherwise brought about. 

For mathematical ease and resultant physical clarity, the assumption 
has been made that the element is small, in the sense that the mixing of its excess 
heat and vertical momentum does not affect the average condition of the environ- 
ment. It is not thought that this assumption is fundamentally restrictive— 
in other studies it has been found that the slice method modifies the results 
obtained from the parcel method but does not change their character. 


~ 


II. THE GENERAL EQUATIONS 

The problem to be solved is that of describing the motion and temperature 
behaviour of an element of fluid moving under its own buoyancy and subject 
to the turbulent transfer of heat and momentum into an environment which 
is at rest and remains in a steady state. The treatment will first be restricted 
to a medium of uniform constitution although, as indicated in Section IV, the 
ascent of saturated air may be brought within the framework of the same 
equations and solutions. 

It will be assumed that the relative variations in density in space and time 
are sight as compared with those in velocity, so that density becomes important 
only in so far as it affects the buoyancy (Rayleigh loc. cit.). If then 7 and f LS 
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represent the temperature of the element and environment respectively, w the 
upwards velocity, and I’ the lapse rate of temperature with height experienced 
by an element ascending adiabatically, the equations are 


Ow dw, dw, dw g 
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the effects of molecular viscosity and conductivity being neglected from the 
start since they are much smaller than others which will appear when the 
equations are transformed. 


It is required to apply these equations to an aggregate of elements which 
have a common measure of velocity, wu, v, w, and of temperature T. Writing 
in the usual fashion w=uw-+vw’ etc., and using the equation of continuity, the 


equations become 


w= (P—L,) — 9 (w'w!) + 5 (0'w') +(e" 
= ae 0 Waal 0 yt 0 Wg al 
P= wl wT’) + SoD) + Sw), 


where the dot denotes the time derivative following the mean motion. Hence- 
forward we shall reserve the term elements for the aggregates so defined and 
sub-elemental when reference is made to finer structure. The motion of the 
element is defined as the mean of that of the composing particles, so that the 
element is regarded as composed of a changing set of particles and some aspects of 
entrainment are thereby formally taken into account. It will be assumed 
that the buoyancy occurs in a medium already in turbulent motion; that 
turbulent transfer coefficients for momentum and heat, K, and K,, exist and 
are independent of position on the sub-elemental scale, that they are determined 
by processes other than the buoyant motion and so are independent of w. The 
equations may then be written 


These are to be applied in what follows to elements of constant finite size 
within and around which there is some overall pattern in w and 7 apart from 
the random variations of the turbulence. While it is part of the complete 
problem to determine just what this pattern will be, this aspect will not be 
investigated here where the concern will be with broader features of the behaviour, 
and we may write 


c,K, = 
K,V w= — as" 
Kv P= - 2 (7 _1,), 
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where R is taken to characterize the size (radius) of the element and ¢, and ¢, 
are numerical factors which depend on the exact form of the patterns. Defining 
then ; 


hy =, pee Wey eet te iy 8 (3) 
the equations of the element are written as 

w= ra eS le ee (4) 

T= igh eee, (Tie) saa ee ee (5) 


the bars now being superfluous. 

It might have been acceptable to write down equations (4) and (5) without 
explanation, as affording a satisfactory starting point for treating the problem in 
hand. This has indeed been done with equation (4) (e.g. Scorer and Ludlam 
1953), though apparently not with the two equations together. The derivation 
indicated above has the advantages of showing that their application is to 
elements of constant size and of providing a proper background for the physical 
interpretation of k, and k,. As in most applications of turbulence theory, 
intuitive or dimensional arguments have replaced rigorous mechanistic ones at 
some points; in particular the distinction between turbulent components w’ 
and those deriving from the buoyancy is artificial and there must remain some 
possibility, which is excluded from what follows, that k, and k, are not strictly 
independent of w. 

kK, and ky will be referred to as mixing rates for momentum and heat 
respectively. The mixing rate will depend on the ratio of surface to volume of 
the element, and one might intuitively expect that it will be greatest for the 
smallest elements and vice versa.” The issue is not quite so straightforward, 
since an underlying principle of modern ideas on turbulence is that K is itself a 
function of R, increasing as R increases: but the strong indication, both from 
theory at the smaller scales (Weizsicker 1948) and from empiricism up to the 
largest scales (Richardson 1926), is that the rate of increase is approximately 
as R*'3, whence from (3) the intuitive expectation is confirmed subject to the 
constancy of ¢, and ¢,. k, and k,, then, will depend on the general level of 
turbulence in the environment; in particular this will prevent them from 
becoming discordant in magnitude or, in other words, they may tend to very 
large or very small values together, but never separately. Apart from this 
broad control, it is the dependence of k on R which leads to the more interesting 
novel features in the interpretations of the solutions which follow, and will 
accordingly be stressed. The general level of turbulence will be treated as given, 
and k, and k, regarded as constants during the life history of a given element ; 
distinguishing features of the solutions at different values of k will be interpreted 
primarily as distinctions between modes of behaviour of elements of different 
size. \ 

The form factors ¢, and ce, depend only on the shape of the distribution of 
w and T within the element, not on the intensity. Whether they remain 
constant, to an order of magnitude, over the lifetime of a given element and 
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over a wide range of sizes cannot be stated until more is known of the character- 
istics of turbulence at sub-elemental scales : the constancy is here assumed as a 
reasonable working hypothesis, of a type related to the similarity assumptions 
common in modern turbulence theory. Some values are given in Appendix I. 

It remains to solve (4) and (5) with k, and k, constant, under the condition 
for a steady environinent 


from which 7” can be finally eliminated, yielding 


: ae ie gn! 
w+(ky +hy+ || 02 r) kak, |e C7 
PCE ay ANE eS EM Oe (9) 


This is to be regarded primarily as the general equation for the buoyant 
motion of a single element, with assigned values for k, and k, and known environ- 
mental conditions. Having solved for w, the corresponding solution for 7"/T, 
is obtained from (7). An alternative viewpoint would be that, if the behaviour 
of elements in a known environment can be observed in detail, equation (9) 
becomes an equation providing evidence about the turbulence factors k, and k, 
and their dependence on scale. 

For ease in what follows, auxiliary ‘‘ rates”’ x, A, wu are defined by 


oT, 
rt ap +r) + kyke, 


(ky + hy)* 


IIJ. PROPERTIES OF THE BASIC SOLUTIONS 
While equation (9) can be solved numerically under any known conditions, 
it is more enlightening to derive analytical solutions under particular environ- 
mental conditions which make this possible. 
Tn nature it is observed that the temperature variations at a given level are 
at all times small as compared with the absolute temperature. Close above a 
factory chimney or open fire this will not be so, but excluding these cases it may 
be seen from (7) that the last term in (9) is 
Gel rel, 
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in which w is multiplied by a quantity which remains small. So long then as 
x2, the other multiplier of w, is not small the last term in (9) may be neglected. 
It must be stressed that this simplification is made without putting any restriction 
on the value of w itself, so that large velocities are not excluded. 

It then becomes evident that the type of motion will depend on the 
multipliers of the remaining terms, that is, on x? and (k,+4,). Although in 
practice x may vary with height, the chief characteristics of the possible modes 
of behaviour may be most clearly brought out by solving the equation for x 
constant ; simple analytical solutions are then obtained which can be recombined 
when practical application so requires. Natural convection in a layer of constant 
x, which for practical purposes can be identified as one of constant lapse rate, 
is therefore governed by the second-order equation with constant coefficients, 


dirk tks ex 0, «ys ee eee = oe (10) 


the form of whose solutions is familiar. The discussion of them will be eased 
by reference to Figures 1 and 2; the first represents the special case k;=k, 
but the second is typical of the more general conditions where k, ky. 


Ko ko 


ASYMPTOTIC 


ASYMPTOTIC 


ABSOLUTE 
BUOYANCY 


OSCILLATORY OSCILLATORY 


ABSOLUTE 
BUOYANCY 


ci fate +r) STABLE UNSTABLE # (oT. STABLE 
T.\0z Ae Nao ed 


Fig. 1 Fig. 2 
Fig. 1—Modes of motion as a function of lapse rate and mixing rates for k,=hp. 


Fig. 2.—Modes of motion as a function of lapse rate and temperature mixing rate 
ky for ky=2ks. 


g (8, ky — kee\? 
nae tt)> ("a") 


the solutions of (10) and (7) are given by 


UNSTABLE 


(i) When 


27 Eee 
WAC 2 Sint -e. oy ee ey es eae (11) 


Tt’ An-SSs 

ie BID (t-te, ce.) ee on ee (12) 
where A and ¢, are determined by the initial conditions and tan ¢,=2u/(k,—k,). 
This mode of motion will be called oscillatory, the element transcending an 
equilibrium level about which it subsequently executes damped harmonic 
oscillations. This solution can obtain under inversion, isothermal, or sub- 
adiabatic lapse rates ; if k,=k,, it holds for all elements under these conditions, 
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but if k,~k,, only for sufficiently large ones (small k). For the very largest 
elements (k—>0) the motion becomes strictly periodic with period 27/4. This 
formula for the period in the extreme case has been given by Biunt (1927), 
but it does not appear to have been applied except as a possible explanation of 
microbarograph oscillations. 


(ii) When 
alae +t )-(5")> 
there results a motion which approaches its equilibrium level asymptotically, 


either from below or from above after a single overshooting according to the 
initial conditions. This is a special case of restricted interest and will not be 


discussed further. 
T,\ oz = ang ) : 


(iii) When 
Kathe - 
(EZ AOD OS) MI (Oh Re a ees oy cals we oe aes (13) 


the solutions are 


' ki+k 

n4* Z ft sinh (ut-+¢,)-+u cosh (ute). .. (14) 
These represent two quite different modes of behaviour according as the 
exponential or the hyperbolic terms ultimately become dominant. 

When x? is positive, the resulting mode will be called asymptotic; the 
exponential term is finally dominant and the element approaches its equilibrium 
level asymptotically without overshooting. For k,=k, this mode is confined 
to the smaller elements in superadiabatic lapse rates, but for k,~k, it applies 
to sufficiently small elements under any conditions of lapse rate. It is of interest 
to note that in both asymptotic and oscillatory motion T’/T, remains small if 
small initially, so that these solutions are solutions of the complete equation (9) 
as well as of (10). 

When x? is negative, that is, for sufficiently large elements in superadiabatic 
lapse rates, (13) and (14) give expressions for the velocity and buoyancy which 
ultimately increase exponentially with time. This condition will be referred 
to as one of absolute buoyancy. It is clear that (13) will ultimately fail to satisfy 
equation (9) but it may readily be scen that the effect of the last term in (9), 
which has been neglected, will be to enhance rather than suppress the accelera- 
tion. The condition of absolute buoyancy is therefore real, the criterion for its 
realization being 


g (OL. | 
Seal a +1) ‘Ty ee eee (15) 
Significance of Element Size 

Apart from the recognition of the three characteristic types of motion, 
the important result of the foregoing analysis is that the mode of behaviour is 
determined entirely by the values of i, k,, and k,. Physically this means that 
the type of motion depends on the environmental conditions (lapse rate and 
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general level of turbulence) and on the size of the element, and is independent of 
the initial conditions of velocity and buoyancy. 


Buoyancy Length and Statice Instability 
As opposed to the type of motion, the scale of the motion does depend on the 
initial conditions. It is most conveniently characterized by the distance of the 
final equilibrium above the starting level which, following Priestley and Swinbank 
(1947), is called the buoyancy length; this concept applies in all instances of 
oscillatory and asymptotic motion and, since then w and w tend to zero as ¢ 
tends to infinity, the length is obtained by direct integration of (10) as 


ie) 1 ; 
L= | wat= ‘alt +(ky+k,2)Wo], 
0 


whence from (7) 


1 ; 
baal gto thee], ieee: ho: eae ee aes (16) 
the suffix zero denoting initial values. For motion starting from rest 
if fer Ket 
r=1if|( ae T+ oF }. rer ee ee (17) 


It is seen from (16) that an element given an infinitesimal impulse or 
temperature disturbance will come to rest after an infinitesimal distance, unless it 
is absolutely buoyant. The idea that elements are statically unstable when in a 
_ Superadiabatic lapse rate is therefore true only in a limited sense. In order to 
create a finite motion the disturbance must be-of finite intensity, or alternatively 
an infinitesimal disturbance must be applied to an element of sufficiently large 
size. This result is the counterpart of the classical one of Rayleigh which was 
referred to in the opening paragraph. 


Critical Size for Absolute Buoyancy 

The theory provides a criterion for the realization of absolute buoyancy 
in the form of a condition relating the mixing and lapse rates. At the present 
stage only rather crude empiricism can transform this into a condition for the 
critical size of element, but this is worth while even though it can hope to indicate 
no more than the order of magnitude involved. Since k, and k, are of the same 
order of magnitude we shall equate them in the present context, whence from 
K=ak*'? and equations (3) and (15) is obtained ¥ 


= yD or, ori 
R=(ca) i i p ( ae +r)} sf eas eis cus tohere anette (18) 


Richardson (1926) gives a=0°-2 ¢.g.s. units and taking c=8 (see Appendix I) 
Table 1 results. 


TABLE 1 
CRITICAL ELEMENT SIZE 


—(0T,/ez+T) (C/em) .. | 10-7 10-@ 10-5 10-4 10-8 10-2 


Rim) ..  .s +) |) 9 1500") eso 40 8 1} 
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In the free atmosphere, if the lapse rate exceeds the adiabatic by only a small 
fraction of the latter’s value (10-4 °C/em), the critical size is of the order of 
hundreds of metres, whereas in strong lapse rates very close to the ground it is 
of order of a metre. The sizes thus obtained support the application of the 
different modes of solution both to atmospheric convection and to the motion of, 
and transport of heat by, small elements close to the ground. The first: applica- 
tion will be discussed in Section IV and the last, which involves a statistical 
recombination of the solutions, will be given in a later paper. 


IV. APPLICATION TO ATMOSPHERIC CONVECTION 
The scope for application of the foregoing to the problem of single-cell 
convection in the atmosphere is clear enough, but there remain a few points 
which merit some further discussion. 


Dry and Saturated Ascent 

The basic equations were derived for a fluid of uniform constitution and 
it is necessary to state to what extent they remain valid for the mixture of air, 
water vapour, and water drops which occurs in the atmosphere. So long as the 
air is not saturated the effect of the presence of water vapour on the specific 
heat and density is very slight and (1) and (2) are valid. I’ may then be identified 
as the dry adiabatic lapse rate I. 

When the air becomes saturated (2) and (5) no longer hold because of the 
heat involved in changes in the water phase. The consequences of this may be 
represented by the same set of equations and solutions provided [ is taken as 
some value between I’, and [’,, the saturated adiabatic rate, and equations (3) 
are modified to 
_ Ky YT _ Cols 


= R2 ; a= R2 aya INT enrellelisls)/s):s) 0 


ky 


I’ is dependent, within its known limits, on the rate of mixing between element 
and environment, but it cannot strictly be regarded as constant during the 
lifetime of an individual element. Nor, therefore, can k,. But for the largest 
elements the mixing becomes unimportant, k, and k, tend to zero, and I’ becomes 
equal to I',, and the behaviour is strictly determinate. 


In general the formulation is not complete because I has not been exactly 
specified. A complete treatment would involve appropriate modification of (5) 
and addition of a third simultaneous equation to express the mixing of water. 
More complicated motions will then ensue. For example, a cloud element in 
asymptotic motion, when near its equilibrium level as at present defined, is 
likely if anything to exceed the environment in moisture content and so will 
evaporate some of its water and fall back towards a lower level. 


Generation of Convective Motion 
The vertical velocities which occur in association with clouds and dry 
thermals are considerably larger than those which are otherwise present and it 
follows that these are initiated by absolute buoyancy since this is the only mode 
of motion capable of magnifying an initial disturbance by an order of magnitude. 
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Table 1, in indicating critical sizes which are rather smaller than the dimensions 
of most clouds, would suggest the same conclusion. 

The question then arises as to how buoyant elements of sufficient size 
may be generated if external disturbances on this scale are absent. Attention 
has recently been drawn by Scorer and Ludlam (1953) to some interesting 
consequences of wake formation, one of which, when considered against the 
background of the present solutions, suggests an appropriate mechanism. An 
element so small that its motion is bounded (asymptotic) will leave a residual 
wake of greater size, though of smaller intensity, than the element itself. On 
the present theory it is size rather than intensity which is critical and, given a 
superadiabatic lapse rate, repetitions of this process should eventually produce 
an element large enough to be absolutely buoyant, provided only that the wind 
shear is not so strong as to disrupt the coherence of the successive wake elements. 


THEORETICAL RELATION GIVEN BY 
EQUATION (20) 


x OBSERVED POINTS 


*——X* TOLERANCE LIMIT WHERE LAPSE RATE 
IS IN DOUBT 


30 


1) 
{e) 


PERIOD (MIN) 


° 0-2 0-4 0-6 0:8 10 12 14 16 18 
aT, 
ae + Ps @C/100M) 


Fig. 3.—Period of cloud oscillation v. lapse rate. 


Final Stages 

Generated by absolute buoyancy, the motion will eventually die away when 
a more stable layer is reached. Figures 1 and 2 show that, if all the variables 
are continuous, the motion cannot pass from absolute buoyancy to the oscillatory 
mode without passing through the asymptotic mode. Depending on the 
characteristics of the upper layer, the element will be brought to rest 
asymptotically or may penetrate further and become subject to oscillations ; 
both types of final motion are observed in practice. The oscillatory mode 
has received little attention, but it occurs by no means rarely (Workman and 
Reynolds 1949; Smith 1951). For sufficiently large clouds the motion will 
then approach a simple harmonic oscillation of amplitude Z and period 


BUOYANT MOTION IN A TURBULENT ENVIRONMENT 289 


Measurements of the periods of oscillating cloud tops have been made from 
aircraft operating near Sydney, and may be checked against lapse rates shown 
by the radiosonde ascent from Rathmines on the same day. The results are 
shown in Figure 3; in view of the type of data employed the agreement is 
regarded as good, bearing in mind that (20) represents a prediction of the order 
of magnitude of the period as well as of its variation with lapse rate. 

On some occasions the radiosonde showed 07',/02+T, changing abruptly 
with height from a zero or negative to a markedly positive value, the levels of 
the stable layer being close to those of the reported oscillations. These are the 
conditions most favourable for large oscillations, as was confirmed by the reports. 
There was little difficulty on these occasions in identifying the appropriate 
value of 07,/dz+T, but in others, where the change was more gradual, this 
could be estimated only within rather wide tolerance limits. Differences in 
time and place (not exceeding a few hours and 100 miles) add to the uncertainty. 

A final point of quantitative appeal is provided by the observed amplitude 
of the oscillations. Taking average values from the 10 occasions, the amplitude 
of 800 ft with @7,/d2+T,=+0-25 10-4 °C/em yields To=0-6 °C in (17); 
such a value is in harmony with other evidence (Byers and Braham 1949, 
Table 6). 
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APPENDIX I 
The Form Factor c 
Equations (3) involve a numerical factor ¢ which is characteristic of the 
form of the distribution of w or 7 within the element. In the absence of informa- 
tion about this distribution, the likely magnitude of ¢ can only be assessed by 


D 
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assuming reasonable analytic forms for the distribution and evaluating. The 
quantity considered is supposed to be symmetrical about a maximum central 
value, and using r for radial distance we shall evaluate two functions, the normal 
form 


! Sp lie 
(i) w=we"!, 


which has a finite value (w,/e) and finite slope at the limits (r=), and 


- i 
(il) w=w,(1 _ ra 


which falls sharply to zero at the limits. Since there is interest also in the 
condition of cylindrical symmetry (columnar convection) we include under (ii) 
the case where y and F& represent distances from a central axis. The results of 
averaging yield : 


(i) (ii) (iil) 


i Spherical Spherical Cylindrical 

w 0-57wW 0-4w, 0 -5wW 

= 2°2Wy 6Wy dw, 

aoe Re Re ee 
whence 

=: 4w 15w 8w 

See ares ace ~ 


These values have led to the adoption of ¢=8 in the one place in the paper 
where such appeal is necessary, but a large measure of uncertainty remains at 
present in this or other instances where conversion from values of k to values of 
RK is required. 


THE STRUCTURE OF THE F REGION OF THE IONOSPHERE 
By A. A. WEISS* 
[Manuscript received April 20, 1953] 


Summary 


The effects of temperature cycles, of a decay coefficient non-uniform with height, 
and of vertical tidal drifts upon the structure of the / region of the ionosphere are 
considered. Special attention is devoted to the behaviour of the level at which the 
maximum electron density occurs. 

Both decay by recombination and decay by attachment are examined. It is 
concluded that the diurnal and seasonal height variations of the F, region are not the 
result of vertical tides alone acting on an isothermal Chapman region. A qualitative 
explanation of these variations is obtained by postulating, in addition, a diurnal 
temperature cycle, provided the decay coefficient does not change rapidly with height. 
Under the alternative hypothesis, that a single ionization process forms both F, and F, 
regions by bifurcation when the decay coefficient changes rapidly with height, the height 
variations appear to require discontinuities in the height gradient of the decay coefficient ; 
tidal drifts are still necessary but a diurnal temperature cycle, if it exists, is not of 
major importance. 


I. INTRODUCTION 

In endeavouring to unravel the complexities of the #, region, there has 
been a tendency in the past to concentrate attention upon the maximum electron 
density, W,,,, if only because the behaviour of NV, bears some resemblance to that 
of the simple Chapman region. If the departures of the level, hi, at which 
N,, occurs, from the Chapman norm are large, the reason is that hy, is much 
more sensitive to the parameters determining the structure of the region than 
is V,,, a8 is evident from the influence of vertical tidal drifts upon an ionized 
region whose relaxation time is large (Weiss 1953). Further examples are 
presented below. Physically, such behaviour is not unexpected, in view of the 
‘¢ cell? motions and the long relaxation times involved. 

Tt is therefore to be expected that the study of height variations should yield 
interesting and significant results ; consequently several mechanisms, any or 
all of which may be effective in shaping the profile of an ionized region, are 
considered below from this standpoint. They are (1) temperature, (2) decay 
coefficient, (3) solar zenith angle, (4) vertical tidal drifts. 


II. THe EFFECTS OF TEMPERATURE CYCLES 
Lepechinsky (1951) has examined the rate of ion production in an isothermal 
atmosphere subject to a diurnal or seasonal temperature cycle, and his results 
are first reiterated in a form more suited to subsequent developments. Let the 
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scale height H be H=H,I'(y), where y is the solar zenith angle, and choose a 


datum level 
ho=H, In [ApH oF (x)I, 


where og, is the density at h=0. Then, denoting the maximum value of noon 
ion production by Jj and defining 
z=[h—hoF(y)]/H, 
the ion production formulae become 
I=[1b/F(x)] exp (l=«—e~ sec x), .----- 2255: (1) 
T,, =I cos y/F(y), 
h(L,,) =F (y)(ho +H, In sec x), 
2(1,,)=ln sec_y. 


m 


As a representative example, a linear diurnal temperature cycle for the 
equator at the equinoxes may be postulated, that is, 


12 
day : F(y)=14—"9, iL % (2) 
night : F(y)=1-12p, J 


where p is a constant which specifies the rate of change of temperature with 
time and ¢ is the time in radians measured from local noon as zero, so that + =: 
The positive sign applies to the morning hours, when ¢<0. With o,H =constant, 
hv=4H,, and u=0-04, so that H ranges from 53 to 70 km, the diurnal variation 
of A(I,,) Shown in-Figure 1 is obtained. During most of the day A(J,,) lies below 
the noon level (here 280 km), in marked contrast to normal Chapman behaviour. 
Associated with a diurnal temperature cycle may be a cyclic expansion and 
contraction of the atmosphere as a whole. The resulting transport of cells of 
ionization and modifications of electron density may be taken into account in 
exactly the same manner as tidal cell displacements. If v be the vertical cell 
motion, measured positive upwards, the electron density contours are found by 
solving the continuity equation for electrons, 
ON 0 


Fett EPS LD PAR Rn 525 Oo (3) 


after the manner indicated by Weiss (1953). The simplest treatment is to assume 
that the structure of the atmosphere remains isothermal at any instant 
throughout the diurnal temperature cycle and that the pressure at the datum 
level remains constant. The laws of motion are then 


hed’ du Vivd 


Us Gin oh dt’ 9) (08) Kerelire wis' Ke) veg laitellve] (sins (4) 


and, with F(y) given-by (2), 


h=hgF(Q), e= hull), Styl), 00... (5) 
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where hy is the noon level of a chosen cell of ionization. With the assumption 
of constant density at the datum level these equations of motion are modified 
by the addition to the velocity of a term independent of height, thus : 
nel Ge h\dH ov_ 1 dH 
'H) dt’ oh H at’ 
but the distinction is important only close to the datum level. 
rhe continuity equation (3) has been integrated with the equations of 
motion (5) and (2), and with physical conditions representative of the F’, region. 
The behaviour of h,,, the height at which the relative maximum electron density 
Yn=N’,,/No occurs, is illustrated in Figure 1. As before, e,H =constant, h>—44H,, 
and p=0-04. WN, is the noon maximum equilibrium electron density. The 


HEIGHT (KM) 


SUNRISE SUNSET 


TIME (HR) 
Fig. 1.—Movement of the level of maximum electron density, z,,, under 
diurna! temperature cycles. 
ho=280 km, p=0-04 (see text). 
—— No cell motion. 
—--—--— Cell motion, «=constant. 
Cell motion, «=o exp (—z/10). 


case of no cell motion, v=0, with J given by (1), is also shown. The third 
curve relates to a region for which the rate of decay decreases slowly with height, 
a= exp (—2/10), where a is the value of the decay coefficient at the datum 
levelz=0. It is easily seen that an increase in the range of the daily temperature 
cycle (increase in p) is accompanied by a rise in the noon level of h,, when cell 
motion is taken into account, but by a fall in noon h,, when cell motion is ignored. 
An increase in hj/H, implies a rise in noon h,, relative to sunrise (and sunset) h,,. 

The foregoing examples cannot be considered as representing the actual 
atmosphere. It is not to be expected that the upper atmosphere would in 
fact retain an instantaneously isothermal structure during a cycle of temperature 
changes. Indeed, from several independent sources (see, e.g. Gerson 1951) 
there is evidence of a temperature gradient between the H and the F, regions. 
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The rates of ion production in an atmosphere in adiabatic equilibrium, with 
temperature rising linearly with height, have been evaluated by Gledhill and 
Szendrei (1950) ; their conclusions that the larger the temperature gradient or 
the base temperature, the higher the level of region formation, the thicker the 
region, and the lower the electron density are clearly consistent with the results 
of Lepechinsky. Seasonal temperature changes in the upper atmosphere 
appear to be substantiated and a diurnal cycle may reasonably be inferred. 
This being the case, Figure 1 may serve to indicate the way in which a diurnal 
temperature cycle can influence h,, for the F, region. The main effect is to 
raise the level of h,, above that appropriate to the simple Chapman region, for 
which the day-time level of h,, is lower than the night-time level except 
immediately after sunrise. The detailed electron density profiles, not reproduced 
here, show that y,, is essentially the same as on the simple Chapman theory. 
Further calculations show that the addition of a semi-diurnal tidal drift of 
electrons, whose phase is consistent with the observed night-time elevation of 
hy,, would suffice to account for the day-time elevation of the Ff, region, which is 
typical of summer conditions over most of the world. 

At the level of the Ff, region the relaxation time is sufficiently short that 
neither tidal drifts nor thermal cell motions can materially alter electron density 
profiles. If a diurnal temperature cycle is present at F, levels, then h7, should 
closely follow hA(J,,). The fact that the Ff, region follows Chapman behaviour 
appears to suggest the absence, at /, levels, of appreciable temperature cycles, 
either diurnal or seasonal. 


Ill. THe Low ATTENUATION REGION 

The F, region has been described by Bates (1949) as a low attenuation 
region, exhibiting less solar control than a normal Chapman region. According 
to this same author the ionizing process responsible for the #’, region will provide 
a sufficient rate of ion production at higher levels to account for the F, region 
also, when regard is taken of the decrease of recombination coefficient from the 
F, to the Ff, region. In addition to the ‘‘ recombination ” law under which 
removal of electrons proceeds according to the law dN/dt=—a«WN?, attention 
has been directed by certain authors (e.g. Bates and Massey 1946) to the 
possibility that an “ attachment” law, dN/dt=—@N, may apply to the F, 
region, rather than the recombination law. In respect of the attachment law. 
an “ effective recombination coefficient”? may be defined by writing «=6/N. 
Now, despite the large scatter in the measured value of the recombination 
coefficient (see, e.g. Bates and Massey 1946), there can be no doubt that it 
decreases by one and probably two or more orders across the F' region as a whole, 
and, whether the / region originates in one ionizing process or in two, it is 
pertinent to examine the structure of an ionized region for which the decay 
coefficient is height dependent.. 


The characteristic of a low attenuation region is that the rate of ion pro- 
duction depends primarily on the concentration of the active constituent, and 
only secondarily on the solar zenith angle y. Since in the Chapman ion produc- 
tion formula, [=I exp (1—z—e~* see y), the factor exp (—e-? sec 7) becomes 
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negligible for 2>2, the upper levels of the isothermal Chapman region will 
serve aS an example of a low attenuation region. The absence of tidal and 
thermal displacements is assumed. 


(a) Recombination Law 
If the recombination coefficient falls off exponentially with height, the 
structure of the region at any given level is determined by the equations (cf. 
Chapman 1931) 


day : Sg —py2, | 
‘ | (6) 
night : un piv", | 


which are the forms assumed by the continuity equation (3) in the absence of 
vertical drift (v0) when time is measured in terms of ¢ and the electron density 
by the relative electron density v=N/N,. WN is the electron density at any 
levei at a given time and N,=(I,/a)? as before is the noon maximum equilibrium 
electron density; « is the recombination coefficient at the level 2=0. 
q°?=a exp (1—z) and p*=a exp (—yz), where y is a constant specifying the rate of 
decrease of the decay coefficient with height. The adjustable parameter a is 
defined by a=(1:37 X104N,o,)-1. A range of values of a from 40/z to I/x 
should cover all possibilities for noon conditions for either #, or F’, regions. 
The day-time solution of (6) is 


v= 5 (herare —1)|(ke24”9 +1), 


where k is a constant of integration. Reckoning time from sunrise as zero, 
then for the equinoxes the relative electron densities at sunrise and sunset are 
respectively 

9 = Fk +U), 


Yaa (ee —1)/(ke24e +1). wo eee (7) 
The night-time solution of (6) is 
St 
Cee Brahe 
and at sunrise 
gears hes 
ee NT Age ore dis Sa sca ee Sl (8) 
Vor Yi2 


If qpx<1, it is found, by equating (7) and (8), that k=3-+2 V2, independent 
of p and qg. For larger values of gpz, the expression for k& is more complex ; 
these solutions are not investigated here. The electron density profiles are, 


for qpr<l, j , 
sunrise : Vp = UE exp 4 (l1—z+/y2), | 

Fn aoe aes (9) 
sunset : eiatie 5, exp (—yYé).7- ( 
Yi2 Vo J 
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(b) Attachment Law 
If decay proceeds according to an attachment law, with the rate of decay 
falling off exponentially with height, the relevant equations determining the 
structure of the region are 


day : doc 
, dl es 
night : ioe —p*y. 


qg and p have the same significance as in equation (6) if the attachment coefficient 
at the datum level, 8), has the value 2) =a Ny. The solutions of these equations, 
found in a manner similar to the above, are 


sunrise : vo=exp (L—e+yz)/[1+exp (p’r)], Yo (10) 
sunset : Vio=Vo Oxp (p77). if 


These latter profiles are valid for all values of p and are limited in applicability 
only by the extent to which neglect of the factor exp (—e~* sec y) 18 warranted. 
The attachment profiles (10) for ~y=0-75 are drawn in Figure 2. 


HEIGHT, z 


fe) O°2 Or4 or6 ors 1°0 e4 
ELECTRON DENSITY, V 


Fig. 2.—Electron density profiles for low attenuation region, y=0-75. 
—-—-- Sunrise. ————— Sunset. 


For large values of z, under either decay law, the region profiles become 
independent of a and hence of the absolute value of the decay coefficient. For 
smaller z, the attachment profiles become sensitive to a, especially for small Y, 
a dependence which is expected to apply also to the recombination profiles. 
At very high levels, the diurnal cycle in electron density tends to vanish, v 
becoming independent of » and depending only upon z, under which conditions 
seasonal influences can enter only through the period of illumination of the 
region. 

It will be observed that at not too low levels or too small Y, Vattach >(Vrecomb)? 
at sunrise For az=1, this is true for all y, as can be shown by extrapolation 
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of (9) to y=0 using the profiles of Chapman (1931), and also for all hours because 
of the small cycle in v which is associated with small values of a. A similar 
relation of course holds for the equilibrium region with dv/dg=0, but the 
conditions envisaged here are far from equilibrium. 

On the hypothesis that the rate of removal of electrons falls off exponentially 
with height, layer formation is not possible unless ~<1, since if y>1, v>oa 
as z+oo. This contradicts the conclusion reached by Mitra (1952) that there 
may be a well-defined maximum of electron density even if y>1. Other laws 
may of course be postulated which lead to layer formation at all times, e.g. 
p?=ae"(z+e)™, where ¢ and n are arbitrary positive constants. Such a law 
will yield a maximum of electron density for all values of n. 


IV. NIGHT-TIME BEHAVIOUR WITH HEIGHT-DEPENDENT DECAY 
The profiles of Figure 2, for ax=10, 40 focus attention upon the fact that 
during the night, in the absence of ion production and other complicating factors, 
the level of maximum electron density of an ionized region across which the 
rate of decay decreases with increase in height, will invariably rise. One example, 
where tidal drifts have been included, has been given by Weiss (1953). The 
factors which determine the extent of the rise in z,, may readily be formulated. 
From the night-time solution (8) for the recombination law the condition 
for the maximum of y,, is easily found to be 
1 yy Op? 
ie ace Cas eee eo a: 


For p*, take as before p?=a exp (—vyz), and for vy. 

Vie ==OK DP ML FOF er earn Mies 2 (12) 
which for z>0 and with K a positive constant will serve to represent the upper 
portions of profiles of the type drawn in Figure 2. The failure of (12) to represent 
the behaviour of the region for z <0 is of no consequence as z,,>0 always. Then(11) 
becomes 

K(1—e~*m)=exp K (1 —z,,—e~*m)pyae-Ym. ........ (13) 
For the attachment law we have, more simply, 
(L641) == VAC Ver, hos ele agire oh ans alain es nls (14) 


The graphical Solutions of (13) and (14), for o=7, are presented in Figure 3, 
which shows how the extent of the rise in z,, after 12 hr depends on y, A, and a. 
It will be seen that the rises of z,, are by no means small, and that the attachment 
law invariably gives larger rises than the recombination law. The association 
of small rises in z,, with large values of y is physically self-evident. The curves 
have not been drawn beyond ~=1 because, as already indicated, region formation 
is impossible for y>1. Some uncertainty attends these results because (12) 
may not adequately represent the initial conditions at sunset (although experience 
with complete integrations suggests that the sunset profiles above z,, are of this 
shape), but the conclusion appears inescapable that a small rise in z,, at night 
implies either a long relaxation time or a very small gradient of the decay 
coefficient with height. 
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V. THE CoMPLETE REGION PROFILES 

The conclusions of the preceding sections are corroborated by several 
integrations over 24-hr periods of the continuity equation (3) for electrons, 
which have been performed for the equator at the equinoxes. The results— 
diagrams of z,, and of v,,—are collected in Figure 4. For the recombination law 
ion production’ follows [1/F(y)] exp (l1—e—e* sec g) and decay the law 
[1/F(y)]2e-vv? with y=0, 0-25. For the attachment law, ion production is 
as above, and decay follows [1/F(y)]2e-Vv, y=0, 0-1, 0-25, 0-5, and 0-8. In 
both cases F(y) is given by equation (2) with »=0-04, and for the third term 


6 


HeiGni, Zm 


(a) Y (b) y 


Fig. 3.—Night-time rise of the level z,,, after 12 hr, when decay decreases with 
increasing height. Ascending portions of some curves omitted. (a) Attachment, 


(6) recombination. 
ESOy e.g 
il K=4. 


of the continuity equation the value of dv/dh given by (5) has been adopted, 
that is, 0v/éh= --y/F(y). The inclusion of the factors in F(x) in these expressions 
admits the possibility of including thermal motions as in Section II but, as 
F(y)~1 except near sunrise and sunset and the velocity gradient is small at all 
times, Figure 4 will depict with sufficient accuracy the behaviour of z,, and v,, 
for the static isothermal region. Profiles for the sequence 0<y<0-8 for the 
attachment law are shown in Figure 5. 


From these diagrams the following conclusions may be drawn : 


(a) A rough approximation to the profile, and even to the behaviour of y,,, 
can be obtained by putting dv/de=0. 


(b) The movement of ¢,,, which is similar in form with either law of decay, 
cannot be inferred by putting dv/dg=0. 
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jc) Although the separation between z,, and e(J,,) increases as y increases, 
during the middle part of the day the level of v,, is to be found not far from 
the level of the maximum rate of ion production. Such a conclusion is of 
course only valid for values of y somewhat less than 1. 
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(a) 
Fig. 4.—Region parameters, 2, and y,,, when decay decreases with height. The numbers 
on the curves are the values of y. (a) Attachment, (b) recombination. 


{d) For the intermediate value of a chosen for the integrations Vattach~(Vrecomb)*- 
During the middle part of the day dv/de—+0 quite closely at low levels, 
whilst at higher levels the equilibrium condition is simulated (Section ITT). 
Further confirmation of this relation lies in Figure 3, with art=5d, for which 
Kita 2 Bacco 8 1ves approximately equal night-time rises of Z,,. 
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Sunrise values of Vattacn are much less than the corresponding values of 
Vrecomb; Smaller even than implied by (d) above. If N, is the sunset value 
of W,,, then with decay by recombination V/N,=(1+ Nat), whilst for 
decay by attachment, with @=N,«, N/N,=exp (—N at). These two laws give 
equal rates of decay only if Nat <4, or, for a 12-hr period, V,«<10~° if N, is 
measured in em-%, « in em? sec-!. Now, for the conditions under which these 
integrations were performed, N,«~4 <10-®° and the more rapid decay follow- 
ing the attachment law is not unexpected. Values of « approaching 10~" are 
necessary before the two laws lead to equal rates of decay over a period as 
long as 12 hr, and under such conditions N/N, remains quite large, N/N,> 3. 
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Fig. 5.—Electron density profiles when decay proceeds by attachment. 
y=028. 516 y=0-25. 
---- y=0°5. A. je 5.0 y=0-0. 


VI. DISCUSSION OF HEIGHT VARIATIONS 
Height data for the #’, region have been summarized by Appleton (1950).. 


The idealized annual variation of height as a function of latitude relates to noon 


, 


hp, 


and, if a vertical tidal drift with height gradient contributes to these variations,. 


noon hy, may not vary with season and latitude in exactly the same manner 
as noon hy. However, in examining how far these annual variations in height. 
can be explained by vertical tides acting on a simple (isothermal) Chapman. 
region, we may assume that the two heights are directly comparable. 


According to Martyn (1948) and Mitra (1952), the tidal drift at any station 


may be represented as the sum of two terms, one annual and the other Seasonal. 
Since Weiss (1953) has shown that even a considerable height gradient in the 
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vertical tidal drift velocity has little influence on z,,, and in any case the available 
data indicate that tidal drift velocities at the F, level are not large (~10 km/hr) 
it is sufficient to consider a semi-diurnal tide uniform with height, which is 
directly additive. If v, and v, are the amplitudes of the annual and seasonal 
components of the total vertical tidal drift and 4, and A, the respective phase 
angles, the total tidal drift velocity is 


v=0,(0) sin (29+2,)+0,(8, 6) sin (29-+0,+04), .... (15) 


>» 


where §=co-latitude, $=solar declination, and Q¢t=30°/month. 


The seasonal variation of noon ¢,, is then found, after integration of (15) 
and incorporating the control of region height by zenith angle (second term), 
to be 

Wnoon= —43[¥,(8) cos A, +2, (5, 9) cos (A, +Q#)] +1n cosee (8-+8). 


‘The terms in $ will introduce a semi-annual variation at latitudes <234° and 
an annual variation at higher latitudes, whilst the term in Q¢ produces an annual 
variation at all latitudes. Close to the equator the seasonal tidal term v,(3, 0) 
should be small and the zenith angle term is in phase quadrature with the actual 
variation of noon height. At high latitudes one would expect the zenith angle 
term to dominate, and this is in phase opposition with the observed variations. 

The conclusion that the seasonal height variations of the /’, region cannot 
be satisfactorily explained by vertical tides acting on an isothermal Chapman 
region is strengthened by consideration of the diurnal cycle in hp, for a station 
such as Washington. Here the seasonal variation is well developed, and is 
related to the radical change in h7-, from Chapman-like behaviour in winter months 
to high day-time values in summer. It does not admit of ready explanation 
in terms of a seasonal cycle in the amplitude, or phase, or both, of a tidal drift. 
It is pertinent to mention here that Martyn (1948) has shown that the height 
-variations of the F, region are consistent with small tidal displacements, which 
at this level do not necessarily imply small tidal drift velocities, of an isothermal 


Chapman region. 

Apart from influencing tidal drifts and displacements of the level of the 
maximum rate of ion production, the seasonal cycle in the solar zenith angle 
may alter region heights through an annual temperature cycle. Increased 
summer temperatures at the level of the / region are substantiated in several 
different ways. It has already been shown that a combination of diurnal 
temperature cycle and tidal drift, with a decay coefficient independent of height, 
appears adequate to account for the diurnal hi, variations in summer months ; 
from Section IV it is clear that this explanation only holds provided the decay 
coefficient remains essentially independent of height. Further, according to 
Lepechinsky (1951), two regions, produced in two distinct ionizing processes, 
have smaller noon separation in winter than in summer owing to the smaller 
diurnal temperature cycle in winter. However, so long as temperature cycles 
alone are invoked, difficulties which cannot be resolved by appeals to tidal 
theory may still arise in connection with the bifurcation of the summer night F 
region into separate F', and F, regions just after sunrise and with the failure of 
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evidence of the temperature changes to appear in the diurnal and seasonal cycles 
of hip,. 

The origin of the F, and F, regions in a single ionizing process has been 
considered qualitatively by Martyn (1948) and Bates (1949); the former has. 
also stressed the importance of tidal phenomena to the structure of the composite 
region. Mitra (1952) has drawn profiles for a region with y=1-5, but as already 
mentioned this result has not been confirmed by the present investigation. 
The behaviour of z,, for y<1 (Fig. 4) bears no resemblance to the diurnal cycles. 
found for h#,, nor does it admit of sufficient separation between z,, and the level 
of maximum ion production for bifurcation on the scale found in summer months. 
The night-time profiles for y>4 (Fig. 5) can scarcely be described as parabolic, 
but Ratcliffe (1951) has found for the three stations he analysed that the profiles, 
if not parabolic at sunset, rapidly become so and retain this shape during the 
night. These observed profiles of course apply only to the underside of the 
region, below hf. 

Although region formation is not directly possible for y>1, two maxima 
of electron density may arise in a single ionizing process if there is a double 
discontinuity in the height gradient of the decay coefficient, with »~0 below 
a lower level (giving rise to an /’, region essentially similar to the simple Chapman 
region) and above an upper level (giving rise to the upper portion of the F, 
region, above hp,), with y>1 between these two levels. It is readily seen that 
for large values of a (Section IIT), values of y not very much greater than unity 
will suffice to produce the observed ratio of Ni, to Nr, of from 2 to 4, whether 
decay proceeds by recombination or by attachment. During the summer 
night-time the upper discontinuity in the decay coefficient will act as an effective 
barrier preventing any rise of hi, above the sunset level, other than that due to 
tidal drift. During winter in high latitudes the contraction of the atmosphere 
as a whole will lower both discontinuities in the decay coefficient, and this, 
coupled with the relative elevation of the region consequent upon reduced 
solar zenith angle, may well result in the complete absorption of the effective 
solar radiation above the level of the upper discontinuity, where decay is not. 
strongly dependent upon height, with a normal Chapman region and failure of 
bifurcation to appear. Some additional mechanism, such as tides, would 
probably be necessary to account for the major seasonal alterations in the 
distribution of electrons within the /’, region, as reported by Ratcliffe (1951). 

This explanation is consistent with the results of Smith (1952), who from 
studies of the refraction of radio stars at Cambridge has found that the integrated 
electron density above hp, is normal for a Chapman region in winter and whilst 
somewhat above the Chapman norm during summer is certainly not excessively 
SO. 
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MAXWELL-WAGNER LOSS AND ABSORPTION CURRENTS 
IN DIELECTRICS 


By B. V. HAMoN* 
[Manuscript received February 10, 1953] 


Summary 


The dielectric loss factors of a number of heterogeneous mixtures have been measured 
at frequencies up to 3 Mc/s. The mixtures consisted of a non-polar base material 
and small percentages of a slightly conducting solid or liquid “ impurity ” 

Two types of dispersion of the solid impurity were studied, one using discrete 
spheres and the other using a fine powder covering the surfaces of large grains of the 
base material. For the discrete spheres, good agreement with Wagner’s theory was 
obtained. The results for the powdered solid impurity and the liquid impurity show 
that such mixtures can give rise to dielectric loss factors that increase slowly with 
decreasing frequency over a wide frequency range, and finally merge with the loss due 
to D.C. conductivity. The mixtures also gave rise to anomalous charging currents 
when direct current was applied. These currents were measured, and their relation to 
the A.C. loss factors indicated. 

The behaviour of the mixtures under different D.C. and A.C. potential gradients 
was also studied. It was found that the steady-state D.C. conductivity increased with 
increasing potential gradient, but that the A.C. loss factor at a particular frequency 
did not change. An explanation is suggested for this behaviour. 

The results are compared with the published data for practical dielectrics, and 
support the view that, at least for non-polar dielectrics, the small loss factors and D.C. 
charging currents frequently observed may be due to conducting impurities present as a 
separate phase. 


I. INTRODUCTION 

Several materials of practical importance have loss factors that are small at 
radio and audio frequencies but increase considerably with decreasing frequency 
below this range. The mechanism responsible for this loss is not clearly under- 
stood. Since loss of this type is found in materials of very different natures, 
it is probable that a number of mechanisms are involved. In some cases (e.g. 
glass, and perhaps some polar materials) it is likely that the loss is an inherent* 
property of the material; but in other cases, and especially with non-polar 
materials, it is usually thought that the loss is due to impurities. However, 
very little is known about the nature, quantity, or distribution of impurities 
that would lead to dielectric loss of the observed type, and few investigations 
have been made on systems of known composition and structure. 


The present paper gives the results of an experimental investigation of 
certain non-polar materials to which have been added small quantities of slightly 
conducting ‘impurities ”. In all cases the added impurity formed a separate 
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phase, so that the systems studied were heterogeneous mixtures. Dielectric 
loss due to slightly conducting impurities present as a separate phase in a material 
is now referred to as ‘‘ Maxwell-Wagner loss’, since it was first investigated 
theoretically by Maxwell (1892) and Wagner (1914). <A brief summary of the 
theoretical properties of Maxwell-Wagner systems will simplify the discussion 
of the experimental results. 

For the simple case of spherical particles (conductivity 6; ohm=) eni=}, 
relative permittivity ¢,) distributed at random in a base material of relative 
permittivity ¢,, Wagner (1914) showed that the loss factor* of the mixture is 
given by 

ee) eee 
Bete, T+ Flfnan)” 


where 
peep Let 0}? 6,/(2e, +€,), AN neh hae teen ene, (2) 


q is the volume fraction of conducting material present in the mixture, and f 
is the frequency in c/s. The equations hold only for values of q so small that 
interaction between the fields of neighbouring particles can be neglected. 
Expressions similar to (1) and (2) were obtained by Sillars (1937) for the case 
of spheroidal particles whose unique axes are parallel to the applied field. 
Figure 1 shows the variation of <” with frequency for spheres and prolate 
spheroids with two different axis ratios. The curves were calculated from the 
equations of Wagner and Sillars, using the following constants : 
€,=2°3, ¢,=5-0, o.=10-§ ohm™ cm, q=0-01. 
The dashed line in Figure 1 shows the loss factor that would be obtained if the 
same impurity were in the form of one or more uniform cylinders extending from 
one electrode to the other. Provided <¢,>c<,, as would usually be the case, this 
line represents an upper limit to the loss factor at any frequency, and for any 
shape and distribution of the impurity. The equation for the dashed line is 
era LB LO Os Sally. tine nai Nake (3) 
or more generally, 


where e, is the loss factor of the impurity itself. 

The importance of the shape of impurity particles in a Maxwell-Wagner 
system can be clearly seen from Figure 1, since all curves are for the same amount 
of a given impurity. Uneven distribution of particles of a given shape may be 
equally important. When only the nature and amount of impurity are known, 
the only quantitative estimate of the properties of a mixture that appears 


* ¢’ and e” are respectively the real and imaginary parts of the complexr elative permittivity. 
e” is related to the conductivity o and the frequency f by the equation 


o=0°55 e’f X10- ohm- cm, 


and to the loss angle § by the equation 


e”=c’ tan 9. 
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possible is the loss factor at frequencies greater than f,,,, (equation (2)). The 
experimental results given later have been assessed in this way. 

The materials used were chosen for experimental convenience, rather than 
as being typical ef materials or impurities of practical importance. The non- 
polar base materials used were paraffin wax, n-docosane (a pure long-chain 
saturated hydrocarbon, C,,H,,) and polytetrafluoroethylene (P.T.F.E.). The 
latter was used in the form of the spongy powder supplied for moulding. 

Results are given for one solid and one liquid impurity, although a number 
of other materials were used as impurities during the investigation (Hamon and 
Meakins 1950). The impurities for which results are reported are n-decyl 
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Fig. 1.—Dielectric loss factor as a function of frequency for spherical 

particles and for prolate spheroids with their long axes parallel to the 

field, calculated from the equations of Wagner and Sillars. a/b=ratio ' 
of axes. 


alcohol (C,,H,,OH, m.p. 6-4 °C), and copper phthalocyanine. The conductivities 
of the samples of these materials used in the present programme were of the order - 
of 10-* and 10-* ohm~ cm~ respectively. 

The absorption and conduction currents obtained when a D.C. potential 
was applied to the samples were measured, as well as the more usual A.C. 
properties. For convenience in correlating the A.C. and D.C. results, the 
currents measured on direct current have been converted to loss factors at very 
low frequencies (Hamon 1952) and plotted on the one graph with the directly 
observed A.C. loss factors. 


II. MATERIALS AND PROCEDURE 
(a) Materials 
The n-decyl alcohol was obtained from commercial material by vacuum 
distillation through an efficient fractionating column. n-Docosane from a 
previous programme was purified by recrystallization before use. The paraffin 
wax and P.T.F.E. powder were used as received, but selection on the basis 
of electrical tests was necessary for the wax, as not all samples showed sufficiently 
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low dielectric loss. The copper phthalocyanine powder was a commercial 
product and was not purified before use. 

For each of the three solids used as base material (paraffin wax, n-docosane, 
and P.T.F.E.) the measured loss factor was less than 0-001 at all frequencies 
from 0-0001 ¢/s to 100 ke/s. 

(b) Preparation of Samples , 

The method of mixing depended on the nature of impurity and base, and 
will be described in Section III. After mixing, the material was in all cases 
pressed into a flat circular disk by a hydraulic press. 

The compositions are expressed as percentages by volume. 


(c) Electrical Measurements 

The disks were measured between mercury electrodes of the type described 
by the Electrical Research Association (1933). On several occasions the results 
obtained with these electrodes were checked against those obtained with 
aluminium foil electrodes, which were pressed onto the sample when in the 
mould. No significant differences were found, either on direct or alternating 
current. The measuring techniques used are given in earlier publications (see, 
e.g. Dryden and Welsh 1951; Hamon 1952). 

All measurements were carried out in shielded enclosures at a temperature 
of 20°C. It was estimated that the loss factor values deduced from bridge 
measurements were not in error by more than --5 per cent. or +0-001, whichever 
was greater, but the values deduced from D.C. measurements might have been 
in error by +10 per cent. The measurements of D.C. conductivity at different 
potential gradients, reported in Section IIT (e), were made in a bridge circuit so 
that more accurate relative values could be obtained. 

The conductivity of the n-decyl alcohol was measured in a conductivity 
cell with bright platinum electrodes. The cell was calibrated with 0-01N and 
0-001N potassium chloride solutions. 

Double logarithmic coordinates have been used for the graphs of loss factors 
as functions of frequency. With these coordinates, steady-state D.C. conduction 
corresponds to a straight line with a slope of —45° at the low frequency end of 
the curve. To save space, experimental points in this region corresponding to 
loss factors greater than 100 have not been shown on the curves. 


III. RESULTS AND DISCUSSION 
(a) Diserete, Solid Particles of Impurity 

It was thought worth while, as a basis for work on more complicated 
mixtures, to prepare a mixture containing discrete spherical particles of impurity, 
and to compare the measured values of loss factor with those calculated from 
equations (1) and (2). Sillars (1937) prepared such a mixture by dispersing 
water in paraffin wax, but numerical agreement between observed and calculated 
results was not good. 

The material used as impurity in the present work was copper phthalo- 
cyanine. The powder was pressed into a disk and its relative permittivity and 
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loss factor measured at different frequencies (Fig. 2). The disk, which was hard 
and brittle, was crushed and the resulting particles sieved to obtain a fairly 
uniform size. The particles were then ground to approximately spherical shape 
by a compressed air device (Bond 1951). After further sieving to remove dust 
formed by the grinding, the particles were mixed with paraffin wax, the volume 
concentration being 0-62 per cent. 

Figure 3 shows the loss factor measured on a disk sample pressed from the 
above mixture, together with the values calculated from equations (1) and (2). 
Since neither o, nor ¢, was sufficiently independent of frequency, it was necessary 
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Fig. 2.—Dielectric loss factor and relative permittivity, as 
functions of frequency, for copper phthalocyanine. 


to use different values at each frequency at which a calculated value of the loss 
actor of the mixture was required. The values were obtained from Figure 2, 
using the relation 


G=UCDDE SoU ats ee ene nee eo) 


The measured value of ¢/, the relative permittivity of the wax, was 2-30. The 
curve calculated in this way is shown by the dashed line in Figure 3, and is 
slightly broader than the curves in Figure 1. The agreement between the 
observed and calculated values is satisfactory except at frequencies below about 
5 x 104 c/s, where the observed values are appreciably greater than the calculated 
ones. This discrepancy may be due to slight lack of uniformity in the properties 
cf the pressed disk, or to the fact that the particles were not exactly spherical. 
A photograph of part of the disk is reproduced in Plate 1, Figure 1. 

Similar experiments were carried out using particles that had not been 
ground. The shape, height, and position of the loss factor curve were not altered 
appreciably by using particles of irregular shape. These tests also showed that 
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the loss factor is approximately linear with concentration, at least up to concen- 
trations of about 3 per cent. This is to be expected, as it is unlikely that 
interaction between the electric fields of neighbouring particles will be significant 
at such low concentrations. 


(6) Finely Powdered Impurity at the Boundaries of Large Grains 
A model that should more nearly approximate to some practical materials 
can be made by covering large grains of the base material with an impurity in 
the form of a fine powder. A mixture of this kind can be expected to show a 
steady-state D.C. conductivity if the covering of each grain is sufficiently complete 
to produce conducting paths that are continuous from one electrode to the other. 
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Fig. 3.—Dielectric loss factor as a function of frequency for discrete 

spherical particles of copper phthalocyanine embedded in paraffin wax. 

Solid curve, experimental; dashed curve, calculated from Wagner’s 
equation. 


For a given concentration, the D.C. conductivity should depend on the ratio 
between the diameters of the particles of base material and impurity, being 
greater for large ratios. In general, only a small fraction of the impurity will be 
favourably placed for D.C. conduction and the greater part of the impurity will 
only be able to contribute to energy loss in an A.C. field. 

Figure 4 shows loss factor-frequency curves for three mixtures of copper 
phthalocyanine powder and paraffin wax. In preparing these samples the wax 
was crushed and sieved to get particles whose sizes were between about 0-05 
and 0:15 cm. These particles were mixed with copper phthalocyanine powder 
(particle size about 10-4 em) by shaking. The mixtures were pressed in the 
usual way. A photomicrograph of a thin section of the 0-62 per cent. sample 
is shown in Plate 1, Figure 2. The concentration of impurity at grain boundaries 
can be seen clearly. 

The results shown in Figure 4 are of the general shape to be expected from 
the above considerations. The two higher concentrations, 0-62 and 1-9 per cent., 
show steady-state D.C. conductivity at frequencies below 1 ¢/s and 0-001 ¢/s 
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respectively, while in the 0-19 per cent. sample the concentration is too low for 
D.C. conductivity. At frequencies higher than f,,,, (1-4x10° ¢/s, see Fig. 3) 
all three curves approach the limit curves discussed in Section I, which in this 
case are respectively 1-9, 0-62, and 0-19 per cent. of the loss factor curve for 
the copper phthalocyanine in bulk (Fig. 2). Except in this high frequency 
region, the loss factor is no longer linear with concentration, as was the case 
with discrete particles. 
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Fig. 4.—Dielectric loss factor as a function of frequency for three percentages of 
copper phthalocyanine powder mixed with paraffin wax. The dashed curves give 
the theoretical upper limit to the loss factor. 


(c) Liquid Impurities 

Results similar to those in Figure 4 were obtained when liquid long-chain 
alcohols were mixed with either paraffin wax, docosane, or P.T.F.E. powder. 

Figure 5 shows the results for n-decyl alcohol mixed with P.T.F.E. powder 
at three concentrations. To ensure uniform distribution of the alcohol, it was 
dissolved in pure dry light petroleum before being added to P.T.F.E. The light 
petroleum was then evaporated off until the weight was constant. 

Since the alcohol is colourless, the nature of its distribution in these disks 
is not as well known as in the case of the copper phthalocyanine-wax mixtures. 
It appears certain, however, that the alcohol forms a film on the surfaces of the~ 
P.T.F.E. grains, in much the same way as the copper phthalocyanine powder 
covers the wax grains. The formation of a solid solution, or appreciable penetra- 
tion of the P.T.F.E. by the alcohol molecules, is not to be expected in view of the 
inert nature of the P.T.F.E. towards all normal solvents. 

The increasing dependence of loss factor on concentration as the frequency 
decreases is clearly shown in Figure 5. At 1 c/s, for example, the loss factor 
increases by a factor of about 600 when the concentration increases by a factor 
of 9, while at 10* c/s the corresponding increase in loss factor is only about 30 
times. From another point of view, the higher the loss factor at a particular 
frequency the steeper the curve of loss factor as a function of frequency. A 
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point of similarity with commercial materials is that an appreciable part of 
each of the curves of Figure 5 can be approximated by the empirical equation 


e"=xf-%, 
where x and « are positive constants (see, e.g. Hartshorn and Ward 1935). 
For frequencies up to 10° e/s, the conductivity and relative permittivity 
of n-decyl alcohol are independent of frequency. The conductivity, however, 
depends on the degree of purity, and increases appreciably even when stored in 


a stoppered bottle in a desiccator. The conductivity of the alcohol used for the 
three samples whose properties are shown in Figure 5 was 9-6 x 10-9 ohm-! cmt 
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Fig. 5.—Dielectric loss factor as a function of frequency for three concentrations 
of n-decyl alcohol in P.T.F.E. The dashed lines give the expected upper limit to 
the loss factor. 


and the limit curves shown in the figure are based on this value. The value of 
fa the frequency at which maximum loss would be expected for discrete 
spherical particles of decyl alcohol in P.T.F.E., is 1-5 10% c/s. It is seen from 
Figure 5 that the loss factor falls steeply with increasing frequency above f,,,,.,; 
and that the limiting values are reached, or even slightly exceeded, at a frequency 
of 10° c/s. This point will be discussed further in relation to the results shown 
in Figure 6. 

To compare different base materials, the results for mixtures of 1 per cent. 
by volume of decyl alcohol with P.T.F.E., paraffin wax, and docosane are shown 
in Figure 6. The P.T.F.E. curve was obtained from the results given in Figure 5 
by interpolation between the 2-4 and 0-71 per cent. curves, using the formula 
¢”=A06", where @ is the concentration and A and n are constants at a particular 
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frequency. The n-docosane and paraffin wax samples were prepared either by 
mixing the liquid alcohol with the molten base material, allowing the mixture 
to solidify, then crushing and pressing in a mould, or, more simply, by grinding 
the alcohol and base material with a mortar and pestle at room temperature and 
then pressing. The two techniques gave essentially the same result. Samples 
were reproducible to within about --20 per cent. in loss factor, as can be seen 
from the paraffin wax curve which has been drawn through points obtained 
from three different samples. Some mutual solution of alcohol and base is to 
be expected in the case of paraffin wax and docosane, but the fact that the 
loss factor curves are sensibly independent of the method of mixing, and are of 
the same general shape as the P.T.F.E. curves, shows that the extent of this 
mutual solution is probably small. 
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Fig. 6.—Dielectric loss factor as a function of frequency for 1 per cent. mixtures of 
n-decyl alcohol with three different base materials. The dashed curves give the 
theoretical upper limit to the loss factor. 


Separate limit lines have been shown in Figure 6 for each sample, since the 
conductivity of the alcohol was slightly different in each case. 


The loss in the n-docosane sample is appreciably higher at all frequencies 
than that in either the wax or P.T.F.E. samples, and is over twice as great as 
the expected upper limit at high frequencies. This suggests that the con- 
ductivity of the decyl alcohol in the mixture is greater than the bulk value. 
This could be due to orientation of the alcohol molecules as a result of adsorption 
on the docosane. 

A similar effect is present to a smaller extent in the P.T.F.E. samples, since 
the difference in relative permittivities of the alcohol and P.T.F.E. (8 and 1-9 
respectively) should prevent the loss factor becoming equal to the upper limit 
at any frequency. 
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The low value of loss factor at low frequencies in the P.T.F.B. sample is 
considered to be due to the large surface area of the P.T.F.E. powder. Although 
the grains of the powder were fairly large, each grain had a spongy texture. 

It is interesting to note that loss factor curves similar to those shown in 
this and the preceding section have been obtained with a number of freshly 
ground crystalline materials (Dryden and Meakins 1953). In these systems the 
dielectric loss is thought to be due to conducting layers of water or aqueous 
solution on the freshly exposed surfaces of the crystals. Many commercial 
insulating materials also give dielectric absorption of this type (see, e.g. Massa- 
chusetts Institute of Technology 1948). 


(d) Anomalous Charging Currents 

The anomalous D.C. charging currents, from which the loss factors below 
0-1 c/s were calculated, have not been considered separately in this section. 
In general, these currents varied with time according to the empirical law 
tot”, where is a constant for a particular sample. This empirical law has 
been found to hold for a large number of insulating materials. 

Special mechanisms, such as the formation of space charges, and contact 
imperfections, have been suggested in the past to account for the anomalous 
currents. At least in the present cases, however, it appears simpler to assume 
that the anomalous currents are only another result of the heterogeneity that 
causes loss in A.C. fields. 


(e) The Effect of Potential Gradient 

It is well known (see, e.g. Hartshorn and Rushton 1934, 1938) that the 
steady-state D.C. conductivity of many commercial insulating materials increases 
with the applied potential gradient even at low values of the gradient, while the 
effective A.C. conductivity is usually independent of potential gradient, at least 
up to about half the breakdown value. Reversible absorption currents are 
usually proportional to the applied potential so that the effective ‘“ absorption 
conductivity ” is independent of applied voltage. 

On testing a number of mixture samples at different applied voltages, the 
same behaviour was observed. Figure 7 shows the variation of D.C. conductivity 
with applied potential gradient for one sample with liquid impurity (n-decyl 
alcohol) and one with solid impurity (copper phthalocyanine powder). In 
both cases the conductivity increases with the potential gradient. It was 
observed that the fractional increase in conductivity, for a given field change 
was smaller the greater the concentration of impurity. This is to be expected, 
since the conductivity of the impurity in bulk (n-decyl] alcohol or copper phthalo- 
cyanine) does not depend on the applied potential gradient. 

Figure 7 shows that the conductivity of the sample containing decyl alcohol 
can be represented by the empirical equation 

o=o6, (1+mz2), 
where o, and m are constants, and « is the potential gradient in the material. 
This relation is of the same form as that found for cellulose acetate and varnished 
cloth by Hartshorn and Rushton (1934, 1938). 
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Hartshorn and Rushton (1938) discussed a number of mechanisms for the 
dependence of D.C. conductivity on potential gradient, such as electrophoresis, 
movement of liquid in capillaries, and ionization by collision. None of these 
mechanisms seems appropriate for the mixture of paraffin wax and copper 
phthalocyanine (Fig. 7). A simpler mechanism is suggested in this case, namely, 
that the field dependence is due to the “‘ breakdown ” of small gaps in otherwise 
continuous paths of impurity. The nature of the breakdown process cannot be 
specified in detail, but the fact that the conductivity-potential gradient curve is 
reversible within the limits of measurement implies that no permanent physical 
or chemical change takes place when the gaps become conducting. 
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Fig. 7.—D.C. conductivity as a function of potential gradient for 1 per 
cent. n-decyl alcohol in paraffin wax (curve A) and for 1-9 per cent. 
copper phthalocyanine powder in paraffin wax (curve B). 


Measurements of D.C. conductivity as a function of potential gradient were 
also made on a number of chemically pure organic materials. Some dependence 
was found, but it was generally less marked than in the mixtures discussed 
above. The observed field dependence in organic materials may be due to the 
presence of traces of moisture, or of different crystal modifications (Hamon 
and Meakins 1952). . 


IV. CONCLUSION 

The loss factor-frequency curves in Figures 4, 5, and 6 show that a loss 
factor that increases slowly with decreasing frequency over a wide frequency 
range can be due to an impurity dispersed as a separate phase at the boundaries 
of grains of an otherwise loss-free material. The results obtained indicate 
something of the complicated relation between the properties and amount of 
impurity, its dispersion, and the electrical effects it produces. Although non- 
polar base materials were used, there is evidence that the n-decyl alcohol is in 
some cases adsorbed onto the base material, and that its electrical properties 
are altered by this process. In materials of practical importance, particularly 
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Fig. 2.—Photomicrograph of a section of a sample containing 0-62 per cent. copper 
phthalocyanine powder in paraffin wax, showing concentration of the powder at grain 
boundaries. 
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with polar materials exposed to atmospheric moisture, it is probable that 
adsorption plays an even more important part. In such cases one can no longer 
use the idea of a simple mixture of components, each retaining its bulk electrical 
properties. 
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PROGRAMME DESIGN FOR THE C.S.1.R.0. MARK I COMPUTER 
I. COMPUTER CONVENTIONS 


By T. PEARCEY* and G. W. HILL* 
[Manuscript received December 5, 1952] 


Summary 


The organization of the C.S8.I.R.O. Mark I computer is described. The code 
system is of a two-address type in which each operation called by an “ order ” or 
“command ” is thought of as a quality of a transfer of the content of one “ register ”’ 
to another. Each command indicates a source and a destination. A special notation 
of mnemonic type is adopted for written programmes as an aid in the various stages 
of programme design. The written programme may be translated, by aid of a special 
encoding key-punch, from the written sheet onto paper tape, the medium through 
which the machine accepts data. 


I. INTRODUCTION 
The basic principles of programme construction for automatic computers 
have been known for some time, at least since the attempt by Charles Babbage 
to construct an analytical engine. These principles apply to modern automatic 
computers, and only the details differ from machine to machine. It is one of 
the aims of the machine designer to make the programming procedures as simple 
as possible for users. 


Two technical developments, the use of electronic techniques and of rapid 
access ‘‘ variables stores’, have made fully automatic computers possible in 
recent years. The introduction of electronic techniques has increased the 
computing rate by at least a thousandfold beyond the speeds attainable by 
electromechanical systems using punched cards and relay equipment. This 
has allowed of great simplification in the organization of modern computers, 
the main being that sufficient speed can be maintained by performing at one 
time only one of a small class of different actions, such as addition, subtraction,~ 
reading new data, recording results, and transferring numbers and so on. 

Automatic computers, particularly those operating at electronic speeds, 
require an extended set of single steps, known as a “‘ programme ”’, which controls 
the course of a calculation. Thus, each step, called a ‘“ command ”’, must be 


expressed as one of the restricted class of actions which the computer is capable 
of performing. 


Until recently automatic computers have been provided with programmes 
from punched cards or paper tape, each command being read from the card or 
tape and performed immediately, whereupon the computer proceeds to the next 
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card or position of the tape. The development of rapid access ‘“ stores ” or 
blocks of number registers of large capacity allows the entire programme to be 
Supplied to the computer in the form of sequences of numbers, and entered into 
the same store that is used for holding the incidental computing data ete. This 
makes it possible to subject the programme itself to changes as the computer 
progresses through the calculations. 

The facility for a computer to change its current programme greatly reduces 
the number of commands required and the effort needed to construct the pro- 
gramme and code it into a suitable medium for transfer into the computer. 
Part of any programme, constructed according to this principle, must be devoted 
to controlling the changes to be made to itself, so that useful computing 
Speed is somewhat reduced. The extra flexibility obtained far outweighs the 
disadvantages. 

The problems of design and construction of modern computers have been 
discussed more frequently and at much greater length than have the problems 
of their programming and use. Only in the case of one particular computer, the 
EDSAC (Wheeler 1950; Gill 1951; Wilkes, Wheeler, and Gill 1951), has much 
been published on the latter subject. 

The programming techniques developed for use in the EDSAC bear close 
resemblance to those developed for the present machine. This is so particularly 
in the use of basic programme elements or ‘‘ sub-routines ’? which are designed 
for frequently repeated sets of operations, and in some of the techniques adopted 
for simplifying their method of use and incorporation into complete programmes. 

Although the techniques used for EDSAC render programming work 
remarkably simple, no detailed knowledge of the machine being needed, it is 
believed that in some ways the method developed here is made even easier, and 
the demand on store space even smaller, by the incorporation into the machine 
of certain special features. 

The terminology adopted here closely resembles that used by the Cambridge 
Mathematical Laboratory. Terms not well known or not immediately obvious 
will be defined when first introduced. 

The initial aim of the programmer is of course to obtain the accuracy he 
needs in the results required, and this may decide for him the particular methods 
by which the computation is made. The programme will usually be compiled 
so as to use as little store space as possible, at the same time maintaining an 
adequate rate of output of results. These are very broad principles and subject 
to wide variations. Thus, a programmer designing a basic component or sub- 
routine will tend to occupy the least possible store space, almost irrespective of 
its speed, whilst a programmer designing a programme for a full-scale calculation 
using sub-routines is likely first to ensure that his demands do not exceed the 
store capacity and then choose the method requiring least machine time. 

Detailed programming techniques adopted for any particular machine 
depend largely upon the ‘“ address system ”’, that is, the manner in which the 
machine interprets a command as a meaningful operation. Any programme 
implies a sequence of such operations, and must be written down in a manner 
easily read and understood. A programme initially designed on paper must 
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be transcribed onto some medium which is directly accepted by the machine, 
usually punched paper tape or punched cards, although magnetic tapes and wires 
are in use by certain machines. In our case the machine accepts paper tape 
although punched cards are used as an auxiliary medium. It is essential for 
simplicity in the last stage of programming, the stage which may be called 
‘‘eoding ’, that the written programme be coded directly into the medium 
without further writing or extra mental effort. 

In the present paper the organization of the machine is described only so 
far as is necessary for the understanding of the programming method, and this 
is followed by a description of the address system. The basic actions of the 
machine are listed in detail in Tables 2 and 3, together with a notation used in 
the construction of written programmes, which, although not ideal, appears to 
be suitable. The manner of coding from the written sheet is described, but a 
description of details of the construction of complete programmes will be given 
in Part II (Pearcey and Hill 1953). 

For recording written programmes it is convenient that the notation symbols 
be available on a typewriter. 


II. THE STRUCTURE OF THE COMPUTER 

The C.S.I.R.O. Mark I computer is of the electronic serial-transfer type, 
and operates entirely in the binary scale. The programmer need know very 
little about the details of the machine but a general picture of its structure and 
its mode of operation is useful. 

The stores, those components which hold the programme of commands and 
the data operated upon, are of two kinds. First, a main or high speed store 
(access time 1 msec), capable of storing 1024 separate data or ‘‘ words ”’ or basic 
groups of digits, is used always*to hold the programme currently in use and 
incidental data as desired. This store consists of a group of mercury-filled 
acoustic delay lines each holding 16 words placed end to end. The register 
positions or “‘ locations ”’ in the store are numbered serially from 0000 to 1023. 

The second store, of slow access (10 msec), is divided into four groups each 
of a capacity of 1024 separate numbers and is of the magnetic drum type. The 
high speed store is of the ‘ volatile’ type, that is, the numerical content is 
destroyed whenever the power is removed ; in the magnetic drum type this is 
not so and information is retained. 

The arithmetical unit consists of a group of acoustic delay registers known as _ 
registers A, B, C, H, and D. The main arithmetical register is A, and has a 
capacity of one word only, as also have B and C. Register H, however, stores 
only half the digit capacity of a full number, whilst D can store 16 words end 
to end. 

Other registers, not part of the arithmetical equipment, are the “ input 
register ’’ from which data fed to the computer may be read into the stores or 
the arithmetical components ; the ‘“ output register ” via which results may be 
recorded ; and “ constant registers’, two of which have full digit capacity for 
a complete word and may be adjusted manually by sets of switches. Three 
others provide single unit digits in prescribed places. 
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The operation of the computer is controlled according to the numerical 
content of three registers. The ‘“‘ sequence register ” specifies from which location 
in the high speed store a command is to be withdrawn for use. The “ interpreter 
register ’’ receives and holds the command in use. The “ store control register ”’ 
indicates which location in one or other of the stores is prepared for immediate 
use. 


DIGIT TRUNK 


STORES 


STORE CONTROL REGISTER 


ARITHMETICAL 


UNIT 
(REGISTERS A,B,C,H.D) 


ital 
nee 
Pe 


—-—e---—W- 


DESTINATION SOURCE 
FUNCTION FUNCTION 
GATES GATES 


——pe— DIGIT TRANSFER LINES 


—— @— CONTROLLING LINES 


Fig. 1.—Block schematic diagram of the computer. 


Figure 1 shows a block diagram of the major components of the computer 
and indicates the main interconnections. All the aforementioned registers. 
are connected in various ways to a conductor known as the “‘ digit trunk ”, and 
it is along this conductor that the numbers are transferred from one register to. 
another in the form of trains of suitably timed electrical pulses. 


TII. THe NUMBER AND COMMAND CODE 
A single location in the stores contains a single word or datum consisting of 
20 binary digits, the distribution of which represents a single number, command, 
or partitioned datum according to the manner in which the programme uses the 
word. The positions or periods of the digits of a 20-digit word are denoted by 
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symbols, ~,, Po, - - +) Poo, and are written in the time sequence at which the 
digits appear on the digit trunk. Each digit held within any one register may 
possess a weight of either unity or zero, according as at the appropriate digit 
instant an electrical pulse respectively does or does not appear in the digit trunk. 
Single digits are frequently referred to by their corresponding period symbol, 
that is, a unit digit at the instant p, is called a p, digit, and the time of appearance 
of such a digit is the p, period. 


(a) Numbers 

In the case of numbers a weighting is applied to the digits which relates 
one digit to that which immediately follows in the time sequence. Thus, a 
unit p, digit is given the additional weighing of 2’-°°. Negative numbers are 
stored in their complementary form and the ‘“‘ binary point ”’ is considered as 
lying between the digit periods of p,, and p55. Hence a single number can take 
values equal to integral multiples of 2~! from —1 to 1—2-¥. 

Such a convention considers numbers as fractions, but by suitable programme 
design it is possible to compute with numbers as though the binary point were 
between any pair of adjacent digits. 


(b) Partitioned Data 

Not all data held in the store are modulo two numbers. Some 20-digit 
data may be used by a programme according to any desired convention of 
partition. Thus a word may, in the course of a programme, be divided up 
into a number of separate components either related to one another or not, e.g. 
into the groups p,—Py) and P,,—Po. Examples of partitioned data are the two 
components of a complex number, numbers which bear ‘ tags ”’, that is, special 
digits describing the meaning of the accompanying main group of digits, and 
numbers in floating form which possess variable indices. 

All commands are a form of partitioned data. 


(c) Commands 
A single command is coded as a sequence of 20 binary digits. The address 
convention of partitioning adopted, however, affects the entire design of the 
computer and the method by which programmes are designed. 


An operation defined by any one command is regarded as the transfer of. 
the digital content of one register to a second register. Any arithmetical 
operation which takes place during a transfer depends on the manner in which 
the first or ‘“ source” register transmits, and the second or “ destination ” 
register receives. In this sense the command code system is of the two-address 
type. 

The digits of any command are partitioned into three groups; the first 
those in periods p,—p;, the second in p,—p,, and the third in p,,—ps) inclusive. 
The first group contains the code for the destination and the second the code for 
the source. The third, the largest group, is a ‘ sub-address ”? and indicates 
one of the 1024 serially numbered locations in one or other of the stores if 
required. This last group may also contain any desired group of 10 binary 
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digits even if neither the source nor the destination calls upon the stores. The 
command code allows for a total of 32 sources and 32 destinations and stores of 
up to 1024 locations. It is believed that the C.S.I.R.O. Mark I is the only 
computer to use an address system of this type. 

In cases of commands which refer. to a location in the D register the digits 
in PP, indicate which location is called for use irrespective of the digits in 
PisP20- 

The address groups and the digit periods are illustrated in Table 1. 


TABLE 1 


THE ADDRESS SYSTEM 


| 
Digit periods. - Poo Pio Pis +++ +++ Pu Pw Ps Ps Pr Ps Ps Pa Ps P2 Pi 
Address groups .. “ye | <-Store sub-address> | <—Source—-—> | < Destination > 
Mod. 2 number weightings ret a 6 n= inde ee ee Taga ia ere Ae rem SW gS yeh 
Typical command c(A)—16 OO6DFT10000'O 1 0 0 1 OO Oo @ 
The number 4/5 .. Lie OSL SOF0 EL mOROs te OF Oey i Oe ay hah 1) 
| | 


IV. FUNCTION GATES 

To every source code number there exists a ‘“‘ source function gate ’’ which 
becomes activated and able to transmit a datum to the digit trunk, whenever the 
current command contains the appropriate number in the source group. Similarly 
every destination code number corresponds to a ‘ destination function gate ”’ 
which is activated according to the destination address of the current command 
and allows a datum to pass through it from the digit trunk. These are indicated 
in Figure 1. 

V. THE OPERATION SEQUENCE 

Commands to be performed in succession are normally stored in and with- 
drawn from successively numbered locations in the high speed store. For any 
one command to be satisfied four transfers must take place in the following 
sequence : 

(1) The content of the sequence register is transmitted to the store control 

register, thus preparing the store to transmit out the next command. 


(2) The store transmits the contents of the position indicated by the content 
of the store control register, i.e. the new command, to the interpreter 
register. 

(3) The sub-address group (p,,-Po digits) of the current command is 
transmitted back from the interpreter register to the store control 
register, being substituted in place of the previous contents. This 
prepares the store for action if either of the addresses requires it. 


(4) The appropriate source and destination function gates indicated by the 
addresses of the command are activated by suitable circuits connected 
to the interpreter register, thus allowing the desired transfer to take 


place. 
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This sequence of transfers, called the “ computer routine ” is invariable and 
is controlled by the “‘ main control unit ” shown in Figure 1, which provides the 
necessary electrical waveforms. 

The content of the sequence register at stage 1 of the computer routine is 
known as the “ control number’. The term ‘ control at » ”’ implies that the 
current command is selected from location n. Any change in the value of n is 
“‘ shift of control’. Normally control shifts from n to n +1 during a single cycle 
of the computer routine. A single unit p,, is added to the control number in the 
sequence register during stage 3 of each computer routine cycle. 


VI. THE SOURCE AND DESTINATION CODES 
The following tables list the operations for which the various function gates 
are responsible. Table 2 lists the sources and Table 3 the destinations in the 
numerical order of the code from 0 to 31. 


TABLE 2 
SOURCE FUNCTION GATES 
Code | 
Number Function | Symbol 
0 Read out and hold the content of the high speed store location 7 (n) 
(O<n<1023), indicated by the sub-address digits ,,—o9 
il Read out the content of the input register (20 digits, po) - - (Z) 
2 Read out the content of hand-set register No. 1 (20 digits, p,—pa 9) | (N,) 
3 Read out the content of hand-set register No. 2 (20 digits, p,;—pa9) (N.) 
4 Read out the content of register A (20 digits, p;—) -- Hx (A) 
5 Read out the most significant digit of the content of register A Po9-(A) 
(unit Py) if 1, zero if 0) (Pore ss(41)) 
6 Read out the content of register A divided by 2 (20 digits) 3(A) 
7 Read out the content of register 4 multiplied by 2 (20 digits) 2(A) 
8 Read out the least significant digit of the content of register A p,.(A) 
(unit p, if 1, zero if 0) or 1.(A) 
9 Read out the content of register A and leave it cleared to zero c(A) 
10 If the content of register A is non-zero transmit a unit p, digit, 2z(A) 
otherwise transmit zero 
11 Read out the content of register B “ity (B) 
12 Read out a unit p, digit if the most significant dine of the eantent | (R) 
of register B is unity, otherwise transmit zero 
13 Read out the content of register B shifted to the right one place | r(B) 
14 Read out the content of register C Se (C) 
15 Read out the most significant digit of the eonitent of register C Poo(C) 
(unit Poo if 1, zero if 0) or s.(C) 
16 Read out the content of register C shifted one place to the right r(C) 
(zero IN Pq position) 
Wy Read out the content of the location in register D indicated by (@e) 
the number m (0<m<16), represented by the digits p,,—py4 
18 Read out the most significant digit in the location in register D P2o(D,,) 
indicated by the number m (0<m<16), represented by the or s.(D,,) 
digits py.—py4 
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TABLE 2 (Continued) 


SOURCE FUNCTION GATES 


Code 
Number Function Symbol 
19 Read out the content of the location in register D indicated by r(D,,) 
the number m (0<m<16), represented by the digits p,,—p1,, 
shifted one place to the right 
20 Read out zero : (Z) 
21 | Read out the 10- dips content of none ce im the position group (7) 
| P1-Pio0 
22 | Read out the 10-digit content of register H in the position group (Z,) 
Pir P20 
23 Read out the 10-digit content of the sequence register in the (S) 
position group P,;—Po9 
24 Read out a single unit digit in the p,, position a he Dy 
25 Read out a single unit digit in the p, position a? py 
26 Read out from the interpreter register the content of the aes: (K) 
of the current command held in positions p,,—(59 
27 Read out the content of the low speed store No. 1 from the (4) 


location n (0<n<1024), indicated by the 10-digit sub-address 
of the current command 

28 Read out the content of the low speed store No. 2 from the (72) 
location n (0=n<1024), indicated by the 10-digit sub-address 
of the current command 

29 Read out the content of the low speed store No. 3 from the (ng) 
location n (02n<1024), indicated by the 10-digit sub-address 
of the current command 

30 Read out the content of the low speed store No. 4 from the (74) 
location n (02n<1024), indicated by the 10-digit sub- 
address of the current command 

31 Read out a unit digit in the position ps9 ne 34 mie Doo 


Most of the entries in Tables 2 and 3 are self-explanatory. The following 
notes will assist in defining more clearly the action of some of the functions. 


Not all registers are associated with both source and destination gates ; 
for instance, the output register possesses only destination gates, whilst the 
various constants have only source gates. 

The output from any source gate may be transferred to any destination 
gate which may be consistently coded. Thus, to transfer the content of location 
n in the high speed store to location m (nm) in the high speed store is an invalid 
transfer and cannot be coded, except in the case n=m when the transfer is 
possible. Similarly a transfer from a store location 16r+p (0O<p<16) to 
location q (0<q<16) of register D is possible only if p=q. Similar remarks 
apply to the low speed store. 

The input register possesses 20-digit hand-setting facilities like those of V, 
and WN, and the entire 20 digits are transferred if called as a source. 
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The destination I, affects the mode of reading data from the medium, in 
this case punched paper tape, from which data are placed into the input register. 
In the “ read binary ” condition the row of digits represented by the configuration 
of holes or the current column of the tape is accepted directly into the register. 
In the “ decimal read ” state the configuration of digits is subjected to some 
transformation upon entering the input register. The effect in this state is that 
of interpreting tape punched with one hole per row in a 1 to 10 code for decimal 
digits and transferring each digit to the input register as the equivalent binary 
tetrad. This is more fully described later. 

In the right-shift sources of registers B, C, and D, i.e. r(B), r(C), and r(D), 
the lowest digit (at p,) is omitted from transfer; a unit digit in the p, period 
is transmitted as a unit p,_, and the digit transmitted in the p,. position is zero 
irrespective of the digit in the p.) period held in the register. 

In the case of multiplication the modulo 2 convention is adopted and the 
product of the content of register C and the number entering register B, both 
stored modulo 2, is added into the combined registers A and B as though the 
binary point of the product lies between the p.) and p,, periods in register A. 
The original multiplier is lost in the process of multiplication and is replaced by 
the less significant 19 digits of the product. The multiplicand is retained in 
register C. In cases of the multiplier or multiplicand being negative (i.e. 
possessing unit Po digits) suitable corrections are made to the product to provide 
a negative product in complementary form. 

A loudspeaker has been found useful for providing audible signals which 
help the operator to follow the course of a calculation. It is selected by 
destination number 10. 


VIT. NOTATION 

A special notation is adopted for writing programmes. Each command is 
represented by at least two symbols, one for the source and one for the destina- 
tion. The symbols are those indicated in Tables 2 and 3. Usually these 
symbols involve a letter denoting the register involved and an accompanying 
symbol to indicate the particular function of the function gate selected. 

The source symbol is written to the left of a rightward pointing arrow with 
a lower half-head only, i.e. —, to the right of which the destination symbol is 
written. To aid the eye the functional component of the destination symbol 
is moved to a point over the arrow. This symbol does not exist on standard 
typewriters, but this is not a great inconvenience since programmes are finally 
typed on standard forms which have the arrow printed upon them. 

_ The content of a register is implied by surrounding the letter representing 
the register referred to by round brackets, thus (4) means the numerical content 
of register A and is the symbol shown in Table 2. The bracket notation is used 
in indicating some source functions. In cases of the remaining sources the 
brackets are not necessary as, for instance, when a constant digit or set of digits. 
is transmitted, e.g. sources of p,, p11, and p>.) units. Further, if the source is the 
interpreter register, it is convenient to write the actual number transferred 
out in place of the source symbol omitting brackets, the interpreter register being 


é 
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TABLE 3 
DESTINATION FUNCTION GATES 
Code 
Number Function Symbol 
0 Read and substitute into the high speed store in location n n 
(0<n<1028), indicated by the digits p,,—p5) of the current 
command 
1 If at least one unit received, change the mode of input reading i; 
from decimal code to straight binary or vice versa, otherwise 
no change 
2 _ Read into the output register the digits received in positions OF 
Pir-P15 and print the corresponding character 
3 Read into the output register the digits received in positions 0, 
Pi-p; and punch onto tape 
4 _ Substitute into the register A (20 digits) : A 
5 | Add into the content of register A and hold the sum ; +A 
6 Subtract from the content of register A and hold the difference —A 
7 Replace the content of register A by the digit by digit product ~A 
of its content and the entering digits (e.g. conjunction) 
8 | Replace the content of register A by the digit by digit logical VA 
sum of its content and the entering digits (e.g. disjunction) 
9 Replace the content of register A by a unit digit wherever the ~A 
content differs digit by digit from the digits entering 
10 Transfer the entering digit train into the ae se cra Je 
11 Substitute into register B B 
12 Read into register B, form the proce of ehe content of B and xB 
register C (modulo 2) and add into the content of register A, 
retaining the lowest 19 digits of the product in B with a zero in 
the p, position of B 
13 Only if a unit 5) is received shift the content of registers A L 
and B one place to the left, the digit in p,, position of B shifting 
to the p, position of A 
14 Substitute into register C é Cc 
15 Add into the content of register C as hold ‘bait sum : +C 
16 Subtract from the content of register C and hold the Aitovenos: —C 
a7 Substitute into the location m (0 <m <16) of register D, iidioated 1D 
by the p,,—p, digits of the current command 
18 Add into the content of location m (0 <m<16) of register D, +D,, 
indicated by the p,,-p,, digits of the current command, and 
hold the sum 
19 Subtract from the content of location m (0 <m <16) of register D, — ie 
indicated by the p,,—p,4 digits of the current command, and 
hold the difference 
20 Null ‘ Z 
21 Substitute into register H thd diva fori group P,—P10 Mok the A, 
entering number 
22 Substitute into register H the digits from the group P1;—P2. of tal, 
the entering number 
23 Substitute into the sequence register the digits entering in the S 


group P3;—P20 
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TABLE 3 (Continued) 
DESTINATION FUNCTION GATES 


Code 
Number Function | Symbol 

24 Count the number of digits entering into the content of the | oS 
sequence register (each unit digit has unit weighting) 

25 Add into the content of the sequence register the digits entering | +8 
in the group 7,,;—P.) and hold the sum 

26 Substitute the p,,—.) digit group of the interpreter register by +K 
the 7,,—Po group of digits entering. Hold the content until | 
the next command enters when the corresponding group will | 
be added in 

27 -| Substitute in the low speed store No. | into the location n | Ny 
(0<n<1024), indicated by the p,,—P.) group of the current 
command 

28 Substitute in the low speed store No. 2 into the location 7 | Ng 
(0<n<1024), indicated by the p,,—p.) group of the current | 
command 

29 Substitute in the low speed store No. 3 into the location n | Nz 
(0 <n <1024), indicated by the p,;—.9 group of the current | 
command | 

30 Substitute in the low speed store No. 4 into the location n N, 
(0<n<1024), indicated by the p,,;—p.) group of the current | 
command 

31 If one or more unit digits received, stop the sequence ; do not | fh 
proceed to the next command | 


then understood as the source. The symbol () for the interpreter source is used 
only in the early design stage of a programme when the sub-address number may 
be unknown until a later stage in the design when the symbol is replaced by the 
actual number. 
The following examples illustrate the notation : 
(i) (C)—A: Read out the content of register C and substitute it into 
register A. 
(ii) (57) + A: Read out the content of store position 57 and add it into ~ 
register A. 
(iii) 57—S: Read from the interpreter the digits in positions p,,—pop, 
Le. 57 py, and substitute them into the sequence register. 
Note that (A) has been replaced by the number 57 with no 
brackets. 


(iV) PytD,: Read a p,, unit from the p,, source and add it into location 

No. 4 of the register D. 
Commands comprising a programme are written one under the other in the 
order in which they are entered into the store. Usually commands are placed 
into successive locations. To the left of each command symbol a serial number 
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or the store location into which the command is to be transferred upon entry 
into the computer is written. To the right of the list of commands the effect or 
‘action of commands or groups of commands is stated and any additional notes 
are made. 

Two vertical lines placed to the left and three to the right of the list of 
commands provide one column between the location number and the commands 
and two adjacent spaces between the commands and the notes on the right. An 
example of the layout will be found in Table 4. 

Commands which change during the course of the operation of the 
programme are surrounded by square brackets, [], whilst commands which 
are not actually used by the machine directly as such, but which are used as 
quantities from which other commands may be built, are surrounded by angle 
brackets, <>, and are called ‘ pseudo-” or “latent commands’. When 
written symbols are to be grouped together they are overlined, e.g. n+-p-+r. 

It is sometimes necessary in descriptions of programmes to refer to the 
content of a register at the completion of a particular command. Such a 
‘quantity is indicated by a prime. Thus (A)’=a# written to the right of a 
command means “ the content of register A at the completion of the command 
ise? 

During the normal course of the operation of the machine through the 
programme, commands are adopted from successively numbered locations in a 
uniform sequence. Such a sequence is frequently broken, the next command 
being adopted from a location other than the next in numerical order. In such 
-cases the serial number of the command next selected is indicated to the right of 
the current command in the second or rightmost of the blank columns formed by 
the vertical lines and is enclosed in square brackets. 

A list of commands is sometimes broken into convenient groups of commands 
by underlining the last of such a group. 

It is not always possible to denote quantities entered into the computer 
in the form of commands or pseudo-commands. Special numbers may be 
written in the decimal scale during the initial stages of design of a programme and 
later converted into a form which is suitable for recording onto the input medium, 
the paper tape. Such special symbols which the programmer may use should 
be placed in a position which would otherwise be occupied by a command symbol. 

Sometimes, but only rarely, the sub-address may not be entered directly 
into the command symbols constructed from Tables 2 and 3. In such cases 
the sub-address number is written to the left of the command symbol, e.g. 
57; (C)--A has the effect of the command (C)—A, but is also the number 
57 x 2-°+46 x 2-1, and may be used as such. The number 57 affects only the 
time in the computer routine at which the transfer takes place. 

It is sometimes convenient to use the notation for digit-periods to represent 
the important unit occurring in a sub-address. Thus a number, say n, repre- 
senting a location, is normally stored in the p,,;—Po) group only and may be 
written in the command in the form np,,, but usually the p,, is implied. In 
other cases the notation is extended to cover digits in which the p,, unit is not 
the important unit, e.g. mp,;. 
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VIII. PROGRAMME DEVICES 

Not all the 32 x32 possible combinations of source and destination transfers. 
are useful and some inefficiency in the use of digit space in a programme must be 
accepted. However, compared with a straight one-address system considerable 
extra flexibility and some saving in the total number of commands in programmes. 
which serve similar purposes is attained. 

Certain elements in the design of the machine distinguish the method 
adopted for programme design from those used for other computers. These 
are the main factors ; first, the computer possesses more than one accumulating 
register. In fact A and C and all 16 locations in D are capable of the elementary 
arithmetical functions, although register A has extra facilities and in practice 
becomes the main accumulator and is used in preference to other registers when 
available. The accumulating registers and the registers B and H may be used 
as ‘* working space ”’ during a calculation and a considerable saving of commands 
is attained, compared with an equivalent programme designed for a one-address. 
system, by calling transfers between these registers without reference to the main 
store. Further, these registers are frequently used at one stage of a programme 
for the assembly of data to be operated upon by parts of the programme 
immediately to follow. Thus, for instance, prior to a programmed division the 
dividend is transferred to register A and the divisor to C and the division which 
follows uses only one further register, B, and the quotient appears in register A. 

Facilities are available for making discrimination, that is, choosing alter- 
native paths through a programme according as a condition is or is not satisfied 
by the content of a particular register. Discrimination is usually made according 
to the state of the sign of a register content, that is, the p,, digit of the content 
in question is either unity for negative content or zero for positive content 
including zero. Sign conditions of (A), (C), and (D,,) (0<m<16) may be 
detected by the sources s(A), s(C), and s(D,,), and also on the content of B by the 
source (#). The evenness or oddness of (A) may be detected by the source 
p,.(A). Digits from these gates may be transferred to any desired destination 
but the most common ones are described below. 

Breaks in the normal sequential course through a programme of commands 
are frequent. Commands which cause these breaks involve sequence register 
destinations. The choice of alternative paths through a programme can be: 
made via the destination eS. Usually only one digit is allowed to enter this 
gate. Thus, the command 

s(A) SS 
from location n in the store will cause the next command to be selected from the- 
position n +1 immediately following if the sign digit of (A) is zero, or from the- 
position n-+2 if unity. 

Sometimes, however, numbers of digits may be counted in the same transfer, 


thus making possible a choice between a number of alternative operations to 
follow. Thus the command in position n 


(A)*8 
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“a 


will, if r unit digits are contained in (A), cause the next command to be selected 
from position n+r-+1. Such a break in the uniform progress through a pro- 
gramme is called a ‘‘ conditional shift of control ”’. 

The substitution of an entirely fresh number into the sequence register via 
the destination S causes an ‘“ absolute shift of control’. Thus the command 
in position » 


replaces (S) by the 10 most significant digits of (A), ie. those in the period 
Pir-P, neglecting any digits in the group of lower Significance, p,—pi)._ Thus, if 
(A) is the partitioned datum 


(A)=qpy.+rp,, O0<q<1024, 0<r<1024, 
{S) becomes gp,, and the next command is withdrawn from position q, that is, 
(S)'=q. 


A “relative shift of control’? can be attained via the destination +S. 
Thus the command in location n 
(A)S8, 
where again (A)=qp,,-+rp,, causes control to be shifted ‘‘ forward ” to n-+q-+1, 
that is, 
(S)'=n+q+4+1. 


The extra unit is introduced because the addition of a p,, unit, which 
controls the normal advance of (S) from n to n+1, is not removed. Normally 
such an operation represents an increase in the actual value of (8S). Since, 
however, (S) is a number stored modulo 1024 in terms of p,, as a unit, the 
addition of the complement of q, i.e. 1024—q p,,, will cause (S)’ to be n—q+1 
to which control will be shifted ‘‘ backwards ”’. ' 

The sequence register may also be called as a source. Thus a command in 


location n 
(S)—A 


substitutes n-+1 px, into register A. Such an operation is usually followed by a 
command causing (S) to change, say, to qg, a point in the programme which might 
be reached by more than one route. As the programme proceeds from location 
q a reference to the route along which q was reached is stored for use as (A). 
Many of the functions just described are used in conjunction with the 
interpreter register as source. In this case the digits in positions p,,—Po of the 
current command are available for use. This is so whenever the sub-address 
of the current command does not refer to a position in the stores or register D. 
Thus, in accordance with the notation previously stated, the command in 


location n 
57 —-S 


would cause the number 57p,, to be transmitted from the interpreter and to be 
substituted into the sequence register. Control would be shifted to 57. 
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The command in location n 
57-8 


would cause control to be shifted forward to 57-+-n-+1. 
The notation is important here; the round bracket is not present and the 
interpreter is implied as the source. By contrast, the command if written as. 


G08 


would cause the most significant group of 10 digits of the content of store position 
57 to add into (S). 

In conjunction with the H register current commands may be used to store 
useful constants. To form a full 20-digit datum from a pair of 10-digit groups 
available in the current commands the H register is used for shifting one group 
from the p,;—Po) period to the p,—p,) period. A typical set of commands would 
be: 


Location of Command Command 
n r+ A 
n+l =H | 
n+2 (H))> A, 


where the first places rp,, into A, the second places sp,, into H, which is read out 
by the third as sp, and added into A. Thus (A)’=rp,,+sp, or r2-°+s2-1 
numerically. 

The basic constants, the Po, py, and p, unit digits, are used largely as 
follows : Po) for the constant —1 and sign reversals and modulo 2 counting, p,, 
for unit counts, in particular for changes by unity to the sub-address of commands 
changed by the programme, and p, for unit counts to complete 20-digit numbers. 
etc. 

The operation of the computer may be stopped either conditionally or 
unconditionally. Thus the command 


8(A)—T 
will stop the sequence of operation if (A) contains a p,, unit, otherwise not. An 
unconditional stop is obtained by a command such as 


Pol or py—-T. 


Manual control may be applied in any case by use of the switches in registers. 

N, and N,. Thus 
(Ni) 

will stop the operation only when at least one switch of NV, is depressed. 

Registers V, and NV, are frequently used to hold parameters which may be 
varied at will by the operator, e.g. parameters which control the rate of con- 
vergence of an iterative process. 

A register may read out of one of its source gates and receive into one of its. 
destination gates at the same time. Thus the command 


(A)+A 
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causes (A) to be read out and subtract into itself so that (A)’ is zero. 
Alternatively, 


c(A)+ A 


causes (A) to be read out and at the same time cleared to zero and the original 
content transmitted is received and subtracted from zero. The effect is to 
replace (A) by —(A). 
Simple multiples of (A) may be obtained by the sources }(A) and 2(A) 
functions. Thus 
2(A)2A 
gives (A)’=3(A) and so on. 
Operations of the form (D,,)—D,, and (D,,)+D,,, i.e. doubling and clearing 
the mth location in D are permissible. 
Multiplication by a quantity already stored in register B may be caused by 
the command 
(B)—B, 


which causes (B) to be read out and to enter the multiplying gate and re-enter B 
and so start the multiplication process. 


The command c(A)—-B is frequently useful in forming continued products 
when (A) is already the product of a previous multiplication. 

Occasions arise when ‘‘ time wasting ” must take place as when a command 
is removed from the programme leaving a “ free space”. Such spaces may be 
filled with what may be called ‘‘ null commands ”’, either (4)—A, which reads 
(A) back to the same place, or by any “ store to store ’’ command like (n)—-n. 

It will be noticed that the code representing such a command is equivalent 
to the number np,,+0p,, so that a blank space 0p,,+0p, causes the content 
of store location 0 to be resubstituted into the same location. Thus, blank 
spaces, if adopted as programme commands, affect no registers or stores. 

As a simple example of the construction of a programme consider the 
commands which will cause the product of the modulus of the content of store 
location 47 to be multiplied by 2—4, rounded off to 19 binary places, transferred to 
location 12, and control shifted to 132. This set of commands, listed in Table 4 
in the standard manner, is entered at the leading command placed in location m. 

The action caused by these commands may be followed from the description 
in the right-hand column. The command in m-+1 tests the sign of (A), and 
causes a conditional shift of control, and, if positive, (A) is replaced by its 
complement twice, thus leaving it positive. This set of commands is not unique 
and other arrangements can be contrived which will provide the same final 
effect. 


IX. INPUT AND OUTPUT 
Programmes, following the initial design stages, are written in the symbolic 
form in the order in which they are to be provided to the computer. Thence 
they may be transcribed onto the input medium. Both commands and numerical 
data are supplied to the machine on punched paper tape onto which up to 12 
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holes per row can be recorded. Single commands when punched onto tape 
normally occupy two rows consisting of two groups of 10 binary digits each 
corresponding to 10 of the 12 punching positions in a row. The remaining two | 
positions are reserved for special controlling purposes. One column is punched 
with the binary representation of the sub-address intended to be placed in periods 
Pi-Px and the following column with the other addresses to enter p,—Pyo- The 
latter is supplied with a hole in the 11th or X position, and distinguishes p,—pjo 
rows from p1,—Pyo) TOWS. 

When the machine is switched on all registers and the store are cleared to 
zero and a group of 20 commands is transferred to the first 20 locations in the 
store (0-19) via the fixed wiring on a set of rotary stepping switches. This set 


TaBLe 4 
A ‘* ROUNDED MODULUS ”’ ROUTINE 
i 
| 
Location | Command | | | Action 
m+0 (47) +A | | (A)’=(47) 
m+l1 3(A)—S | | Tests (A) =0 
m+2 | c(A)> A | Skipped if (A) <0, if (A) 0, 
(A)’=—A 
m+3 | c(A)— A | If at m+1 (A)<0, then 
| (A)’=—{A), otherwise 
| | | (A)’=(A) 
m+4 32—C | “ip | Sets a p,, unit to C from 
| | interpreter 
m+5 c(A)>B | Forms | (47) | x 2-#=(A)’ 
m-+6 ; (R)-- A | Round-off to 19 binary digits 
m+7 (A)—12 | | (22) =a xe" 
m+8 132—S | [1382] | Shifts control to 132 
| 


of commands is sufficient to assemble the digits from pairs of adjacent rows of 
the input tape into full 20-digit data and to store them in successive positions in 
the store immediately following those already filled. This set of commands is 
called the ‘“‘ primary routine ”’. 

In cases of commands which have zero as the sub-address the first of the 
pairs of rows may be omitted. In all commands a punch in the X position is 
provided on the column containing the source and destination addresses so that 
the total number of such holes is equal to the number of commands punched. 


A special keyboard of 32 keys is provided for transcribing programmes 
onto tape. Each key corresponds to a number in the scale 32, to a source, and to 
a destination. The number and the corresponding address symbols of Tables 2 
and 3 are indicated on each key. Two keys are depressed in succession before 
one of a set of “ punch keys ” is depressed which initiate the punching. Thus 
the sub-address is punched by depressing first the key m, say, followed by n and 
the punch key is depressed when the 10 binary digits are punched in order on the 


PROGRAMME DESIGN FOR C.S.I.R.O. MARK I COMPUTER. I 333 


tape row currently under the tape punches. The most significant digit is punched 
in the first position, the others follow in order to the lowest in the 10th position. 
The integer thus punched will be: 32m-+n. Following the punching of a row 
the tape is automatically moved forward to the next row. The source key is 
depressed followed by the destination key and the “ X-punch ” key is depressed. 
The source and destination code is then punched together with punch in the X 
position. There is no need to remember the actual code numbers of the addresses. 
The keying for a typical command is therefore : 
m, n, punch; source, destination, X punch. 

As an example, the programme at the end of the previous section would be 
punched by depressing keys in the sequence shown in Table 5. In this table 
semicolons imply the depression of the punch key, whilst the colons imply the 
depression of X-punch key. 


~ 


TABLE 5 
PROGRAMME ENCODING METHOD 
Example shown for the routine in Table 4 


Depression of Corresponding Written 
Ke ) o d 
ys ; ormmman 


| 
1,15; (0),A4 / (47) >A 
s(A) , oS / s(A)S 
fA), =A: c(A)>A 
Py a ee c(A)>A 
O27 AR EO Oe 32=0 
c(A), xB: | c(A)>B 
(R), +4: | (R)A 
0,12; (A), 0 | (A)—12 
4, 4; (K),8 ; 132—S 


All the symbols in Table 5 are those listed in Tables 2 and 3 and almost all 
are the same as are used in writing programmes onto paper. The exception, 
symbol (K), exists on the key representing the interpreter as source and is 
implied in the written commands. With this latter provision the list of written 
commands may be translated into keying operations with no rewriting and very 
little mental effort. 

In cases where a 20-digit binary number to be entered into a programme is 
not a command and is not necessarily in the form of a pseudo-command, the 
number, multiplied by 2%, must first be converted to the scale of 32 and keyed 
in the same manner as a normal command. Such data are constants like e7}, 
z/4, 2-3, etc. Thus, for instance, in the final steps of compiling the programme 
x/4 would be entered by keying the sequence : 

| 12, 18, punch; 3, 31, X punch, 
since 0-7853982 x2%=12, 18, 3, 31 to the nearest unit in scale of 32. 

G 
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Normally very few such cases occur, as decimal data in large quantities are 
normally punched in one of two ways ; each decimal digit is punched either in a 
decimal code similar to that used on cards of the Hollerith type, i.e. the 1 in 10 
position code, or as an equivalent binary tetrad. When using either of these 
codes part of a programme previously entered into the store must be designed 
so as to assemble the digits transferred from the punch holes into the binary 
representation needed later by the programme. 


Results are normally page printed or punched onto tape. The computer 
is provided with a suitable printing or output punching programme, which 
controls the transformation of the results from binary form as stored internally 
to the corresponding decimal digits, which are printed or punched in descending 
order of significance. The printer is provided with a full range of letters, 
brackets, stops, and positive and negative signs, which may be used by suitable 
programmes. 

Decimal results may be punched in the form of binary tetrads or as single 
holes in the 1 in 10 code system. This allows punched results to be reinserted 
into the computer during a later calculation. 
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Summary 


The general structure of typical programmes is considered in relation to the structure 
of the computer, in particular to its facilities which tend to render programmes invariant 
with regard to their position in the store. Full-scale programmes are constructed 
by piecing together by a master programme a suitable selection of items from a library 
of “standard routines”’. The library contains “‘ sub-routines ” which are completely 
self-contained and require no additional information for their operation and are invariant. 
with respect to their position in the store, and ‘‘ routines’ which are not so invariant. 
and frequently require additional data to be provided during their entry into the store.. 
The entry of special data for routines and the simplification of the construction of the. 
master programme are facilitated by a special routine used whilst the entire programme: 
is being entered into the store. 


I. INTRODUCTION 

Part I (Pearcey and Hill 1953) dealt largely with the preliminaries to the 
design of full-scale programmes. It described the computer, its address system, 
and the system of notation used for designing and recording programmes on 
paper prior to the stage of translating them onto a medium for machine input. 
The written programme is recorded onto punched tape with the aid of a specially 
modified teleprinter keyboard. The written programme permits direct trans- 
lation onto tape without further writing or special effort. 


Part IT includes a general discussion of the nature of programmes, the main 
features being illustrated with regard to the use of the present machine. Basic 
groups of commands or “‘ sub-routines ”’ are selected from a library of such groups 
and only the connections between them, together with any special operations, 
are included in the part of the programme specially designed for the current 
problem. Commands may be modified upon entering the computer in a number 
of ways which involve use of a special routine which is entered initially ; this 
routine is described in detail. 


IJ. THE ELEMENTS OF A PROGRAMME 
The ability of a computer to change the commands held in the store in an 
organized manner permits a great saving in the effort needed for programme 
design and also in the number of commands required to perform a required 
calculation. In practice only a small proportion of the commands of a 
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programme is actually devoted to making the calculation ; the greater pro- 
portion organizes the course of calculation and frequently involves continued 
adjustment of some commands. 

A typical example of a programme having the normal structure is given in 
Table 1. The construction of the table may be compared with those for a 
similar example given for the EDSAC (Wilkes, Wheeler, and Gill 1951). 

Suppose it is required to find the sum of the content of all storage locations 
from 100 to 149 inclusive, to store the result in register A, and then stop. The 
notation described in Part I is used in Table 1, and the programme is entered 
at the first command in the list placed at location m. 


TABLE 1 
TYPICAL PROGRAMME STRUCTURE 
Location | 
of Command Action 
Command 
m (2)! Clears A, (A)’=0 
m+1 (149) tA Addition starts with (149) 
m+2 (m+1)—C ae 
mes bused ae (m+1) to (149—1r)-7A ; 
en (Cyst n— Onl ee eee 
m+5 100-C Reduces (C) by 100 py 
m+6 3(C)-- 8 Tests sign of (C) 
m+7 m+1—S [m+1] If <50 addition, i. r<50 
m+8 Pol r=50; additions complete ; stop 


The programme possesses the following features which illustrate the normal 

structure of most programmes : 

(1) The programme is partly repeated, being re-traversed from the command 
in m-+1 to that in m-+7. 

(2) During each traverse of the repeated commands only one command, 
that in m-+-1, is directly devoted to the calculation which is the objective 
of the programme. 

(3) The command performing the desired arithmetical function is changed 
during each traverse by the computer so that in the following traverse” 
it refers to a different, although adjacent, storage location. 

(4) Three of the six repeated commands adjust the command in location 
m-+1, i.e. those in m+2, m+3, and m+4. 

(5) A count is made of the number of repetitions, and is tested during each 
traverse to decide whether or not the full number of additions has 
been made. 

(6) If the summation is incomplete, control is shifted ‘‘ backwards” to 
m-+1, otherwise a “‘ stop’? command, as in m-+8, is reached. 

(7) One command is not repeated, i.e. that at m. This is devoted to the 
preparatory function of clearing register A. 
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In a complete programme the command in location m +8 would be replaced 
by one which would cause a shift of control to continue with further calculation. 

From Table 1 it is seen that a programme consists of : 

(a) A preparatory group of commands. 

(6) A group performing the functions which are the objective of the pro- 

gramme. 

(c) A group of commands which adjusts the programme for successive 

immediate repetitions. 

(d) A group keeping a tally of the number of repetitions. 

(e) A test on the tally to decide if the repetition shall cease and another 

part of the programme be adopted. 

In some cases these sections of a simple programme may not be distinct 
and may even be absent. Thus, in an iterative process, as distinct from a 
repetitive process illustrated by Table 1, the groups (¢) and (d) may be omitted, 
whilst (e) is present in the form of a test at each stage on the result from the 
group (b). 

In the example given, (a) corresponds to the command in m, (b) to that in 
m-+1, whilst m+2, m+3, and m-+4 correspond to (¢). The command which, 
at each stage, appears in m +1 is held in register C and is used as the ‘‘ counter ” 
for the repetitions. 

Normally, programmes will contain a number of groups of commands similar 
in structure to that of Table 1. In fact, the main controlling programme will 
frequently be of this typical type in which its component parts are themselves 
smaller groups possessing similar structure and so on. 


III. STANDARD ROUTINES 

Construction of each programme ab initio upon its individual merits would 
become very tedious. To save much of the labour of programme design as 
much use as possible is made of information accumulated and made available 
from previous programmes in the form of ‘“ standard routines”? or groups of 
commands. 

It frequently occurs that computations involve somewhat complex opera- 
tions of standard types, such as evaluation of particular functions like exponential 
or circular functions, interpolation of a function table, numerical quadrature 
and so on. Each such operation requires its special programme which, if 
suitably designed, may be used as a standard routine for use in other calculations 
which require these types of operations. 

Operations such as division, taking square roots, and even reading and 
recording fresh information and converting data to and from decimal scale may 
be so standardized. Such standard routines have the effect of providing the 
computer with additional and more complicated functions. Thus, for instance, 
an inversion routine may be considered as having the logical meaning, ‘‘substitute 
into register A the reciprocal of its present content ”’. 

Two factors are necessary for successful use of standard routines in construc- 
tion of programmes. Firstly, standard routines should be useful over as wide a 
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field as possible, that is, routines should not be too specialized otherwise the 
list of standard routines eventually recorded and stored becomes overwhelming 
and confusing. Secondly, there must be a simple means of incorporating them 
into programmes. 

Standard routines frequently, although not always, possess a structure 
like that of Table 1 and may frequently involve more than one loop. For 
greatest usefulness it should be possible to place a routine in any part of the 
store without complication to the organization of the remainder of the pro- 
gramme. It should preferably be invariant with regard to its place in the store. 
Occasions will arise, particularly in use of routines for specialized use, when a 
routine must be restricted to a special position in the store and will not be 
invariant. 

Further, a routine may require different data when used in a different 
context and may do so even when used more than once by the same programme. 
Such data are commonly called ‘‘ parameters ” and are supplied to the programme 
during its insertion into the machine, as will be described later. 

Quantities used by a routine which differ every time the routine is entered 
are stored in standard positions, e.g. registers A, B, C, H, and D, just before the 
entry into the routine. These quantities are called ‘“ variables ”’. 


IV. Posrttion INVARIANCE 

A special class of standard routines, which includes a large proportion of the 
most useful and frequently used routines, can be made invariant with regard to 
store position by use of the normal functions of the machine. The principal 
device used for this is the command of the type 

n+B8, 
which causes a relative shift of control by +1 locations. In the example of 
Table 1 the command m+1-—S could be replaced by —7~S (where —7 is 
considered modulo 1024). Within any routine the various values of n defining 
internal relative shifts of control are independent of the position of the routine 
in the store. 

Numbers such as working constants, e.g. e~1, 7/4, etc., could be stored at 
the end of the routine by which they are used, that is in locations depending 
on the position of the routine in the store. This location reference ean be 
avoided by storing such constants in two parts within two successive commands. 
Thus the sequence of commands 

nA, 
m—-H.,, 
(H,)*A, 
places (n21-+m)2-¥ in register 4. Quantities may be similarly assembled into 
register C, but not in D, since the digit space occupied by n includes also the 
space specifying the location of D and may be incompatible. 


By means of the further device of initially storing variables in various 
standard registers most of the simpler routines can be made invariant with regard 
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to store position. Output routines and routines for division, square root, and 
simple transcendental functions are members of this class and are called “ sub- 
routines’. Those which require the use of parameters are called simply 
‘* routines ”’. 

Not all functions which would help in rendering routines invariant have 
been included as functions of the machine. Another would be a function which 
would allow a “ transfer to the store location now indicated by the sequence 
register ” to take place. By this means direct reference to positions within the 
routine could be made, so that a command constructed with the aid of a position 
reference value drawn from the sequence register could be adopted for immediate 
use. Such a procedure would involve a considerable number of additional 
commands. 

V. PARAMETERS 

The use of standard routines may be greatly increased by use of parameters 
which may be given different values in different programmes. Sub-routines 
do not possess such parameters. Standard routines which possess internal 
references and cannot conveniently be made invariant may be provided with the 
store position of a particular command contained within it, usually its leading 
command, as one of its parameters. 

Consider the example listed in Table 1. The values depending upon the 
particular context are (a) 149, the first location summed, (b) 100, the last location 
summed, and (c) m, the location of the leading command of the routine. There 
are three parameters, only one of which is determined by the way in which the 
routine is entered into the computer. 

At this stage it is essential to distinguish between commands as they appear 
in the store after entry and the way in which the input tape is punched. 
Commands m+1, m+2, m+4, m-+5, and m-+7 may be entered in a special way 
dependent upon an extra character punched so as to distinguish them from 
the remaining commands. This character may precede or follow the command 
affected and cause the value of the required parameter to be added to the 
command actually punched. This may be done by use of a specially designed 
programme which must be placed in the store before the entry into the store of 
the programme. If «, 8, y, and § denote special characters, associated each 
with a parameter and with the commands of Table 1 into which the parameters 
are introduced, the programme designed for punching on the tape becomes that 
shown in Table 2. 

The quantities entered into the second and sixth commands by 6 and y 
must previously have been entered into the store. The character « will have 
the effect of adding the location of the leading command of the routine to the 
sub-address immediately following. This location number will have been stored 
upon reading the character 5 at the head of the routine. 

The details of the procedure whereby these operations are performed is 
described later. 

The use of parameters, although somewhat complicating the entry of 
routines into the store, greatly increases their flexibility and renders them 
invariant with respect to position in the store. 
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VI. VARIABLES 

Variables are normally held in the main arithmetical registers prior to entry 
by the programme into the routine or sub-routine which uses them. Thus 
the value x, of which the square root is required, is placed in register A before 
entry into a “‘ square root routine’. Such a routine replaces « by Va. 

Consider in particular the adaptation of the routine of Table 1 to the use of 
variables in place of parameters. Suppose, for instance, 149 be stored in A 
and 100 in H. Additional commands placed ahead of the command (A)>A 
place the appropriate values for later use by the routine. 


TABLE 2 
INCORPORATION OF PARAMETERS 
Example from Table 1 


Relative Commands 
Location as Punched Action of Additional Symbol 
of Command on Tape 
0 on (A)=A 8 records location m _ of first 
command 
1 Bs [(0) +A] Command enters as (149) A 
2 @é 8 (1)—C 
3 Via 20 Command enters as (m+1)—C 
4 : (C)+1 
5 ae © 0—C Command enters as 100—C 
6 3(C)-+S 
— 
U @ § as} [1] Command enters as m+1—S 
8 Pol 


The programme s0 arranged is listed in Table 3 where the only parameter 
is the location of the leading command. The command (149)+A is formed 
from the constant or pseudo-command stored at the foot. The latter is never 
itself adopted as a command. The command thus formed is substituted in 
place of the [py4—T]. This is a “ stop ’? command which, if by some mistake not 
changed, when adopted stops the operation and acts asa warning. The procedure 
follows as before except that H stores the other variable, 100, and the command 
(H,) =C replaces 100—C. 


Routines may be designed in which the roles of parameters and variables 
are interchangeable. By entering the routines at one or other of two possible 
points one or other type of data may be adopted. Such routines are used in 
cases where data may be fixed for one particular programme and then entered as 
parameters, but may vary during the course of a different calculation and must 
be set as variables by the programme. 


If many variables are required by a routine, beyond the capacity of the 
arithmetical registers, standard locations in the store may be used, e.g. locations 
0, 1, 2, ete. or m+1, m-+2, ete. 
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VII. THE CONNECTION OF ROUTINES INTO PROGRAMMES 

A complete programme consists primarily of a collection of standard routines 
selected from a library, together with any routines specially constructed. This 
part is called the ‘“ detail programme”. New routines, whenever possible, 
are constructed in such a manner that they may later be incorporated into the 
library. The various parts of the detail programme are related to each other 
by a specially constructed ‘“‘ master programme’. The main function of the 
master programme is to control the course of the calculation and the passage 
to and from the various routines. 


TABLE 3 
USE OF PROGRAMME VARIABLES 
Example from Table 2 


Relative Command | 
Location as Punched Action 
of Command on Tape 
+ 
0 5, a (10)~A Stores head location m and com- 
mand enters as (m+10)—A and 
makes (A)’=(149)—A 
1 a c(A)—2 Enters as c(A)—m-+2, causes 
| (m+2)’=(149)—A, leaving A’=0 
2 [Po-T] 
3 ea (2)—C 
4 puto Has effect of increasing r by unity 
5 a (C)—2 
6 (H,)—C Subtracts 100p,, from C 
7 s(O)>S 
8 a aS) [2] Return if r<49 
9 Pol Stop if r=50 
10 <(0)+A oe Constant or pseudo-command 


It is usual for most routines to be separated from the master programme 
which calls them into use. This is essential for routines which are frequently 
used or which are used more than once in different contexts by one particular 
programme. 

Some routines, frequently special routines, may be incorporated directly 
into the master programme, that is, the master programme leads into and out 
of such routines without special shifts of control. Following EDSAC termin- 
ology, such routines are called ‘‘ open routines ”’. 

‘‘ Closed routines ”, into which class the great majority of library routines 
fall, are entered and left in a special manner involving shifts of control. A 
convention is adopted, namely, that a closed routine, called into use by one 
command, finally transfers control back to the command immediately following 
in the store that from which it was entered. This is not, however, an inflexible 


rule. 
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The D register provides storage space for the “ linking ”? data which organize 
the return of control to the master programme. Normally the lower-numbered 
locations in D are reserved as working space used by routines, e.g., Do, Di, Do, 
and D, say. The higher-numbered locations, D,,—D,,; say, are left free to store 
linking data. 

Thus a routine entered at location t by the command at location m, transfers 
control back to m-+1 from, say, location t+r. The set of commands organizing 
these shifts of control is shown in Table 4. 


TABLE 4 
STANDARD LINK PROCEDURE 

Programme Transferring Pscation 

Location to Routine Routine 
+ 

m—1 (S)—D,; jt Dy Dis 

™m a — = 

m+1 next command <— tr (Dy5)—S 


The command in m—1, known as the ‘ plant ’’ command, places mp,,, the 
content of the sequence register at the instant of transfer, into D,,;; the next 
command, the ‘ cue’’, transfers control to the routine. The command in f¢, 
the “ adjustment ” command, changes the value of (D,;) to m+1 p,, whilst the 
return to m-+1 is controlled by the ‘link ’’, which is the command in t+r by 
which (D,;) is substituted into the sequence register. As written, the adjustment 
is the leading command, but this may be placed anywhere convenient within the 
routine before the link. 

Four commands only are needed of which only one, the cue, requires a 
special datum, the location to which to shift. All others are standard. An 
advantage of this device for linking to and fro is that no arithmetical register 
normally used for storing variables is required to perform the shifting so that 
all variables may be set before the cue. 

The scheme adopted is very flexible, for control may easily be returned to 
one of a set of alternative locations. For instance, before m—1 is reached D,, 
may receive a special datum, np,, say, which may depend upon the previous 
course of the calculation. The command in m—1 may be replaced by (D5 
so that control is returned by the routine to m+-n-+1, where n may take one of a 
number of values. Further, routines may sometimes be entered at one of a 
number of positions and return of control may depend upon the position of 
entry or upon a variable. In such cases the adjustment command is replaced 
by a command which sets the required value in D,,. 

Some routines may call upon other or auxiliary routines during their 
operation. The frequent use of standard routines as auxiliaries to other standard 
routines helps to reduce the size of a library of routines, since the auxiliary 
routines may also be used individually. The method of linking in such cases 
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may be extended to the auxiliary routines without special reference by the 
master programme. Those routines which do not use auxiliary routines use D,, 
for linking. Such routines are said to be of the “ first” or “ lowest order ”’. 
Those which use only one additional routine at any instant are of the “ second 
order’. Second order routines may use more than one auxiliary routine but 
always return control back to the main routine before entering the next auxiliary 
routine. 

Linking into a second order routine is made from the master programme 
by the use of D,,, and such a routine places successive links into D,; upon entering 
each auxiliary routine. ‘‘ Third order ” routines are linked via D,, to the master 
programme and use auxiliary routines linked via D,,, which in turn use further 
routines of first order linked via D,;. This procedure may be extended and 
once the master programme transfers to the highest order routine no reference 
to the master routine is made during the operation of the routine or its succession 


TABLE 5 
CONTRACTED LINK PROCEDURE 
Location 
of Command Command Action 
m (S)—D,; Plants (m+1)p,, into D,; 
m+1 p—s Cue to Ist routine 
m+2 q—S rr) 2nd ” 
m+3 r—S ” 3° 3rd 2° 


of auxiliary routines. A routine of lower order may be placed in a standard 
position relative to the routine using it, e.g. at the end of the latter routine, or 
the linking data may be supplied to it as a parameter. 

Some programmes require the use of a sequence of routines and sub-routines 
in immediate succession. Fora group of routines of the same order, as frequently 
occurs with first order routines, the linking data may be planted once only for 
the group by the master routine before entry into the first of the group. Thus, 
for instance, if a group of first order routines is entered at positions p, q, and r 
the master programme will contain the set of commands shown in Table 5. 

On return of control to m-+2 the link datum is already stored in D,,; and is 
changed to m-+3 by the adjustment in the routine entered at q and so is already 
set, upon return to m+3, for immediate entry into the third routine at r. This 
allows of considerable simplification of a master programme. 


VIII. Functions REQUIRED DuRING INPUT OF DATA 
During the input of routines some of the data entered must be adjusted to 
make the routine suited to the programme of which it is a part. The special 
functions required can be stated. 
Tf a standard routine is available in a medium suitable for machine use, e.g. 
punched tape, it should be incorporated into the programme as it stands. It 
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should thus have in it such characters punched as will allow parameters to be 
introduced. These characters are called ‘ control designations ”. Parameters 
must be supplied to the machine prior to the entry of the routine which requires 
them and may be stored in groups of standard locations in the store, from which 
they will be extracted one by one according to the designations detected. 

Normally commands will enter sequential store locations. At the com- 
mencement of a group of parameters the normal manner of assembly and storage 
of data must be broken off and the parameters entered into their appropriate 
positions, after which the normal process must be restored, fresh data being set 
into the store in locations immediately following the last routine inserted or at 
any chosen place. 

It must also be possible to store the number of the location into which the 
data being assembled would normally be inserted, and to treat this number as a 
parameter. 

At some stage in the input of a programme it may be necessary to break off 
the input procedure and to start all or part of the programme so far inserted. 
This is best done by adopting the last datum assembled from tape as a command. 


IX. THE PRIMARY AND CONTROL ROUTINES 

The assembly and storage of data not associated with special designations 
are performed under the control of the “‘ primary routine’’. This is a set of 20 
commands which is inserted whenever the computer is started from the “ all 
cleared ”’ condition via a group of stepping switches, where they are permanently 
wired. With the primary routine stored in locations 0-19 inclusive and the 
sequence register cleared to zero, data are transferred from punched tape in 
groups of 10 binary digits per row. A hole is registered as unity and absence 
of a hole as zero. 

As described in Part I each row of the tape possesses 12 positions, 10 binary 
digits and two controlling positions called X and Y. An X punch is transferred 
to the input register as a unit p,, and a Y as a unit Popo. 

The action of the primary routine, which is listed in Appendix I, is to add 
together successive rows which are not X-punched, the partial sums being placed 
at each stage in the p,;—Py) group of register A. Upon reading a row possessing 
an X punch the accompanying 10 digits are added into the p,—p,) group of digits 
in register A from where it is placed into store. 

Before placing a datum into store the next row of holes is ‘ read ”’ and if it 
possesses no Y punch (A) is then transferred to the store location indicated by 
the sub-address of the command in location 6. This command is commonly 
called the ‘transfer command”. Upon transfer to store the sub-address 
of (6) is increased by unity by commands 7-9. If, however, a Y is encountered, 
control is shifted from 3 to 20, the first place beyond the primary routine. 

Simple programmes and those which involve only sub-routines can frequently 
be constructed without the use of parameters, so that the assembly and storage 
is straightforward. The first command entered is placed in location 20 and this 
may be the first command of the programme or one causing a shift of control, 
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and a Y punch, placed on the last row read, will cause control to be shifted to 
20 and thus start the programme. 

Where parameters are required the first routine entered is the “ control 
routine’. This is assembled in the standard manner and possesses no Y punches 
and is an open routine. It is entered whenever a Y-punched row is encountered 
by the primary routine. It is also listed in Appendix I and consists of only 
12 commands which are always stored in the locations 20-31 inclusive. Each 
Y-punched row is accompanied by a group of holes which determines the action 
taken with regard to the particular parameter already entered or to follow. 

Control will be transferred to 20 on the detection of a Y punch. The first 
command of the control routine clears D, of any p., digit it may contain. The 
next command, 21, stores the sub-address of the transfer command in H. At 
this stage the p,, due to the Y has been removed by the command in 1 and the 
accompanying digits are counted into the sequence register by the command in 
22. One of the following actions will take place : 

(a) If no units are associated with the Y the control designation is zero ; 
the next command adds (31) to (A) and then shifts control to 9. Then (A) is 
placed in location 6, which therefore becomes a new transfer command. The 
sign of D, is now zero and control is passed to zero via 11 and so to read the next 
row of holes. Suppose (A), at the stage of command 13, is np,,. Then the 
addition of (31) causes (A) to become ¢(A)—-n._ Eventually the transfer command 
becomes ¢(A)—n and the next data will enter locations n,n +1, etc. The number 
Np,, may be entered into A from a row preceding the Y-punched row. (A) 
must be zero before reading n as it will be if the previous command had been 
normally compiled and stored. 

(b) If the Y is accompanied by a single unit, then 23 is omitted and 24 
causes the transfer command to be replaced by (A), a datum which may have 
been compiled from preceding tape rows. It should be noted that the transfer 
command may be changed by this designation from one causing a storage opera- 
tion to any other operation, in particular a shift of control. Thus, for instance, 
the tape command 75—S followed by this designation will cause (6) to become 
75—S. This command will be performed if the next two rows are X-punched. 
These X punches are needed because the primary routine always reads one 
column ‘‘ beyond ”’ the data assembled in order to detect the possible presence 
of any control designation which may follow and affect the datum just assembled. 
The same applies to case (a). 

(c) When the Y punch is associated with two or more units, one of a different 
set of operations occurs. In the case of two units control is transferred to 25. 
This command adds the pseudo-command <(0)—7> to (A) followed by the 
addition of (31)+A ; (30) and (23) added together form the command (H,,)—31. 
If previous rows have formed np,, in A and control moves to 25, then 27 fills 28 
with the command (H,,)--31 +n, which is immediately obeyed, and control passes 
to 29, and thence to read the next row of holes. If is replaced by a pseudo- 
command 28 will imply a different operation, e.g. a command demanding a 
transfer of control. 
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The example quoted, in which (28) becomes (H,,)—-31-+n, causes the sub- 
address of the transfer command to be placed into location 31-+-n. This corres- 
ponds to a store location n places beyond the pseudo-command in 31. Locations 
immediately following 31 are those normally used for storing references of this 
type which are usually the leading locations of routines. 

(d) A Y punch associated with three units causes control to pass to 26, 
omitting 25. This causes (28) to become (31 +n) A, where (A) is np,, at the 
detection of this control designation. Register A is cleared by command 27 
and thus the next row is read with (A) equal to (31-+-n). By this means the 
data stored in a group following a designation of the type (a) or (¢) may be 
selected at will from the store. Thus a command following punched as 25—S, 
if preceded by np,, and a designation of this type, will be accumulated in A as 
25+m—S, where mp,, is set by a designation of type (c). 

Designations of this kind may be used also to refer to parameters set after a 
designation of type (a). 

(ec) When a Y-punched row contains four units control is shifted to 27. 
Then (A), whatever at this stage it may be, is obeyed as a command since (A) 
is transferred to 28 by 27. A command may thus be compiled in A by the 
primary routine and may be obeyed directly upon detection of a designation 
of this type. In particular this function is useful for producing immediate 
transfers of control without returning to read further rows, and for rearranging 
sets of parameters, a function sometimes necessary when the same parameters 
are needed by more than one routine. 

(f) A Y¥ and five units transfers control immediately to 28. This causes 
the sequence to stop if (28) has been unchanged. The command last placed in 
28 by a designation of the types (¢), (d), or (e) may be repeated by subsequent 
designations of this type. 

(g) A Y and six units transfers control back to zero and recommences 
reading with no further action. 

(h) A Y and seven units transfers control to 30 and therefore stops the 
sequence. 

(7) A ¥ and eight units causes control to pass to 31 and thus replaces the 
first command by whatever is in A. 

The cases of nine and ten units would shift control outside the control 
routine. However, if extra functions are required a special routine may be 
entered following 31. Allowance for this must be made in placing parameters. 
Designations of types (g), (h), and (i) are rarely used. 

The control routine discussed here is not unique and may be replaced by 
any other control routine specially constructed. It is usual to adopt that 
illustrated since designations in standard routines are adopted for this control 
routine. 


X. USE OF THE CONTROL ROUTINE 
The system of control designations resembles the ‘“‘ control combinations ” 
used for programming the EDSAC* and are used in a similar manner. Certain 


* The two systems were developed independently. 
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designations are used more frequently than others and designations may follow 
each other on the tape without the interpolation of commands between them. 

Programmes are written in the form in which they are to be punched onto 
tape, with special symbols representing control designations. Designations are 
written in the column to the left if preceding, or in the column to the right if 
following, a datum to which they refer. Sequences of control designations are 
written in lines as convenient. They are punched in the order they are read 
from the programme sheet. 

The symbols used are as follows : 

(a) mf: The symbol m may be replaced by a group of symbols such as a 

pseudo-command if necessary, but usually will be an integer less than 
1024. Thus m7 implies changing (6) to e(A)—m. 

(b) &: This symbol is placed after a command or pseudo-command and 
implies the replacement of (6) by the datum preceding it. 

(c) nS: This designation causes the sub-address of the transfer command 
to be placed in 31+” where n>1. 

(d) nA: This causes the addition into register A of (31-+7). It usually 
precedes the datum which it eventually affects. The number n may be 
replaced by a pseudo-command which may, when added to the command 
(31) A, form a different command to be obeyed in location 28. 

(e) D: This is a single symbol following the datum to which it refers and 
implies that datum to be obeyed as a command immediately. 

(f) This is denoted by U and follows a datum or control designation. It 
causes repetition of the last nS, nA, or D function performed. 

In all these designations the component m or n is punched onto tape as a 
binary number without an Y punch if to be used as a sub-address, or with an XY 
if as a pseudo-command, and immediately precedes the designation proper which 
is represented by the letter symbol. The letter symbol corresponds to the 
Y punch and the set of control digits corresponding to the operation 
required. Thus 7 is punched as a single hole in the Y position only, 
Rasa Y and one unit and soon. The same keyboard is used for punching both 
commands and designations. 

As an example of the manner in which control designations are used consider 
the routine listed in Table 2. Clearly the parameters 149p,, and 100p,, must 
precede the routine on the tape. Location 32 is normally reserved for the storage 
of the head location of the routine entering and 33 onward reserved for other 
parameters and data such as the locations of heads of other routines. The 
programme corresponding to Table 2, written in a form suitable for transfer to 
tape, is shown in Table 6. 

Here m—1 is the location last filled before the entry of the routine. The 
first four rows on the tape store m and change (6) so that the two parameters 
following are entered into locations 33 and 34. These have been written in 
numerical form and not as pseudo-commands. Then follow two control designa- 
tions which place mp,, in A and change (6) back to ¢(A)—m so that the next 
command is placed immediately following the last routine, that is, in m. 


348 T, PEARCEY AND G. W. HILL 


The routine itself follows on the tape and is now in a standard form. The 
initial 18, which is always placed at the head of each self-referring routine, again 
places mp,, in 32. This value is added into all commands immediately following 
1A designations. The parameters in 33 and 34 are entered into the commands 
immediately following the 2A and 3A designations respectively. 

At the foot of the routine the stop command shown in Table 2 is replaced 
by adjustment and link commands in the standard manner. 


TABLE 6 
USE OF CONTROL DESIGNATIONS 


Location 
Filled Tape Entry | Action 
| 
Sy, SBME | Store m in 32, changes (6) to 
c(A)—33 
33 14991, 
34 100P4 Parameters 
ial, Wee Places mp,, in A and changes (6) 
back to c(A)—m 
m-+0 1s (A)>A Routine is entered here by pro- 
gramme, mp,, sent to 32 again 
m+1 2A (0) +A Adds (33) to command and enters 
as (149) 5A 
m+2 1A (1)—C Adds (32) to command and enters 
as (m+1)—C 
m+3 Pu—C 
m+4 1A (C)+1 Adds (32) to command and enters 
as (C)—m+1 
m+5 3A 0=6; Adds (34) to command and enters 
as 100+C 
m+6 s(C) 28 
mT 1A 1—S {l] Enters as m+1—S but may be 
replaced by —7+S 
m+8 Py Dy, 
m+9 (D,;)—S 


XI. THE ORGANIZATION OF COMPLETE PROGRAMMES 

Once the main scheme for carrying out a calculation has been decided upon, 
the necessary sub-routines and routines may be chosen from the library and 
special routines may be constructed. Any of these may require parameters 
and control designations. 

The manner and order in which the routines are to be entered into the store 
are then fixed and a list made of the routines, together with the necessary control 
designations and parameters. This list describes the detail programme. The 
master programme must then be designed. This will be largely devoted to the 
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organization of the course of the programme from one routine to another. The 
master routine will frequently require a number of control designations associated 
with it, particularly those giving the positions of the routines of the detail 
programme. It must be entered into the store after the detail programme and 
will follow the detail programme on the programme tape. 

The construction of a complete programme is illustrated by the example 
which follows. Suppose we have a tape containing a sequence of decimally 
punched values of a variable « (0<x#<1) and that the corresponding values 
of cos~? [exp (—sin za/2)] are required to be printed for each entry on the tape. 
The following routines, which are briefly described, would be required from the 
library for the detail programme : 

(1) Decimal Input A: Sub-routine; closed. Length; 22 commands. 
Entry ; position 0. Link; D,;. 

This reads a single positive or negative decimally punched fraction from the 
tape and converts it to binary form leaving the result in register A. 

(2) Exponential A: Sub-routine; closed. Length; 13 commands. 
Entry ; position 0. Link; D,;. 

This replaces (A) by its negative exponential, i.e. (A)’=exp [—(A)]. 

(3) Sincos A: Routine; closed; 1st order. Length; 33 commands and 
coefficients. Entry ; position 0forsine,1forcosine. Link; D,;. Parameters ; 
nil. 

This replaces (A) by sin 7(A)/2 or cos 7(A)/2 according as the entry is made 
via the first or leading, or the second command respectively. The routine is 
headed by the control designation 18. 

(4) Arcos A: Routine; closed; 2nd order. Length; 19 commands. 
Entry; position 0. Link; D,,. Parameters; location of leading command 
of sincos A. This routine replaces (A) by its inverse cosine, i.e. 
(A)'’=2/n.cos—1 (A), —1<(A)’<-+1. It uses sincos A which is placed immediately 
ahead of this routine into which it is linked via D,;. 

(5) Print A: Sub-routine; closed. Length; 33 commands. Entry ; 
position 0. Link; D,;. 

This sub-routine converts positive or negative numbers in A considered as 
integers (i.e. multiples of 21%) into a series of binary-decimal tetrads which it 
prints as decimal characters, together with a sign, onto paper. No layout 
commands are included. 

The detail programme is now arranged as in Table 7. 

The first control designations cause the first routines to enter from location 38 
onwards thus leaving 32-37 free for parameters which are locations of the various 
leading commands of the routines. These are used by the master programme 
which is now constructed as illustrated in Table 8. 

The first two commands of the master programme enter unaffected and 
demand a line feed and carriage return of the output printer for which the printer 
code numbers happen to be 29 and 30. Command No. 3 is changed by the 24 
designation and shifts control to the decimal input sub-routine. In order to 
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retain the number # entered, it is stored in D,. Control is moved to No. 4, 
and # is printed out by the shift to the print routine following. The value of x 
in A is destroyed by the printing operation and is replaced by command No. 7. 
Two routines are entered by 9 and 10 without further plant commands. The 
second order link is planted in D,, by 11 and the inverse cosine routine is entered 
by 12. Commands 13-15 form the product of the computed value in A with 
the content of the 19th position which converts the result from the grade scale 
to degree scale. The result is printed and control is returned to the head of the 
master programme, where the next value is read from the tape. 


TABLE 7 


DETAIL PROGRAMME 


Routines and Control 
Designations Action upon Entry 
Control routine Enters positions 20-31 
387, 2S Changes (6) to c(A)—38, stores 38p,, 
in 33 , 
Decimal input A Enters positions 38-59 
3S Stores 60p,, in 34 
Exponential A Enters positions 60-72 
4S Stores 73p,, in 35 
Inverse cosine 4A Enters positions 73-91 
Sincos A Enters positions 92-124; it is headed 
by a 1S designation 
5S Stores 125p,, in 36 
Print A Enters positions 125-157 


It will be noticed that the print routine is used twice, the value from the 
tape and the corresponding computed value of the function being printed 
alongside each other. Spacing control is made by the first two commands. 

Further, the sincos A routine although used twice is called by the master 
programme only once, the arcos A routine calling it the second time. This second 
use is facilitated by the use of a 14 function in the arcos routine which has its 
position previously placed in location 32 by its initial 18 function. 

The last entry of the master programme, which is written as it is to be 
punched onto tape, calls the computer to transfer control to the head of the 
master programme, and to start the computation, and to commence the reading 
of the tape containing the values of # in decimal punch code. 

This master programme consists of only 20 commands and controls the 
passage to and from the detail programme of about 120 commands. Most of 
the operations of the master programme are associated with the sequence register. 


This is as it should be with a programme intended to supply the highest order 
of control to a calculation. 
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XT. THE CONSTRUCTION OF PROGRAMME AND DATA TAPES 
The computer is capable of accepting data only from punched paper tape 
Punched cards are used ag an 
auxiliary medium. The two media are associated through the use of special 
editing equipment used for coding programmes. 


and of punching results onto similar tape. 


TABLE 8 


MASTER PROGRAMME 


Location Serial Commands and 
Entered No. Control Designations Action 
158 0 6S 29—0, Stores 158 in 37; causes 
line feed 
159 1 30—0; Causes carriage return 
160 2 (S)—D,, Link-plant command 
161 3 2A 0—S [(33) ] Enters as 38—S ; shifts to 
: “dec. input ” 
162 4 (A)—D, Stores w in D, 
163 5 (S)—D,; Link-plant command 
164 6 5A 0S [(36) ] Enters as 125—S ; shifts to 
print values of x 
165 i (D,)—A Restores x to A 
166 8 (S)—D,; Link-plant command 
167 9 1A 2—S [(84) ] Enters as 94—-S ; shifts to 
compute sin 7(A)/2 
168 10 3A 0—S [(34) ] Enters as 60—S ; shifts to 
compute exp [—(A) ] 
169 1l (S)—-Dy, Link-plant command (2nd 
order) 
170 12 4A 0—S [(38) ] Enters as 73—-S'; shifts to 
compute 2/7. cos— (A) 
wal 13 6A 18—C Places multiplicand from 
Wehr 8) 
ype 14 c(A)>B Forms product to reduce 
173 15 (R\A (A) to (degrees of arc) 
x10? x 2-19 and rounds 
off 
174 16 (S)—D,5 Link-plant command 
175 17 5A 0-8 [(36) ] Enters as 125—S ; shifts to 
print result as an integer 
176 18 6A 0—S {(37) ] Enters as 158—S ; returns 
control to head of master 
programmes 
177 19 <0-1716614 > Constant used to convert 
result to degrees of arc, 
equal to 9 x 10-3 x 27-19 
6A 07S Enters as 158—S and 
obeyed immediately 


HH 
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The library of routines is stored on punched cards of the usual Hollerith or 
I.B.M. type. Each routine or sub-routine occupies one or more cards, and 
commands and binary data are punched in a columnar fashion in groups of 10 
digits, the address group being X-punched. Control designations are included. 
Punched columns on each card are terminated by a single column punched with 
an X and Yonly. This punch, when read by a card reader, causes the card to be 
ejected and the next in the deck fed into the reading position. The card reader 
consists of an electric duplicating key punch in which the punches have been 
replaced by reading brushes. 

The advantage of the use of cards is that they are easily stored in a small 
space and that many copies of each routine or sub-routine may be stored and 
replenished when required. Damage sustained in use by such copies is of little 
importance. 

After the design of the detail and master programmes has been completed 
the necessary routine cards are selected from the library and placed into the card 
reader in the order in which they are to be transferred to tape. Blank tape is 
fed into the tape punch. The routines are copied from the cards directly onto 
the tape column for row except for the final YY of each card. Data such as 
control designations and parameters are supplied via the keyboard between 
successive routines. Finally, the master programme is punched via the keyboard 
together with open routines which it may incorporate. The latter are reproduced 
from cards if standard. Before a tape is used a second tape is prepared in the 
same way and the two are compared by a special tape comparator. This ceases 
comparing when any corresponding non-identically punched rows are detected. 
Punching errors, but not programming errors, can then be eliminated. Tapes 
may also be duplicated by connecting a tape reader to the editing tape punch 
in place of the card reader. This also allows correct portions of tapes to be 
copied and errors to be corrected from the keyboard. 

Cards are also used to provide decimal data. This provision is due to the 
great distances between populated areas in Australia. A distant user may 
punch decimal data onto cards in the conventional manner. These data are 
transferred for input directly onto tape without translation of code. 

Results may be punched onto tape in the same code as cards are decimally 
punched. After the output tape has been edited the results are transferred to 
cards through a tape reader and a special card punch. The cards may then be. 
- sorted, reproduced, and listed in any desired manner. This procedure is useful 
for the production of printed tables. The form of the page may be chosen and 
the cards may then be listed in a suitable manner for reproduction as a volume. 
The card punch is used also for recording routines onto cards for the library 
from the keyboard. 


XIII. CHECKING 
The computer possesses no independent or automatic checking devices. 
All responsibility for adequate checking of results is left to the programmer. 
There are, of course, two main aims in checking, firstly to ensure that the 
programmes are correctly designed and, secondly, to ensure the absence of 
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instrumental faults. Special devices are applicable to one or other of these aims, 
although in some circumstances the same device may be used for the detection 
of either type of error. 

Much source of error in the construction of programmes is diminished by 
the use of library routines whose properties are known precisely. However, 
although the correct routines may be chosen for a particular calculation, errors 
in the assembly of data and in the master programme may exist and editing 
checks must always be applied before placing the tape into the machine. Coding 
errors May most easily arise from false keying on the keyboard. These are 
detected by comparing a pair of independently punched tapes. Suinilarly, 
before placing a new routine in the library two sets of cards are punched inde- 
pendently and are compared before reproduction in bulk. 

Each routine or sub-routine is tested on the machine before being placed 
into the library. In such tests registers NV, and N, are useful for setting data 
to be used by the routine being tested. The manual control made possible by 
these registers allows of the rapid detection of logical faults in both routines 
under test and in full-scale programmes. 

Although it is possible to go through each new programme being tested by 
performing each command one by one (depression of a “‘ single operation ’’ key 
on the control panel allows one command to be obeyed) and inspecting the 
register content, such a procedure is very tedious. Programmes are usually 
broken into distinct parts during testing, each part being separated by a stop 
command. These commands are placed in positions at which the content of the 
registers may be of particular importance. 

The special stop commands may, when a programme is known to be correct, 
be replaced by ‘‘ record ” commands which transfer the content of one register 
to another to be used for inspection, e.g. a spare position in register D or the 
store. The contents of registers A, B, C, and H, are shown on cathode-ray 
oscillograph faces as also is the entire content of D and any group of 16 consecutive 
locations of the store. The state of a calculation may be seen by a glance at the 
tube faces. 

Special routines are sometimes used in tracing logical faults in programmes. 
These are less highly developed than are checking routines used in the EHDSAC 
mainly because their use has not been found essential in this machine. This is 
not because such faults have not occurred but that the more elementary devices 
of viewing results, using stop and record commands together with the use of the 
hand-set registers NV, and N,, have been adequate. 

Of the few checking routines used, one will cause the calculation to proceed 
through the programme tested and will print out the locations of the programme 
at which a shift of control occurs. The route taken through the programme 
may then be traced. Another routine will print the content of registers A, B, 
and CO over a chosen range of the programme. 

Programmes, once known to be correct in the store, are page printed by use 
of aspecialroutine. A record of the entire programme in its final form is obtained 
in case repunching should be necessary. The programme prints the addresses 
in a letter code as close to the written source and destination symbols as possible, 
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The sub-address is printed in the scale of 32 for simplicity in repunching. A 
programme of similar type can be used to punch a tape of the final programme, 
as it lies in the store. This is particularly useful in cases of programmes required 
in identical form at a later date. 

To check that no electrical faults develop during running of a calculation, 
programmes are designed to include whatever mathematical checks may be 
applied to the calculation, and special calculations whose results are known are 
repeated at intervals. In calculations which have short programmes applied to 
large amounts of data, selected samples of the data are submitted to calculation 
before proceeding to the main bulk of the work. The results for the selected 
data must be reproduced in the main calculation. 

Before daily use all units of the machine are subjected to standard tests. 
The early tests are manually controlled. Later stages, designed to test the 
arithmetical registers and function gates, involve specially designed programmes. 


XIV. USE OF THE LOW SPEED STORE 

The low speed store comprises four independent groups of 1024 locations 
with an access time of 10 msec. It is used for storing incidental results, matrices 
of coefficients, tables of functions, approximations to solutions to partial 
differential equations, etc. 

One of these stores is used to hold one or more programmes which may be 
in use. Thus if a programme is to be used for a number of days it is convenient 
to hold it in one of these stores, preferably in locations corresponding to those in 
which it lies in the high speed store when in operation. When required the 
programme is transferred to the high speed store. This takes only a few seconds. 

Although the access time of this store is 10 msec, use of it during calculation 
does not seriously reduce the rate of operation. This is due partly to its 
infrequent use even if referred to for much arithmetical work. The speed of 
operation is controlled primarily by the access time to commands and not to 
calculation data, to which relatively few commands refer. This is so since the 
major part of a programme is concerned with its own control, a function which 
does not require the low speed store. 

Programmes which are too extensive to be held entirely within the high 
speed store may be adopted for action from the low speed store as required. 
This may be done in two ways, either by taking the commands one by one from, 
the low speed store and obeying them with the aid of a special routine or by 
transferring portions of the programme from the low speed store to the high 
speed store, as and when required for immediate use. The latter method is 
that usually adopted, for greater operating speed can be attained if each routine 
is used for relatively long periods before being over-written by the next routine. 
The proportion of time spent in transferring routines is then small. 

Programmes may be placed in the low speed store directly from the pro- 
gramme tape. When they are transferred to the high speed store for use the 
space normally occupied by the primary and control routines and the parameters 
may be occupied by the programme placed in the low speed store from location 
zero onward, ‘This saves up to 40 locations in the high speed store. 
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When programmes are withdrawn from the low speed store in blocks, each 
block is assembled from the tape into the high speed store and then transferred 
to the low speed store by a special routine before proceeding to reading in the 
next block of commands. 


XV. MANUAL CONTROLS 

The manual controls include those for starting and stopping the computer 
at will, for clearing registers, and for setting certain 20-digit data. Others, 
intended to help the operator, allow the computer to operate in special ways. 

Three rows of 20 switches each provide for the adjustment of the content of 
registers NV, and N, and of the input register. Register N, possesses an added 
facility which allows its content to be accepted as a command irrespective of the 
content of the sequence register. This allows the operator to change the content 
of any arithmetical register or of the stores at will, and so allows of manual 
adjustment of programmes when corrections to them are needed. 

Besides the independent application of individual commands via N,, a 
succession of commands differing only by sequential sub-addresses may be 
accepted. The sub-address in each case is the current content of the sequence 
register. By use of this facility data from the low speed store may be transferred 
to the high speed store or vice versa item by item, and the whole of the content 
of a store may be transferred within a few seconds without the use of any 
additional programme. This facility is also useful in maintenance tests. 

A further device called a “‘ trigger unit ’’, useful for maintenance tests and 
in programme tests, provides a cathode-ray oscillograph trigger pulse whenever 
the content of the sequence register coincides with that set on a special group of 
switches or will stop the computer so that the content of the register may be 
inspected. 
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APPENDIX I 
PRIMARY ROUTINE AND CONTROL ROUTINES USED DURING THE ENTRY OF DATA INTO THE COMPUTER 
Primary routine: locations 0-19; control routine: locations 20-31 


Position 
of Command Action 
Command 
0 (1)—C Reads column of 10 digits, X, Y to 
register C’ 
1 Pay? Alters most significant digit (Y) 
2 Dap (C)-7S Tests most significant digit 
3 20—S [20] Shifts to 20 if Y on current column 
4 Poo-(Do)-78 If no Y punch, tests most significant 
digit of Do 
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AppENDIx I (Continued) 
Position 
of Command Action 
Command 
5 2S [12] If no Po in Do, shifts to 12 
6 [c(A)—20] | “Transfer command ’’—plants A and 
clears A ; called if previous column 
X-punched and current column no 
opOreey, 
7 (6)—A 
ak Increases store address of transfer 
. Pues command by unity 
9 c(A)-+6 
10 Pao-(Do)-7 8 Tests most significant digit of D, 
again, Y.) If previous column X- 
punched and current column no X. 
11 0—S [0] Returns to read if no X on previous 
column 
12 Py 7 C 
13 D(C) Dy If current column X-punched, py ) in 
Cis read to D,; if no X, Dy, cleared 
14 (C)—H ‘(Clears out p,, and po, digits from C and 
15 (Hj)—C ie leaves 10 digits in C and H 
16 Pap-(Do)-7 8 Tests for X on current column 
7, (H,)—C If no X, shift column digits to »,;—po9 
groups 
18 (> If no X, add 10 digits p,,~p2, to A 
19 0—S [0] Return to “read ” 
20 (ID, )\-= De Clears D, for fresh assemblage to follow 
21 (6)—H, Stores address of transfer command 
sent to H register 
22 (C)s Digits associated with Y punch 
counted to sequence register 
23 (31) >A If (A)=n, then (A)’=c(A)—n 
24 9—S [9] Causes transfer command to be re- — 
placed by (A); (6)’=(A) 
25 (30) A This and following cause H,—31-+(A) 
to be placed in 28 
26 (23) > 4 Causes (31)4 A +(A) to be placed in 28 
» Pall c(A)—28 Assembled (A) planted for use 
28 pT Command assembled placed here and 
performed 
29 0o—S [0] Return to continue reading data 
30 =<i\(())) les Constant when added to (23) forms 
(H,)—31 
31 <c(A)—M> Constant used by command 23 


SHORT COMMUNICATIONS 
ON THE LOW EXCITED STATE OF Li’ + 
By N. W. TANNER} and R. G. UEBERGANG{ 


From the mass of evidence reflecting on the low excited state of Li’, it 
Seems very probable that the spin is either 4 or 5/2. The main experimental 
result favouring 4 is the isotropy of the y-radiation, and this from several 
reactions. Inglis (1951) considered the «-y correlation of B1(n, «)Li™*yLi? 
(Rose and Wilson 1950) and concluded that the observed isotropy could only be 
reconciled with spin 5/2 if the y-radiation is a particular mixture of magnetic 
dipole and electric quadrupole. 

Subsequent correlation experiments (Newton 1951 ; Class and Hanna 1952 ; 
Uebergang and Tanner 1953) have all indicated isotropy. The simplest con- 
clusion is spin 4 for the decaying state. If spin 5/2 is assumed for Li’* then 
the experimental results can be satisfied under the conditions : 


(a) Li’* decays by the same multipole mixture notwithstanding the way 
in which it is formed. 


(b) A given interfering multipole mixture can cause isotropy of the y- 
radiation for all ways in which the 478 keV level is excited and for all 
methods of observing the radiation. 


The first condition is assumed to be true a priori. The second is suggested 
by the approximate formulae of Lloyd (1951) and the explicit calculations of 
Devons (1949) and Ling and Falkoff (1949). 

Lloyd has considered the modification of a calculated X-y correlation 
(pure magnetic y-radiation) to the case in which a small admixture of electric 
radiation occurs; only interference terms are introduced, the pure electric 
component being neglected. For the radiation of interest here, magnetic dipole 
plus electric quadrupole, the condition for isotropy through multipole inter- 
ference reduces to a simple expression depending only on the parameters of the 
y-decay, and not on the way in which the decaying state is formed. 

More generally one may consider a state of spin J, with degenerate magnetic 
substates designated by the quantum numbers m, decaying to a state of spin J’. 
It is fundamental in angular correlations that the magnetic substates m are not 
equally populated and that the relative populations P(m) depend on the way in 
which the state is formed. For simplicity the phases of the substates are assumed 
to be random; this is satisfied providing the previous radiations involved in 


‘+ Manuscript received March 18, 1953. 
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the correlation are parallel or anti-parallel and are taken as the axis of quantiza- 
tion (see Biedenharn, Arfken, and Rose 1951). If the y-decay is an interfering 
mixture of 2¥-pole magnetic and 24+1-pole electric radiation, then according 
to Ling and Falkoff (1949) the angular distribution of that radiation is given 


by 
W(0)= & [P(m){| « [2S LmM | J’M+m)2F 7 (8) 

Mm 

+| 8 |°JL+1mM | I’M +m)F (8) 

+(aB* +o*B)(JLmM | I’M +m)(JL+1mM | I'M +m)F rr +1(8)}), 

fe Sieh e eS 3" wlio ee (1) 
where M is the magnetic quantum number associated with the y-radiation, 
a, ® are the complex amplitudes cf the dipole and quadrupole radiations 
respectively, 


Fi} (0) is the classical angular distribution of 24-pole +-radiation (magnetic 
or electric), 


Fi. z+1(9) is the classical angular distribution of the interference component. 


The remaining factors are transformation coefficients for vector addition 
as defined and tabulated by Condon and Shortley (1935). 


For the case of the «-y correlation of B!°(n, «)Li™*yLi’, Devons (1949) 
had shown that a quadrupole intensity admixture of about 4 per cent. can cause 
isotropy. It seems then, that terms in | @ |? can be omitted. Making this 
necessary simplification, the angular distribution of radiation W,,(0) from one 
of the degenerate magnetic substates m is given by 


W,,(9)= ~ {(JLmM | J'M +m)?F 7! (6) 
+23(JLmM | I’M +m)(JL+1mM | J'M +m) FY, 1(8)}, 


where 


pees sly 


| a |? 


Evaluation of equation (2) for the case of L=1 and J’=J—1 leads to the 
isotropy condition 
ug 2) +2 \8 
BEE eats @) > 


which is independent of m. Hence isotropy through multipole interference 
does not depend on the populations of the substates, that is, the way in which 
the decaying state is formed or observed. 

Applying (3) to Li” with J=5/2 gives 3=1/5 in approximate agreement 
with the formulae of Devons (1949) and also Lloyd (1951). It remains then 
that, although a 4 per cent. relative quadrupole intensity is considered unlikely 
(Inglis 1951), an unexpected effect may be occurring which causes isotropy of 
the 478 keV y-radiation by multipole interference. Assignment of Spin k to 
the state in question does not seem to be completely beyond doubt. 
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EFFICIENCIES IN THE METHOD OF GROUPING 
By P. G. GuEST* 
[Manuscript received July 27, 1953] 


Summary 


The efficiencies obtained in curve fitting by the method of grouping are discussed 
in terms of two parameters x%,, x; which specify the departure from uniform spacing. 
For polynomials of the first and second degree the efficiencies practically always exceed 
0-7, but the efficiencies for the third degree polynomial may be less than this value if 
the spacing is markedly non-uniform. 


I. INTRODUCTION 

In an earlier paper (Guest 1952) a method of fitting polynomials to unequally 
spaced observations was described, the method being named the method of 
grouping. Although intended for use in cases where the spacing was non- 
uniform, it was only possible at that time to discuss the efficiencies for cases in 
which the variation from uniformity was random and the standard errors did 
not differ markedly from the errors in the equally spaced case, 

Since the publication of this paper a method of treating cases in which the 
spacing is non-uniform has been devised, the departure from uniform spacing 
being characterized by two parameters x,, x,;. The behaviour of the standard 
errors in the least squares problem has been described in terms of the two para- 
meters (Guest 1953). In the present paper the calculation of the efficiencies of 
the values obtained by the method of grouping will be carried out in terms of 
these same parameters. 


II. CALCULATION OF THE STANDARD ERRORS 
The coefficients b,; in the fitted polynomial 


U,(") = : b,j? 


are determined in the method of grouping by the solution of the ‘* normal ”’ 
equations 


Dv ; 
EW,(0){ ylo) — 2 By} =0, k=0 to DP; eeeovesenee (1) 
r j=0 P 
where the y(x) represent the observations and the W,(a) are step functions. The 


methods of solving these equations consist in eliminating in turn the coefficients 
Dro, 5,1, etc. The most convenient method is some variant of what Dwyer 
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(1951) calls the method of single division. Equations (1) are in effect converted 
to the set 


SW (0) ya) 2b yt =0, eye es. (2) 
£ j 


where the functions W,.,(~) are linear combinations of the functions W,(x) 
such that 


Ba 0) Nd be se cosets ene einne rs) aie arene (3) 
W,.,(@) may be expanded in the form 
W,. (0) =W,,(2) +3 Ln ee (4) 
and it follows from (3) that 
Cpa NENG SUPE EA eR a (5) 


The value «,, is defined to be —1. From the coefficients «,,, the coefficients 
Bx, defined by the equations 


may be derived. In fact 


For the coefficient of degree p, equation (2) with k=p gives 


Dyp =ZW,, aya) [2 olen 


and so 


3*(Bp,)/2°(y) => ”. Ho] : / bu yoye| ated, corer (8) 


The expression =]. eo)? can be evaluated from (6) when the values of 
xz 


UW ,2(%), UW,(xc)W,,(@) are known. 


= 


If the efficiencies of the other coefficients b pj Or the efficiencies of the fitted 
values are required, it is necessary to complete the inversion of the matrix 
UW ,(v)am. Functions W,_,(v) may be defined for which 


SU NO, WD, ee ees Fo (9) 


and then 


_ UW, p(@)y(a) 


k= SW, pla ak Se hen Oy) ee (10) 
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where A,,, are the elements of the inverse matrix. These elements can be built 
up from the quantities Bix) UW, ;(w)a* in the following way. W,.»(@) is expanded 
in the form 


D 
W i.o(@) =W,, (2) + 2 tim Wn pl@) 


where, from (9) 


pees i UW x. 4(@)a™ * UW y, .(a)a™ 
eS) SW, eee = SW, oa 


Therefore 


We) EW, oat = Lac —2}2 We) py meld] Pao 


= |2e.,W, a) 2 JE (00 2g W(0)] [zw x (@)0® 


m 
=DA,, W,(2). 
Hence 
AGS |. — hr 2 We aa) few. BUA ads. eoeiorediic (11) 
+ 7 x 


The standard error of the coefficient b,, is given by 

p 2 

o*(bya)/o%y) =) 3 imWn(o)| POA ot (12) 
az (m=0 
and the standard error of the fitted value by 
2 
o*[u,(x)] — 12,2 = X wack H[d, box], 
j i,k 


or 


o*[u,(%)]/o(y)= & wit bn, W, (a) |) Ery,W.(0)} aece 13) 
9, % At 8 


The method of matrix inversion outlined above is the same as that described 
by Fox and Hayes (1951), but they deal with a general matrix for which the 
functions W,(v) are not defined. The present discussion brings out the 
significance of the intermediate terms occurring in their method. In the usual 
method of calculation the quantities are arranged in a square array, as shown 
below : 

, UW. UW ot UW ot? UW ov? 
(—)o10 UW, 4 UW, 30? UW, 0% 
(—) ooo (—) 21 UW. 2x? UW x8 
(—) aso (—)o&s1 (—) ase UW, 3x. 
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The lower triangular matrix (—)« is then inverted ; the elements of =a are 
the quantities 6,,,. a8 i8 clear from (7 ). Finally the rows A,, are built up in turn, 
beginning with i,,. However, when a large number of inversions have to be 
made it is more convenient to tabulate the & my Rims etc., in columns and perform 
the same calculations for all the matrices at the same time. 


It is iluminating to put some of the above equations into matrix notation. 
The quantities UW,(x)x* form a matrix W, the quantities «;, a lower triangular 
x 


matrix «, and the quantities UW, ;(7)#* an upper triangular matrix w. Then, 
from equation (4) ji 
k-1 
LW 5, (@) a" =LW (av) a" +- x Oper W nm (HL) y 
Ly x m=0 % 
or 
W=—a0. 
Then from equation (7) 
apb—=—I, 
and so 


B=—al, 


Finally equation (11) may be written 


O eA br =s Bir == 210) fava 
m 


and so 
P=, 
and 
A=o-18 = Gin 
=W-! 


III. EFFICIENCIES IN TERMS OF THE PARAMETERS Xo, x3 


The symbol e will be used to denote the variable which takes the integral 
or half-integral values from + 3(n—1) to —}(n—1) at the points of observation, ~ 
where n is the number of observations. In the method of grouping (Guest 1952, 
Section ITT) 

yn+1 ‘ 
eb =(m-piantt = 8 ee ae, ve) Ovens 
=0, m-+j odd, 


, 
mek 


where «;, 6;, etc., are the parameters which determine the location of the groups. 
Equation (14) can be written in the form 


nin sal 


a pT 
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The quantities ;,, may be readily calculated from the values of the parameters 
a;, B;, ete., given in the previous paper (Guest 1952). The numerical values of 
Vim are listed in Table 1. If the variable e=2e/n is introduced, then 


MOIDW eM Ue M1). see eee ees says (15) 


In accordance with the treatment given in an earlier paper (Guest 1953, 
p. 132), the independent variable # is replaced by the variable &, where 


&=s ie (oe 3”) +2gn- rs); se) (16) 


and x,, x, are the parameters which specify the departure from uniform spacing. 


Now 
12n—%é =6¢ + x,(3e? —1) +3x,(e3 —e), 


and so 


ee 
nZW ,(12n-) =3 4 +4(fha—5¥a) + a(bj2—bjo) 


36 , eagle 
mAEW,(1208)*—12bye bral Yi —1245.] aos tho : Yu +3] 


+10"( 5s —2bje +4] 
+x5[ (90,5 —6;1) +%3(3Vj5 —6;3 +3;1)]; 


81 81 
nX W ,(12n-%)§ =5 4) ;5-+%5(54);5 81,3) +a(7 Viz —D4 js ea 4s) 


27 81 27 27 
+34°(79 4a 8 Viot 2 Vis a | 


81 45 63 9 
+44| Od —27 9 + 94) br 8 Yja— 9 bist a bis— 3a) 


+x | (5 — 86] +X Vie— Us +8642) 
+x37(9v;g —27 V6 +27 Yj —9j2) 
tat(Z Vie— iy +3jo —4e)| : 


fe 


Using Table 1, it is a simple matter to calculate XW, Em as a function of 
Xo, Xz. These expressions are tabulated in Table 2, together with the quantities 
uW,;?, UW,W,, which are needed for the evaluation of the standard errors. 
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TasLE 1 


THE QUANTITIES Yj, 


| 
p=1,2 p=3 | 
| 
| 
Yao —0-2943 dar +0-888889 | +0-502270 dn | —0-514459 
doe +0-385331 dis 4+0-987654 | +0-752265 Yes 0° 181496 
Yon +0: 669354 is +0-998628 | +0-876695 ss | +0-078761 
doe +0-809080 dar +0-999848 | +0-938627 bs, | +0+275442 
bes +0: 885873 dro +0-999983 | +0-969453 so +0-425384 
TABLE 2 
uw em 
nLW, 1 
nw, 0 
nw, —0-2943 
nLW, 0 
4n7 XW 6 0 
4n2=We 0-888889—0-19753lx, (p=1, 2) 
0-502270—0-063069x, (p=3) 
4n2DWE 0226544, 
4n7W 46 —0-514459 +0-211856x, 
12n7 We? 1—0-400000x, +0: 057143x,?+ 0: 066667x,” 
12nD WE? %o[0- 296296—0-021948x,]  (p=1, 2) 
%,[0°313064—0-031391x,]  (p=3) 
12n7XW8? 0:385331-+0-016281x,—0-017786x,? + 0- 011656,” 
12nD W422 %o[0-121108—0-018177x,] 
32n—42W 63 %_[0-533333—0- 076190, +0-008466x,?] 
32n—W 88 0:752265—0- 251702x,+0-039489x,2—0- 002379x,° 
4-xq2[0- 145927—0-011742x5] 
32n42W 63 %2[0-546337—0- 120582x%,+0-013561x,? + 0-017713x,7] 
32n—4X W 363 —0-181496 +-0-351005x,—0-111592x%,?+ 0-012001x,3 
+%,2[0- 044385 + 0-008764x,] 
nw 1 
n3LWe 0-666667 (p=1, 2) 
0-2945 (p=3) 
nDW 2 0-7265 
nw 0-7894 
nw Ws —0-2943 
nZIW.W; —0-0417 


The standard errors of the coefficients Dep can be calculated for selected 


values of x5, x; from the values 2W,&*, using the scheme developed in Section II. 
The efficiencies can then be calculated by comparison with the corresponding 
errors obtained for the least squares curve in the earlier paper. 
obtained in this way for the coefficients b,,, by, b33, are listed in Table 3. 


The efficiencies 
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In Table 4 the efficiencies of the fitted values have been tabulated for 
various values of x, x3. For the second and third degree polynomials the 
variable used is 


k=e—x,/5, 


which was introduced in the treatment of the least squares standard errors 
(Guest 1953, equation (41)). The range of interpolation, that is, the range of 
values of k within which the observations occur, is roughly from k=+1 to 
k=—-1 


TABLE 3 


EFFICIENCIES OF THE COEFFICIENTS bop 


| 
bu bos Bsa 
Ms" 

Xs 0 0-5 1:0 1-5 2-0 0 0°25 0:5 0:75 1:0 0 0:25 0:5 
—1-0 0-911 0-891 0-871 0-853 0-835 | 0-853 0-801 0-751 0-705 0-660 | 0-813 0:641 0-498 
—0-8 0-909 0-887 0-866 0-847 0-828 | 0-872 0-819 0-768 0-720 0-675 | 0-861 0-692 0:548 
—0°6 0-906 0-882 0-860 0-839 0-819 | 0-887 0-834 0:783 0-734 0-687 | 0-897 0-735 0:593 
—0-4 0-901 0-876 0-853 0-830 0-809 | 0-897 0-844 0:793 0-744 0-696 | 0-921 0-769 0-632 
—0:2 0-896 0-869 0-844 0-820 0-798 | 0:902 0:851 0-801 0-751 0-703 | 0-934 0-793 0-663 

0 0-889 0-860 0-833 0-808 0-784 | 0-902 0°853 0-804 0-755 0-707 | 0-937 0-807 0-685 

0:2 0-880 0-849 0-821 0-794 0-769 | 0:897 0-851 0-803 0-755 0-708 | 0-929 0:810 0-699 

0-4 0-869 0-836 0-806 0-777 0-751 | 0:888 0-844 0-799 0-752 0-705 | 0-913 0-804 0-702 

0-6 0°855 0-820 0-788 0-758 0-731 | 0°874 0-833 0-790 0-745 0-698 | 0-888 0-789 0-696 

0-8 0-839 0-801 0-767 0-736 0-707 | 0:855 0-818 0-777 0-733 0-688 | 0:856 0-765 0-681 

1:0 0°818 0-779 0-743 0-710 0-680 | 0:833 0-799 0-760 0-718 0-673 | 0-817 0-733 0-657 

1:2 0:794 0-752 0-715 0-681 0:808 0:776 0-739 0-698 0-653 | 0-770 0-693 0-626 

1:4 0-764 0-721 0-682 0-780 0-749 0-713 0-672 0-628 | 0-715 0-645 0-587 

1:6 0-729 0-684 0-644 0-751 0-719 0-683 0-641 0-596 

1:8 0-688 0-642 0-602 0-719 0:686 0:647 0-604 0-556 

2-0 0:640 0-594 0-554 0:687 0-649 0-606 0-558 0-507 


In a practical example the efficiencies may be expected to differ somewhat 
from the values given in Tables 3 and 4, because of the neglect in the present 
discussion of higher parameters x,, x;, etc. In Table 5 are shown the efficiencies 
of the coefficients b,, for the three examples discussed in an earlier paper (Guest 
1953), with the values calculated from the parameters x,, x, in brackets. It is 
seen that there is in each case a reasonable agreement between the two values for 


the efficiency. 


IV. CONCLUSION 


From Table 3 it will be seen that the efficiencies of the coefficients b,, are 
always less than the corresponding efficiencies in the equally spaced case (x,=0, 
%3=0), except for the coefficient b,, when x, is negative, where the efficiency may 
be slightly higher. As a consequence, the value of 90 per cent. suggested in the 
earlier paper for the efficiencies must be regarded as an upper limit to the 
efficiencies which would be found in any practical example. 
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TABLE 


EFFICIENCIES OF THE FITTED VALUES 
First Degree Polynomial 


| Ha | 0 0-5 | an 
| 
Us | 
—10 -05 0 +05 +1:0] —1:0 —05 0 +0°5 +1:0} —1:0 —0-5 0 +0°5 +1:0 
Je] | 
1-4 0-923 0-917 0-903 0-880 0-840 | 0-914 0-906 0-891 0:865 0-822 | 0-888 0-875 0-854 0-821 0-772 
1-2 0-927 0-920 0-908 0-885 0-847 | 0-918 0:910 0-895 0-871 0-830} 0-893 0-881 0-860 0-829 0-781 
1:0 0-932 0-926 0:914 0-893 0-857 | 0-924 0-916 0-903 0-879 0-840 | 0-900 0-889 0-870 0-840 0-794 
0:8 0-940 0-935 0:924 0-905 0-873 | 0:933 0-926 0-914 0-893 0-857 | 0-912 0-901 0-884 0-857 0-815 
0-6 0-952 0-948 0:939 0-924 0-897 | 0:946 0-941 0-931 0-913 0-884 | 0-929 0-920 0-906 0-883 0-848 
0-4 0-969 0:967 0-961 0-951 0-933 | 0-966 0-962 0-955 0-944 0-924 | 0-954 0-949 0-939 0-924 0-899 
0-2 0-990 0:989 0-987 0-983 0-977 | 0-988 0-987 0-985 0-981 0:974 | 0-984 0-982 0-979 0-973 0-964 
0 a 1 1 alt af i 1 i 1 ii ef 1 1 at Ff 
Second Degree Polynomial 
| %e | 0 0:5 1:0 
Us —10 -—05 0 +0:-5 +1:0} —1:0 —05 0 +0°5 +1:0| —1:0 —05 0 +0°5 +1:0 
|k| (kx, negative) 
1:4 0:868 0-898 0:903 0-880 0-833 | 0-835 0-871 0-887 0:877 0-838 | 0-726 0-757 0-775 0:775 0-748 
1:2 0-879 0-902 0:904 0-881 0-835 | 0-854 0-883 0-896 0-885 0-846 | 0-766 0-786 0-799 0-796 0-765 
1-0 0-901 0-911 0-908 0-884 0-838 | 0-893 0-905 0-911 0-898 0-858 | 0-855 0-847 0-844 0-831 0-795 
0:8 0-940 0-930 0-918 0-893 0-848 | 0-950 0-942 0:935 0-919 0-879 | 0-962 0-948 0-927 0-899 0-852 
0-6 0-952 0:952 0-939 0-915 0-874 | 0-938 0-951 0:950 0-940 0-911 | 0-872 0-914 0-943 0-957 0-942 
0-4 0:924 0:946 0-950 0-988 0-912 | 0-886 0-914 0:926 0-927 0-921 | 0-779 0-815 0-840 0°859 0-877 
0-2 0:904 0-935 0-946 0-941 0-925 | 0-863 0-896 0:911 0-911 0-904! 0-750 0-785 0-807 0-816 0-810 
(kX, positive) 
0 0-898 0:931 0:948 0:939 0-924 |.0-861 0-898 0-916 0-918 0-906 | 0-754 0-793 0-821 0-834 0-826 
0-2 0:904 0-985 0:946 0-941 0-925 | 0-876 0-913 0-934 0-936 0-920 | 0:786 0-831 0-865 0-883 0-876 
0-4 0:924 0-946 0:950 0-938 0-912 | 0-911 0-941 0-951 0:942 0-910 | 0-858 0-902 0-929 0-937 0-918 
0-6 0-952 0:952 0-939 0-915 0-874 | 0-950 0-948 0-928 0-895 0-848 | 0-942 0-946 0-927 0-894 0-848 
0:8 0:940 0:930 0-918 0-893 0-848 | 0-922 0-902 0-877 0-842 0-794 | 0-894 0-860 0-819 0-775 0-725 
1-0 0:901 0-911 0-908 0-884 0-838 | 0-865 0-862 0-848 0-819 0-774 | 0-786 0-769 0-743 0-708 0-663 
1:2 0-879 0-902 0-904 0-881 0-835 | 0-833 0-845 0-839 0-813 0-768 | 0-726 0-725 0-710 0-683 0-641 
1-4 0-868 0-898 0:903 0-880 0-833 | 0-818 0-838 0-837 0-813 0-768 | 0-697 0-705 0-697 0-675 0-635 
Third Degree Polynomial 
| Xe | 0 0-5 
ee ee eS A a A Ee Se wl | 
Xs —1-0 —0°5 0 +0°5 +1-0 —1:0 —0°5 0 +0:5 +1:0 
|k| (kX, negative) 
1-4 0-830 0-910 0-926 0-887 0-805 0-625 0-747 0-818 0-826 0-779 
1:2 0-842 0-909 0-919 0-881 0-802 0-643 0-756 0-823 0-832 0-787 
1:0 0-870 0-902 0-905 0-871 0-802 0-736 0-790 0:°836 0-842 0-802 
0:8 0-874 0-889 0-887 0-870 0-834 0-872 0-897 0-881 0-866 0-834 
0:6 0-844 0-902 0-917 0-914 0-901 0-711 0-835 0-895 0-903 0-884 
0:4 0-852 0-914 0-936 0-932 0-908 0-695 0-816 0-891 0-918 0-911 
0:2 0-879 0-925 0-942 0:936 0-913 0-759 0-858 0-919 0-942 0-989 
(kx, positive) 
0 0:898 0-931 0-943 0-989 0-924 0-889 0-927 0-938 0-923 0-886 
0-2 0879 0:925 0:942 0-986 0-913 0-907 0-915 0-903 0-873 0-824 
0-4 0:852 0-914 0-986 0-982 0-908 0-821 0-860 0-871 0-864 0-836 
0:6 0:844 0-902 0-917 0-914 0-901 0-767 0-834 0-872 0-891 0-894 
0:8 0:874 0-889 0:887 0:870 0-834 0:820 0-874 0-888 0-875 0-843 
1:0 0-870 0-902 0-905 0-871 0-802 0-887 0-879 0-850 0-795 0-714 
1:2 0-842 0-909 0-919 0-881 0-802 0-800 0-836 0826 0-774 0-688 
1-4 0-830 0-910 0:926 0:887 0-805 0-752 0:813 0-817 0:772 0-687 
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TABLE 5 
EFFICIENCIES IN PRACTICAL EXAMPLES 


Values calculated from x,, x3; in brackets 


Example n eae | M3 by, Os | Dee 
| | 
| | | . 
1 16 | 0-015 eke 0-878 (0-906) 0-878 (0-881) | 0-902 (0-879) 
2 67 | 0-345 |+0-740 | 0-825 (0-818) | 0-824 (0-806) | 0-751 (0-739) 
3 16} 0-221 | 0-392 0-884 (0-890) 0-839 (0-850) 0-823 (0-788) 


The effect of departures from uniform spacing may be roughly summarized 
in the following way : 


Departure from Efficiency 
Uniformity Daa Doo bsg 
Slight | xa}, | % | <0-25 >0 +875 >0 +875 >0-900 
Moderate xe |, beg | <0-5 > 0-850 >0-840 > 0-750 
Pronounced | x, |, | x;|<0:75 >0-800 >0:+750 >0 +550 


Since the efficiency of the fitted value w,(z) is at worst only slightly less than 
the efficiency of the coefficient b,,, the limiting efficiencies of the fitted values will 
also be given roughly by the above table. However, from Table 4 it will be seen 
that the efficiency of the fitted value varies quite rapidly with the location of the 
point (i.e. the coordinate k) in the second and third degree polynomials when 
the departure from uniformity becomes pronounced. 


The value that would be considered acceptable for the efficiency depends 
very much on the purpose for which the curve is required. If the curve is to 
summarize the results of 6 months’ research, then clearly the least squares curve 
should be calculated. If a large number of curves are to be plotted, then the 
method of grouping may well be more appropriate because of the saving in time. 
Jeffreys’ (1948) statement on this point is worth quoting in full. 


‘““ Tf [the estimate] a’ has an efficiency of 50 per cent., a’ will habitually 
differ from [the least squares estimate] a by more than the standard error of the 
latter. This is very liable to be serious. No general rule can be given; we 
have in particular cases to balance accuracy against the time that would be 
needed for an accurate calculation, but as a rough guide it may be said that 
efficiencies over 90 per cent. are practically always acceptable, those between 
70 and 90 per cent. usually acceptable, but those under 50 per cent. should be 
avoided.”’ 

Cases in which | x, | or | x, | exceed unity will be very rare. It can be said 
then that the efficiencies for polynomials of the first and second degree fall into 
the “usually acceptable ” category, while for the third degree polynomial the 
efficiencies will only fall into this category when the departure from uniformity 
is not very pronounced. 

For the fourth degree polynomial the representation in terms of the two 
parameters x, x, is not very satisfactory, but a calculation of the standard errors 
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for the case x;=—0 has shown that the drop in efficiency as | x,| increases 1s 
even more pronounced than is the case with the third degree polynomial. Conse- 
quently the method of grouping should not be used with a polynomial of the 
fourth degree unless the spacing is roughly uniform. 
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INTERNAL CONVERSION IN THE L-SUBSHELLS 
By J. B. Swan* and R. D. Hit 


[Manuscript received June 22, 1953] 


Summary 
The relative intensities of conversion-electron lines from the three L-subshells 
have been determined for a number of y-transitions, and the results compared with the 
theoretical values of Gellman, Griffith, and Stanley (1952). Experiment has been 
shown to be in accord with theory. 


Calculations of theoretical K/L ratios indicate that the empirical curves of Goldhaber 
and Sunyar (1951) may need to be modified, especially forlow Z. For a given Z?/H, the 
K/L ratio increases with decreasing atomic number. 


I. INTRODUCTION 


Accurate theoretical values of the internal conversion coefficients of electric 
and magnetic multipole radiation for the L-subshells would be of great assistance 
in the identification of transitions, and in particular of those which, owing to 
their low energy, do not convert in the K-shell. 


Conversion coefficients for the K-shell have been computed for a wide range 
of energies, Z-values, and multipolarities by Rose, Goertzel, and Perry (1951) 
and Rose et al. (1951) in the relativistic case with the unscreened Coulomb 
field acting on the electron, and for a more restricted range, but including 
screening, by Reitz (1950). 


Calculations of L-shell conversion coefficients have been made by Hebb and 
Nelson (1940), Tralli and Lowen (1949), and more recently by Gellman, Griffith, 
and Stanley (1952). The results of Gellman, Griffith, and Stanley are of 
particular interest, as they have been computed for the three L-subshells for 
El, E2, and M1 radiations, using relativistic wave functions for the atomic 
electrons but not taking into account the effects of screening. As these results 
are the most complete at present available, it is of interest to determine the 
degree of reliability which may be attached to them. 


An experimental investigation of the relative L-subshell conversions has 
been made by Mihelich (1952), whose results in specific cases support those of 
Gellman, Griffith, and Stanley (1952). It should be pointed out that the latter’s 
calculations indicate certain crossings of the L-subshell conversion curves at 
particular values of Z and H. In the case of E2 transitions, for example, at 
high Z the L, conversion can be more important than the Ly conversion. This 
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was already pointed out by Mihelich in a note added in proof after Gellman, 
Griffith, and Stanley’s paper had appeared, but nevertheless the generalization 
for all electric transitions implied by Mihelich in the abstract of his paper has 
often since been misinterpreted. 


In the present paper, results of investigations of several additional transitions 
are presented, and these are compared with Gellman, Griffith, and Stanley’s 
values, both for relative Ly: Ly: Ly ratios and for absolute conversion 
coefficients. In order that a valid comparison may be made, it is desirable 
that the nature of the transition involved be known beforehand. Several 
transitions have been selected, for which the L-subshell conversion lines can 
be clearly resolved, and the identification of the transition has been made 
independently on the basis of lifetime, K-conversion, and K/L ratio. 


Il. IDENTIFICATION OF TRANSITION MULTIPOLARITIES 
18iTa : 133 keV 


This transition arises in the 2-2 x10-* sec isomeric state of 1®1Ta following 
the B-decay of 181Hf, and has been quoted by Goldhaber and Hill (1952) as E2. 
The theoretical radiation lifetimes ty, calculated by Weisskopf (1951) and 
expressed in nomograph form by Montalbetti (1952), are 1-4 x10-4 sec for 
Mi and 1:4x10-7sec for E2. The experimental value, calculated from 
ty =T3(1-+-«totai)/In2 by employing a measured total conversion coefficient 
of ~1 (Hedgran and Thulin 1951 ; Chang-Yun Fan 1952), is ~6-5 x10-5 see, 
which, although long, is in reasonable agreement with an E2 assignment, and 
seems to rule out an appreciable M1, E2 mixture. The theoretical K-conversion 
coefficients of Rose, Goertzel, and Perry (1951) and Rose e¢ al. (1951) are 1:91 
for M1, 0-50 for E2. Experimental values of 0-34 (Chang-Yun Fan 1952) 
and 0-49 (Hedgran and Thulin 1951) indicate a pure E2 transition. The experi- 
mental K/(L+M) ratio obtained by both these authors is 0-61, in excellent 
agreement with the empirical ratio of Goldhaber and Sunyar (1951) of 0-6 
for E2. 


The absence of any M1 component is unexpected in view of the spin assign- 


ments quoted by Goldhaber and Hill (1952), but the transition is probably 
to be identified as pure E2. 


3008 : 137 keV 

This transition arises in the 8 x10-" sec isomeric state of 186Os following 
the 6-decay of 1®*Re, and has been quoted by Goldhaber and Hill (1952) as B2. 
The theoretical radiation lifetimes (Weisskopf 1951; Montalbetti 1952) are 
1-310" sec for M1 and 9x10-®sec for E2. The experimental value, 
employing a measured total conversion coefficient of ~1 (Metzger and Hill 
1951 ; Steffen 1951), is ~2-3 x10-* sec, which is in satisfactory agreement with 
pure EH2, though it may indicate some admixture of M1. The theoretical 
K-conversion coefficients of Rose, Goertzel, and Perry (1951) and Rose et al. 
(1951) are 2:17 for M1, 0-43 for E2. Experimental values of 0-35 (Metzger and 
Hill 1951) and 0-37 (Steffen 1951) indicate an E2 transition with no M1 
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admixture. The empirical K/L ratios cannot be used for identification in this 
case, since the E2 curve has been drawn utilizing this transition. The observed 
K/L ratio is 0-6 (Metzger and Hill 1951; Steffen 1951). It seems reasonable to 
identify this transition as pure E2. 


Tr : 129 keV 


This transition follows the ®-decay of Os, and has been quoted by 
Goldhaber and Hill (1952) as an M1+E2 mixture. No lifetime has been 
measured. The theoretical radiation lifetimes (Weisskopf 1951; Montalbetti 
1952) are 1-7 x10-" sec for M1 and 1-0 x10-7 sec for E2. The theoretical 
K-conversion coefficients of Rose, Goertzel, and Perry (1951) and Rose et al. 
(1951) are 3-0 for M1, 0-49 for E2. The experimental value of 1-36 (Kondaiah 
1951; Swan and Hill 1952) indicates a 0-42:0-°58 mixture of M1: E2 
transitions. The empirical K/L ratios of Goldhaber and Sunyar (1951) are 7-5 
for M1 and 0-36 for E2. The observed value of 2:2 (Kondaiah 1951; Swan 
and Hill 1952) indicates a 0-64: 0-36 mixture of M1: E2. While the evidence 
does not agree accurately on the relative M1: E2 mixture, it is clear that this 
transition does involve a mixing of M1 and E2 radiations. 


Bolg : 411 keV 

This transition follows the ®6-decay of *Au, and has been identified by 
Hill and Mihelich (1950) as E2. No lifetime has been measured, though the 
observations of Graham and Bell (1951), Moon (1951), and Bell, Graham, and 
Petch (1952) indicate a half-life of ~10-1!sec. The theoretical radiation 
lifetimes (Weisskopf 1951; Montalbetti 1952) are 5x10-'sec for M1 and 
4x10- sec for E2. The experimental value, employing a total conversion 
coefficient of ~0:1, is ~2 x10-" sec, which is consistent with pure E2. The 
theoretical K-conversion coefficients of Rose, Goertzel, and Perry (1951) and 
Rose et al. (1951) are 0-17 for M1, 0-032 for E2. The observed values of 0-04 
(Plesset 1942), 0-025 (Peacock and Wilkinson 1948), and 0-03 (Siegbahn and 
Hedgran 1949) indicate a pure E2 transition. . The empirical K/I. ratios cannot 
be used in identification, for the reasons given under 18°Os. The observed value 
is 2-1 (Hill and Mihelich 1950). The transition may be identified as probably 
pure E2. 


RoHg : 159 keV 

This transition arises in the 2-4 x10~° sec isomeric state of Hg, following 
the 6-decay of 1°Au, and has been quoted by Goldhaber and Hill (1952) as E2. 
The theoretical radiation lifetimes (Weisskopf 1951; Montalbetti 1952) are 
1 10-41 sec for M1 and 5 x10-8 sec for E2. The experimental value, employing 
a measured total conversion coefficient of 0-6 (Sherk:and Hill 1951), is 5-5 x10 
sec, which is in satisfactory agreement with pure H2, though it may indicate 
some admixture of M1 radiation. The theoretical K-conversion coefficients of 
Rose, Goertzel, and Perry (1951) and Rose e¢¢ al. (1951) are 2-24 for M1, 0-28 for 
E2. The experimental value of 0-19 (Sherk and Hill 1951) indicates that no M1 
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is present. The empirical K/L ratios cannot be used in identification, for the 
reasons given under 18*Os. The observed values are 0-8 (Beach, Peacock, and 
Wilkinson 1949), 0-87 (Hill and Mihelich 1950), and 0-6 (Sherk and Hill 1951). 
The transition may be identified as probably pure E2. 


Ll: 279 keV 

This transition follows the 6-decay of Hg, and has been identified as H2 
(Saxon 1948 ; Wilson and Curran 1951). No lifetime has been measured, though 
Deutsch and Wright (1950) have shown the half-life to be shorter than 
3x10-® sec. The theoretical radiation lifetimes (Weisskopf 1951 ; Montalbetti 
1952) are 2x10-2 sec for M1 and 3 x10-*sec for E2. The observed upper 
limit to the half-life is too long to allow of any differentiation between M1 and 
E2. The theoretical K-conversion coefficients of Rose, Goertzel, and Perry 
(1951) and Rose et al. (1951) are 0-535 for M1, 0-079 for E2. The experimental 
values of 0-18 (Saxon 1948 ; Wilson and Curran 1951) and 0-15 (Thulin, personal 
communication from I. Bergstrém, 1953), using a mean of 0-16, indicate a 
0:24:0:76 mixture of M1: E2. The empirical K/L ratios of Goldhaber and 
Sunyar (1951) are 7-7 for M1 and 1-3 for E2. The observed values of 3 (Saxon 
1948; Slatis and Siegbahn 1949a, 1949b), 3-7 (Wilson and Curran 1951) and 
3:5 (Thulin, personal communication from I. Bergstrém, 1953), using a mean 
of 3-5, indicate a 0-40: 0-60 mixture of M1: E2, a lower K/L ratio giving a 
smaller percentage of M1. It is clear that this transition does involve a mixing 
of M1 and E2 radiations. 


II. EXPERIMENTAL DATA 


The relative L-subshell conversion ratios of 1*!Ta, 186Os, Ir, and 2T1 
were measured using a photographic 180° magnetic spectrograph of 0:1 to 0-2 
per cent. resolution, and are given in Table 1. The values tabulated for &Hg 
and Hg are those of Hill and Mihelich (1950), originally assigned to conversion 
in the Ly- and Lyy;-shells, but later by Mihelich (1952) to Ly and Ly. 


The figures for the theoretical L-subshell conversion were obtained from 
Gellman, Griffith, and Stanley’s (1952) table by interpolation and extrapolation. 
For each multipolarity and value of the atomic number Z a log-log plot of the 


conversion coefficient v. y-energy, k, in units of mc”, was prepared. The con- . 


version coefficients so obtained for the particular k were plotted against Z on a 
log-linear scale, and interpolation made for the particular Z. 


The theoretical K/L ratio is the ratio of Rose’s K-conversion coefficient 
to Gellman, Griffith, and Stanley’s total L-conversion coefficient. Since it can 
be assumed that the true K-conversion is given accurately by Rose’s K-conversion 
coefficients (Rose, Goertzel, and Perry 1951; Rose et al. 1951), in comparing 
this theoretical ratio with either the observed or empirical K/L ratio, one is in 
effect comparing theoretical and observed absolute total L-conversion. Alter- 
natively, an absolute L-conversion coefficient may be obtained from K-conversion 
and K/L ratio data, and values have been tabulated in Table 2 for the B2 
transitions. In this table “‘ experimental” values have also been calculated 


EE ae a ae 


375 


INTERNAL CONVERSION IN THE L-SUBSHELLS 


ysry Ajeareper oyy Jo yunoooe uo peaposer oq Ajoreq pynom soury IIT pue IT ey 


-ABi10ue-1 


‘IaAeMOH “quesoid our] IIT ey} ATuo oq 09 saevedde e10U,T, x 


Sots 


GS 


9-0 


T:@ 


9-0 


19-0 


oney 1/4 
peAresqg 


ST Lh | 8-1 2-9! 00-1: 80-4: ag-z 
98:0 Oh Wr-0  F8 | 00-1 = e4-p 2 Gs 
90 GL) 19-0 %-¢] 00-1: 9-1: [ews 
92°C SSeS chee | 00 sesck a= 
90 SL) $90 6-6 | 00-1: Fa-T: pews 
90 GL) 69-0 §-2\} 00:1: Zz-1: Og: 
cH «=6IW | CH UMIW | «Cy IT 

[Skee ee ee) 
Oney T/T | oney T/sy O1yey peadosqa 
Teorndury | peomorooyy, 


ORS iol, 8B Tisaq) O-T 
910-0 0€0:0  g10-0 8000-0 
OFT 6-1: LPL-0 Ol 
Lv-0 82-0 690-0 | #100-0 
Oe 8 FSi 8 alee Ort: 
61:0 62-0 ZF0-0 100-0 
Wolk 8 Asia 8 teihorg 0-1 
6600-0 0900-0 0900-0 1000-0 
Vel Ss Faqrowh- Se ira: Onn 
G€-0 OF-0 840-0 100-0 
OS ce ee ceO OSL 
0€-0 96-0 +$90-0 100-0 
ee 
TI ly IT Ory 
7 ee ee 
GH 


. 


LG: «6g0e 
¢L00:0 980-0 6LZ Leoz 
se 8 (Ke 
€£0-0 ZS-0 yall Iyer 
LG: ~=6GOF 
LZ0-0 = GOF-0 6ST SH 61 
8I = 08g 
8100-0 820-0 lI? 3H eer 
Go: (ORF 
620-0 ZF-0 LET SOoe1 
SI =: ofe 
810:0 #€-0 ee Lier 
qT gj 
(A9%) snoponyy 
IW ASsougy SUIqIOA 
UOTPISUBIT, -uOo/) 


UOSIOAUODY TTEYsqng-T [eoyoroeyy, 


SOLLVU T/T GNV SIN@IOMATOO NOISUMANOO-T TVINGWINGaxXo GNV TVOILGYOREL 


I @Iavy, 


376 J. B. SWAN AND R. D. HILL 


using the theoretical K-conversion coefficient as, in general, K/L ratios may be 
determined with greater accuracy than K-conversion coefficients, particularly 
if the decay scheme is complex. 


TABLE 2 


L-CONVERSION COEFFICIENTS OF E2 TRANSITIONS 
{ 
| L-Conversion Coefficient 


Converting ae 5 
Nucleus | Theoretical | *K expt. | “K th. 
| (K/Lyexpt. | (K/Lexpt. 
SS 
1811, 0:72 | 0-80 | 0-82 
1860s 0-81 | 0-60 | 0-73 
HOS Urey 0-014 | 0-014 0-015 
soo lios 0:56 | 0-32 | 0-47 


IV. DISCUSSION 
K2 

The values given in Tables 1 and 2 indicate that for the pure E2 radiations 
investigated Gellman, Griffith, and Stanley’s (1952) values of L-conversion 
coefficients are in accord with experiment. The observed relative Ly-conversion 
of 186Os and 1Hg may be in even better agreement with theory if one considers 
that the L,,;-intensity has been increased by a small contribution from the weak 
L,-conversion line. However, the case of 8Hg is more difficult to explain. 
Here the measured Ly/Ly, ratio is 2-5, in agreement with theory, but no L,-line 
has been observed. This line should, according to theory, be of intensity 
comparable with that of the Ly-line. However, with the present resolution of 
~0-2 per cent., a broader line somewhere between the L,; and Ly, positions 
might be expected with approximately the observed intensity. Regarding the 
absolute L-conversion coefficient, in 18*Os and Hg, where the K-conversion 
is lower than the theoretical value, it is apparent from Table 2 that this has the 
effect of similarly reducing the calculated experimental L-conversion coefficient. 


M1 +E2 

Due to the uncertainty in the relative M1 and E2 transition intensities of 
M1-+E2 mixtures, it is more profitable to calculate the relative intensities from 
the observed and theoretical L-conversion ratios ; by comparison with mixtures 
determined by alternative means, the reliability of the theoretical L-conversion 
coefficients may be decided. For the 129-keV transition in Ir, the observed 
L,/Lyy, ratio and Gellman, Griffith, and Stanley’s values indicate a 0-8:0-2 
mixture of M1 : H2, which gives an Ly/Ly, ratio of ~1-4, in fair accord with the 
experimental ratio of 1:75. The agreement with either a 0-42:0-58 or a 
0-64: 0-36 mixture, by K-conversion and K/L ratios respectively, is not satis- 
factory, but merely serves to confirm existence of the mixture. It is unlikely 
that the poor agreement results from the neglect of (M+ N)-conversion in the 
calculation of total transition intensity. For the 279-keV transition in eT, 
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the observed L,/Ly, ratio indicates a 0-35:0-65 mixture of M1: K2, giving 
an Ly/Lyy ratio of 2-04, in excellent agreement with the experimental ratio of 
2°08. Satisfactory agreement also exists with mixtures determined by K-con- 
version and K/L ratios. 

In calculating mixtures, it should be pointed out that we have assumed 
strictly “linear ”’ mixtures of the mixing multipoles, proportional to the total 
transition probabilities, that is, including K- and L-electron conversion transitions 
as well as unconverted y-ray transitions. The effect on the mixtures of including 
(M-+N)-conversion transitions is slight, amounting to only 1 or 2 per cent., as 


is the effect of using the K/L ratios discussed in Section V, in place of the empirical 
values. 


V. THEORETICAL K/L RATIOS 
Since it appears from Table 2 that there are reasonable grounds for con- 
sidering that the absolute magnitudes of the total L-shell conversions given by 
Gellman, Griffith, and Stanley (1952) are approximately correct, it would be 
valuable for experimental purposes to have plots of the K/L ratio for M1 and E2 
transitions. It will be recalled that Gellman, Griffith, and Stanley computed 


° 10 20 30 40 50 60 70 80 
27/e 
Fig. 1.—Theoretical K/L ratios for M1 and E2 transitions for 
different values of Z. The curves of Goldhaber and Sunyar 
(1951), G. & S., are included for comparison. These curves may 
also be compared with those of Hebb and Nelson (1940), and 
Tralli and Lowen (1949), calculated for Z=35. 


the L-conversion coefficients for the same Z-values (49, 84, and 92) as used by 
Reitz (1950) in the latter’s computation of K-conversion coefficients. The K/L 
ratios plotted in Figure 1 have been calculated from the Reitz and Gellman, 
Griffith, and Stanley values and, following the usual practice, have been plotted 
v. Z?/H (# in keV). 

It will be noticed that, while the K/L ratio curves show the accepted trends 
of Mi and E2 transition, there is a significant difference between the curves of 


different Z-values. In view of the fact that Goldhaber and Sunyar (1951) gave 
B 
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only one curve for each multipole transition, it is at first sight strange that the 
behaviour suggested by the curves of Figure 1 has not been seen earlier. These 
authors did point out that it would be very likely that the exact K/L ratios would 
depend on Z and £ in a complicated manner, and that low Z points are sometimes 
higher, and high Z points lower, than the average empirical K/L ratio curve. 
However, especially for the E2 curve where there seemed-to be adequate data, 
inspection of Goldhaber and Sunyar’s curve shows that most examples were of 
high Z. For this reason their variations are within the bounds of the E2 curves 
in Figure 1. There was really only one instance, of Cd, which was of inter- 
mediate Z, and this point was at one end of their curve and therefore did not 
show a distinct departure. For the M1 curve there is also accumulating evidence 
that the single curve drawn by Goldhaber and Sunyar is not fully representative. 
Their line, drawn mainly through points of the tellurium isomer transitions, is 
probably intermediate between the true curves for elements of low Z like **Rb, 
for which there is some evidence of the high M1 K/L ratio of ~8 (Thulin 1952), 
and curves for high-Z elements like Hg, for which the K/L ratio is ~5 (Sherk 
and Hill 1951). 

Comparison of the present curves with those of Hebb and Nelson (1940) 
and Tralli and Lowen (1949), which were calculated by the approximate method 
for Z=35, further supports the general trend of increasing K/L ratio with 
decreasing Z. 


VI. CoNCLUSION 
Both the results presented in this paper and those of Mihelich (1952) indicate 
that the agreement between the experimental and theoretical L-subshell con- 
version coefficients may be considered to be very good. Until more complete 
computations of L-subshell conversion coefficients are available, those already 
published by Gellman, Griffith, and Stanley (1952) may be used with considerable 
confidence for confirmation or identification of y-transition multipolarities. 


Further, the L-shell conversion coefficients of Gellman, Griffith, and Stanley 
may be used in conjunction with the K-shell coefficients of Reitz (1950) or 
Rose, Goertzel, and Perry (1951) and Rose et al. (1951) to calculate K/L ratios, 
which may be used in preference to those of Goldhaber and Sunyar (1951), 
particularly for transitions taking place in the lighter elements. 
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ON THE REACTION *Na(p,y)4Mg AND THE ENERGY LEVELS 
OF *Mg 


By O. H. TURNER* 
[Manuscript received July 27, 1953] 


Summary 


The energies of at least 20 y-rays emitted from the 302 kV resonance level of 
23Na(p,y)4Mg have been measured with sodium iodide crystals employed as (a) single 
crystal spectrometer, (6) scintillation pair spectrometer, (c) “‘ cascade’? spectrometer. 
A tentative decay scheme involving levels at 1-38, 4:25, 5-3, 5-8 or 6-2, 7-73, 8-57, 
10-60, 11-23, 11-62, and 12-03 MeV is proposed for *4Mg. The effect of isotopic spin 
on the transition probabilities is discussed and some spin and parity assignments made. 
The resonance concerned has been determined as being at 302-2+0-6 kV, and is believed 
to be less than 50 V wide. 


I. INTRODUCTION 

Apart from the well-established levels at 1-38 and 4:14 MeV that are 
excited in the decay of ?4Na, the energy levels of 24Mg have not received consider- 
able attention. Other levels reported have been (Mandeville 1949) 0-83, 1-24, 
1-66, 4-16, 7-70, and 8-64 MeV from the *8?Na(d,n)*4Mg reaction, and 1-5-40:2, 
4-2+0:2, 5-5+0:°3, 7-3+0-3, 8:3+0-4 MeV from the scattering of 15 MeV 
protons (Fulbright and Bush 1948). In a more accurate scattering experiment, 
using 8 MeV protons, Hausman ¢¢ al. (1952) have found levels at 1-38, 4-13, and 
4-24 MeV. 

The only published measurements of the energies of y-radiation emitted 
from the reaction **Na(p,y)"*Mg are those of Casson (1953). It would appear 
worth while supplementing this information with data obtained from experiments 
undertaken at the Clarendon Laboratory, Oxford, even though the work had 
to be terminated, some 12 months ago, before conclusive results were reached. 


Il. EXPERIMENTAL 

(a) Accelerator and Target Details ~ 
A1 MV Cockcroft-Walton generator, manufactured by Philips of Eindhoven, 
delivered a maximum analysed proton current of between about 50 and 150 wA, 
according to the particular conditions prevailing at the time of operation. The 
set was ripple suppressed by a phase controlled feedback system that eliminated 
the fundamental frequency, but left about 100 V peak to peak of second harmonic 
at 300kV. As the potential drop across the ion source plasma was about 50 V 
(Thonemann et al. 1948), the beam energy spread was around 140 V at 300 kV. 
An automatic voltage control kept the mean voltage constant to within 250 V, 

and careful manual control could maintain the mean voltage within 100 V. 


* Physics Department, University of Melbourne. 
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For resonance measurements, a 3-photoelectric-cell voltage cutter accepted 
counts within any desired voltage range down to 160 V in width. For a given 
number of beam integrator counts at a fixed beam potential, counts were recorded 
from two end-window Geiger counters, arranged so as to eliminate fluctuations 
in beam position and current distribution within the beam. Thick targets of 
metallic sodium and calcium fluoride were used. 

For the y-energy measurements, targets of sodium chloride, 50-100 keV 
thick, were used. About }in. of brass and copper intervened between the 
target and the sodium iodide crystals. To prevent carbon being deposited on 
the target, a liquid-air cold trap was inserted between the second defining 
diaphragm and the target chamber, whilst the main silicone oil diffusion pump 
was fitted with a glycol-refrigerated baffle. 


(b) Single Crystal Spectrometer 

A conventional scintillation spectrometer was constructed using a 1-in. 
cube of thalliated sodium iodide, an EMI 5311 photomultiplier of only 35 pA/Im, 
and either a single channel or a 25-channel pulse-height analyser. The crystal 
was sealed in a “ Perspex ”’ box painted with magnesium oxide and, together 
with the photomultiplier and cathode follower, was housed in an ebonite tube. 
Individual points of the single channel runs were made for some multiple of 
10,000 monitor counts, the monitoring pulses being taken from the output of 
the main amplifier. This was considered to be more reliable than the use of a 
beam integrator, as it automatically corrects for target deterioration or beam 
scattering. Twelve single channel runs were made, covering the spectrum in 
three stages, and 18 multi-channel runs were made covering the spectrum above 
1 MeV in four stages. In addition two multi-channel runs were made to cover 
the region below 1-5 MeV in two sections. 


(c) Scintillation Pair Spectrometer 

The block diagram (Fig. 1) presents the salient features of this spectrometer. 
The centre crystal was a 1-in. cube, whilst the side crystals were 4 cm in diameter 
and 3cm long. A dry box was used to wrap the freshly polished crystals in 
aluminium foil and then mount them in paraffin-filled thin duralumin containers. 
with ‘‘ Perspex ’”? windows. The separation of the upper surfaces of the two 
side crystals was 5-3cm. The two single channel pulse-height analysers selected 
pulses in the energy range of 0-3-0:55 MeV. The coincidence unit was usually 
set to 0-1 usec resolving time and any coincident pulses opened the cathode 
follower type of gate with a 100 V, 5 usec square pulse. Reasonable statistics 
were obtained for 12 runs varying from 200 to 700 pAh of proton bombardment. 


(d) ‘‘ Cascade’ Spectrometer 
A single channel pulse-height analyser, selecting a narrow band of the 
y-spectrum formed in one crystal, opened a 1-7 usec gate to allow pulses from a, 
second crystal to operate a 25-channel pulse-height analyser. This enabled 
energy determinations to be made of the y-rays in cascade with a selected y-ray 
or group of y-rays. Twenty runs from 100 to 500 yAh were made, the statistics. 
of the shorter runs being rather poor. 
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(e) Calibration 

Calibration was achieved with the use of ?2Na, ®Zn, **Na, ThC”, and 
®Be(a,ny) sources plus #F(p,y) and 'B(p,y) reactions. Linearity was retained 
for all energies except for an indefinite 0-1-0-2 MeV “ shift’? at 11-7 MeV 
when using the pair spectrometer. This shift is attributed to the combined 
effect of electrons and bremsstrahlung radiation escaping from the crystal. 
(The apparent position of the pair peak for 17-6 MeV y-rays was found to have 
shifted 2-5 MeV for a single 1-in. cube.) The possible presence of °F contamina- 
tion was simply checked by comparing runs made above and below the aie 
340 kV resonance. 


AMPLIFIER 
© (1008) * 
! SNe SCALER 
1009A 
ANALYSER ogee) 
SCALER 
(1009A) 
COINCIDENCE PULSE 
UNIT INVERTER 
(1036) AND SQUARER 
(1009a) 


1 CHANNEL 
PULSE 
ANALYSER 


c AMPLIFIER 
(1008) 
3 PULSE 25 CHANNEL 
VARIABLE AMPLIFIER PULSE GATE INVERTER PULSE 
DELAY (201) TRANSFORMER | +C ANALYSER 
SCALER SCALER | 
(1009A) (1009) 


Fig. 1.—Block diagram for scintillation pair spectrometer. 
*Hlectronic unit type numbers correspond to A.E.R.E. (Harwell) 
specifications. 
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Til. REsuLts 
(a) Resonance Values 

Assuming that the “F resonance is at 340-4--0-4kV (Morrish 1949), 
then the lowest important ?%Na resonance was found to be 302-2-+0-6 kV. 
The apparent width of this level was observed to be even less than the expected 
experimental width. The full width at half-height of the corrected resonance 
is believed to be less than 50 V. As the thick-target radiation below 302 kV 
is less than 1 per cent. of that above that energy, this needle-sharp resonance is 
ideal for a rapid check on the voltage calibration. 

A single rough determination of the next intense level resulted in a value of 
594°5+1-5kV with a full width at half-height (or, more correctly, 2-4 of 


THE *Na(p,y)?4Mg REACTION AND ENERGY LEVELS OF ™4Mg 383 


thick-target radiation increase) of 400+150V. Burling (1941) determined 
these resonances as being at 310-10 and 598-+10 kV, whilst another level at 
676 kV was misprinted as 576kV. This misprint has been transferred to 
Alburger and Hafner (1950). 


(b) Energy Measurements 
The energies, H, of peaks in the spectra obtained from the various experiments 
are summarized in Table 1. The single crystal data are divided into two groups 
according as to whether the results were obtained from single channel or 25- 


TABLE | 


Y-ENERGY AND INTENSITY 


1 Channel 25 Channels | Pairs Cascade 
7 | | Ey I 
E No. E | No. | E ONO meee No. (MeV) 
(MeV) (MeV) | | (MeV) | | (MeV) 
0-22 1 ~25 
0-41 i 0:41+0-02 ~15 
0-51 2 0:51 2 0-51 2 ~40 
0-63 6 0-63-+0-03 S30 
0-81 2 8 1U 0-80 6 0-80+0-02 ~50 
1-0 2 1-0 1 1-1 3 (1-38) 
1-37 2 1-38 3 1-4 12 1-38-+0-02 ~70 
1-85 1U 1-83 3 1-85 6 2-86-40-08 20 
2-1 2U 2-1 4 2-2 7U 
2-35 4 2°5 2 2-40 3 2°5 20 3-43+40-07 14 
2-87 3 2-8 3 2-9 6 2-9 1 3-89-+0-06 18 
3°35 4 3°25 5 3-30 6 3-2 1 4-30+0-06 28 
Bobs ied (4-30) 
4-2 1U | 4-25 4 4-3 3U 5-3 +0-15 12 
4:7 3U | 4- 3U 5-8 +0-15 2-3 
5:13 3 5-1 3 5-16 3 6-15-40-10 4 
5-73 4 5-65 9 5-75 3 6:75 -+0-15 3 
6-15 3 6-1 6 6-2 3 7-18-+0-12 6 
6-75 7 6-71 9 6-71 i 7-73-40-06 44 
7-4 3U 7:5 2U 7-5 2U 8-5 +0-2 ~1 
8-15 5 8-2 4 8-25 4 9-22+0-10 13 
8-8 4U 8-85 3U 8-85 3 9-85-+0-15 qT] 
9-5 7 9-6 3 9-6 4 10-60-+0:12 13 
10-2 2U 11:2 +0-2 4 
10:8 4U 10-8 2 11-8 +0-15 23 


channel pulse-height analysers. The numbers in the column associated with 
each energy column represent the number of occasions that the particular peak 
was identified. If the peaks were not statistically significant, the letter U 
has been added. The energies of the y-transitions believed to be responsible 
for the various peaks are listed under H,. They have been determined from the 
mean of all peak energies weighted according to the accuracy of the particular 
run. The errors are estimates derived from the statistical variation of the 
apparent peak position, and the extent to which it may be separated from other 
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peaks. Casson (1953) reported 11 peaks each of which may be identified with 
one of the peaks in Table 1, but his interpretation of some of these peaks differs 
slightly from the above. 

In each experiment, the spectrum had to be covered in at least three over- 
lapping sections, usually with different degrees of amplification. It is therefore 
difficult to combine the various runs into a single curve unless no attempt 1s 
made to insert the original points on the curve. The pair spectrometer runs are 
readily correlated in terms of the number of side crystal coincidences, the total 
of which was 132,000. The amplifications, which varied from 4 analyser 
channels/MeV to 11 channels/MeV have been normalized to 5-5 channels/MeV 
for presentation in Figure 2. For comparison of peak shape, four calibration 
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Fig. 2.—y-Spectrum from *°Na(p,v)?4Mg, using a pair spectrometer. 


energies are also shown. It is noted that as the y-ray energy increases, the 
change in slope of the lower energy side of the peak is increased, until at 12 MeV 
the peak virtually disappears. This is attributed to the escape of bremsstrahlung 
radiation from the crystal. The rise in the low energy tail of the peaks is 
attributed to the escape of electrons from the crystal, plus the detection of 
electrons emitted from the target backing. The pair spectrometer curve for 
11-7 MeV radiation from B(p,y)!20 was found to be inferior to that from a 
single crystal, which still exhibited the remnant of a pair peak. This effect is 
considered to be due to bremsstrahlung radiation escaping from the centre 
crystal in sufficient quantities to be competitive with annihilation radiation in 
operating the coincidence gating circuit, thereby enhancing the detection of 
bremsstrahlung events. As a result, the apparent peak energy appears to be 
lowered by about 0-2 MeV for 12 MeV y-rays. 
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Using the shape of the calibration curves as a basis for determining the 
contribution each y-ray makes to the overall curve of Figure 2, values of 


E 
f ANS were estimated for each y-ray, where N represents the number of 
channel counts per 1000 side coincidences and E the energy in MeV. The 


- . E 
Intensity was then taken to be J=(10/y) ‘i NdE where 7 is the per cent. 
0 


efficiency of pair production plus escape of both annihilation quanta for a 1-in. 
cube of sodium iodide. Intensity values are listedin Table 1. In some instances, 
such as when two or more y-rays are insufficiently resolved, these estimates 
may be in error by a factor of two or more. The intensities of y-rays with 
energies less than 1-5 MeV have been estimated from photo-peaks obtained with 
single crystals. In these cases, x is the per cent. efficiency of photo-electron 
production plus capture of Compton scattered radiation. The calculated 
intensity values in this energy range are very approximate. 


(c) Energy Levels of **Mg 

As the @ value for the reaction at 302 kV is 12-03 MeV (Alburger and 
Hafner 1950), energy considerations alone would suggest the simple cascades 
10-6+1-4 MeV and 7:7+4-3 MeV. Unfortunately, the results of the cascade 
experiment do not support such a suggestion. With the gating range set to 
cover any region between 12-0 and 9-4 (apparent) MeV, the only cascade 
y-rays detected were 0-80 and 0:63 MeV. The 0-63 MeV peak is believed to 
be mainly a photo-peak, and not merely the Compton of the 0-8 MeV y-ray. 
The two peaks have the same apparent height. 

The 0-83 MeV level of Mandeville (1949) could be responsible for the 
0-8 MeV y-ray if an additional level at either 1-4 (not the 1-38) or 11-4 MeV 
is postulated. However, all recent proton scattering experiments (Gove and 
Hedgran 1952; Gove and Stoddart 1952; Hausman é¢ al. 1952) indicate that 
the only level below 4:1 MeV is the 1-38 MeV level. 

In general, the available data are best represented by assuming that the 
levels concerned are at 10-60 and 11-23 MeV. In an effort to confirm the 
existence of an 11-2 MeV level, the proton energy was raised above the 595 kV 
resonance and a run taken with the gating range set to 9-5-10-5 MeV. It was 
found that the 0-8 MeV y-ray was replaced by either a 1-1 MeV y-ray in the 
presence of a 1-4 MeV line or otherwise completely to 1:4 MeV. This suggests 
the possibility that the direct transition to the 1-38 MeV level which appears 
to be forbidden for the 302 kV resonance is permitted at 595 kV. 

With the gating range set to any part of the pair peak energy region of 
7-8-9-3 MeV, the cascade spectrum is found to include peaks at 1-4 and 1-1 in 
addition to 0-8 and 0-6 MeV. This means that the introduction of the 9-2 and 
9-8 MeV y-rays into the gate has added a 1:4 MeV y-ray to the cascade. 
Apparently these two y-rays represent transitions to the 1-38 MeV level from 
the 10-6 and 11-2 MeV levels respectively. 

The next region investigated was in the gating range 6-2-7:5 MeV which 
introduces the 7-2, 7-7, and 8-5 MeV y-rays. The cascade peaks were found to 
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be 1-4, 1-85, 2-9, and 3-2 MeV, with somewhat indefinite subsidiary peaks at 
2-2 and 2-5 MeV which could at least partly be accounted for by the contribution 
from 2-85 and 3-9 MeV y-rays. The 3-2 MeV peak, which was smaller than 
the 2-9 MeV peak, may be due entirely to a 3-9 MeV y-ray, or there may be a 
contribution from the 4:3 MeV y-ray. As the cascade spectrum was not 
investigated below 0-5 MeV, it is also possible that the 0-41 MeV y-ray was also 
present. It is tempting to consider the transition 0:44+3-94+7-7 MeV. Such a 
transition could proceed through levels at about 4-3 and 3-9 MeV, but for 
reasons similar to those advanced against the existence of 0-8 and 1-7 MeV 
levels, a 3-9 MeV level is not favoured. However, a level in the vicinity of 
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Fig. 3.—Proposed decay scheme for the 302 kV resonance of *8Na(p,y)?4Mg. 
Level energies on the right are from Alburger and Hafner (1950). All 
energies are in MeV. 


a *7 MeV has been reported and would suggest that this is the required level, 
in which case one has to choose between additional levels at either 8-1 or 
11:6 MeV. The latter is favoured because (i) it is near the continuum, (ii) it 


lies in a region not previously investigated, (iii) the 8-1 MeV region has been 
covered without locating a level. 


The other transition involving 7-7 MeV indicated by the cascade results 
was 7:75-+2:°85+1-4 MeV. The errors are insufficiently large to suggest that 
this is in reality a 7-9 MeV y-ray proceeding to the well-known 4:14 MeV level. 
Instead, the best fit was for a transition to a level at about 4-25 MeV, which 
could be a 0+ vibrational level expected from the «-particle model to be at 
about 4-5 MeV. A level at 4-24-+0-02 MeV has since been found by Hausman 
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et al. (1952). If this level is 0+, then any 4-3 MeV radiation that may be in 
cascade with the 7-7 MeV y-ray would have to be to the 7-73 MeV level. 

The 7-2 and 8-5 MeV y-rays included in the 6-2-7-5 MeV gating range 
may be associated with the 2-5 MeV peak which could include the pair peak 
from the 3-43 MeV y-ray. As a level is known to exist around 8-5 MeV, it 
appears reasonable to assume that the transitions 3-4+8-5 and 3-4+7:241-4 
occur through a level somewhere between 8-55 and 8-60 MeV. As the 5-3 and 
6-75 MeV y-rays add up to the Q value and a level is known to be near 5-5 MeV, 
a simple cascade through a 5-3 MeV level is assumed. The remaining y-rays 
of 5-8 and 6-15 MeV probably also form a direct cascade through a level in 
the region of 5-8 or 6-2 MeV. 

The above conclusions are presented in Figure 3 as the best representation 
of the existing data. On the right-hand side are the levels given by Alburger 
and Hafner (1950). The dotted transitions on the right represent possible 
additional y-rays whose energies approximately coincide with y-rays selected 
in the main decay scheme. In particular, the possible 4:3 MeV transition 
from the 8-57 to the 4:25 MeV level is wanted to partly fulfil the intensity 
requirements. Even then the intensity of the 4:3 MeV transition is insufficiently 
satisfied. 


IV. DISCUSSION 

Using the formulae for approximate y-transition probabilities given by 
Blatt and Weisskopf (1952), even though the formulae are based on a single 
particle model, a 12 MeV E2 transition is about four times more probable than 
a 0-8 MeV E1 transition. As the discrepancy between theoretical and experi- 
mental lifetimes may be as great as two or three orders of magnitude, it is seen 
that if the 0-4, 0-6, and 0-8 MeV y-rays are E1 transitions, then they could 
successfully compete with the higher energy y-rays provided that the latter 
were E2, or higher forbidden, transitions. 

Tt is of interest to invoke the question of isotopic spin. The level of *Mg 
corresponding to the ground states of 74Na and *4Al (Birge 1952) is expected to 
be at about 10 MeV. As the ground state of 74Na has a spin of 4 units (Smith 
1951) it is unlikely that the corresponding state in **Mg is the 10-6 MeV level 
as it has a direct transition to the ground state. The energy levels of *4Na as 
determined by Sperduto and Buechner (1952) are compared with the higher 
levels of #4Mg (Alburger and Hafner 1950) in Figure 4. The position of the 
ground state of 24Na relative to the **Mg levels has been deliberately adjusted 
to indicate the possibility of the 10-60 and 12-03 levels having 7=1 and the 
11-23 and 11-62 MeV levels having 7=0. If this should be true, then the 
0-4, 0-6, and 0-8 MeV y-rays would be unaffected by the isotopic spin selection 
rule that forbids electric dipole transitions between two pure 7 —0 states (Radicati 
1952). However, in practice there is usually a slight mixing of 7=0 and T7=1 
states (Radicati 1953; Wilkinson and Jones 1953) so that E1 transitions 
between two nominally 7'=0 states are inhibited rather than prohibited. 


Tf the 12-03 MeV level is really a 7 =1 state, then an interesting consequence 
results. Electric dipole transitions would then be allowed to any level below 
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10 MeV (being 7 =0 states), but apart from the 1-38 MeV transition no y-ray 
has been found with an intensity considerably greater than the 0-8 MeV y-ray, 
so one is forced to conclude that E1 transitions do not occur for energies greater 
than 0-8 MeV. As the ground state, 1-38, and 4-14 MeV levels are known to 
be 0+, 2+, and 4+ respectively, then the 12-03 MeV level cannot have odd 
parity (unless J >5) and must have even parity. The 302 kV resonance is then 
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Fig. 4.—Comparison of the known energy levels of the isobaric nuclei 
24Na, ?4Mg, ?4Al over a 3 MeV region. 


apparently due to a P proton wave. This agrees with that expected from the 
narrowness of the level (Christy and Latter 1948). This resonance level may 
then be a1+, 2+, or 3+ state. The 3+ state is unlikely as it would require 
an M3 transition to the ground state to be much faster than M1, E2 admixtures 
to the 1-38 and 4-14 MeV levels. The possible total angular momentum, J, 
and parity assignments for all levels are given in Table 2. 


TABLE 2 
TOTAL ANGULAR MOMENTUM AND PARITY ASSIGNMENTS 


EH (MeV) 0-0 1-38 4-14 4-25 5:3 5:8 7:73 8-57 10-60 11-23 11-62 12-03 


J, parity | 0+ 2+ 4+4 0,1,2,3+ 1,2+ 1,24 1,2+ 1,24 1,24 1,2— 0,1,2— 1, 24 


Following Wilkinson and Jones (1953), an estimate of the proportion 
of 7 =1 in the 11-2 MeV level may be made from the measured intensities of 
the 11-2 and 9-8 MeV y-rays. If the level were to be 1—, then the E1 11-2 MeV 
y-ray has its intensity relative to the E1 0-63 MeV y-ray reduced by a factor 
of about 40,000 and the E1+M2 9-8 MeV y-ray by about 15,000. If the level 
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were a 2-state, then the M2 11-2 MeV y-ray should be one-seventh of the intensity 
of the El 0-63 MeV y-ray, which happens to be about the ratio of experimental 
intensities. As about half of the 9-8 MeV y-rays may be accounted for by an 
M2 transition, the El reduction is of the order of 30,000. In either case, 
therefore, about 0-5 per cent. T=1 mixed with the nominal T—0 state would 
account for the transition intensities from the 11-2 MeV level. 


The validity of the proposed decay scheme appears to be not incompatible 
with known transition probabilities. However, it is quite expected that other 
levels and other transitions are yet to be found, and that some of the transitions 
suggested are actually incorrect. There remains, for example, an outstanding 
difficulty that is not readily explained in terms of spin changes, isotopic or 
otherwise, and that is the lack of a transition from 12-03 MeV to 1-38 MeV. 


Repeating this experiment at higher resonance levels should assist consider- 
ably in determining whether the cascades indicated are in the correct sequence. 
It could also resolve some of the possibly duplicated y-rays. The pair spectro- 
meter that was used followed the principle of Johansson (1950, 1952) in having 
the side crystals larger than the central crystal. However, it is believed that at 
high energies a substantial improvement in the resolution of a pair spectrometer 
would be achieved if the side crystals were smaller than the centre crystal 
(preferably by about 2 cm). This would tend to reduce the number of events 
recorded that involve either electron escape from the crystal or electrons emitted 
from the target backing. The effect of bremsstrahlung escape can only be 
reduced by increasing the separation of the side crystals. There appears to be 
an upper limit of usefulness of a pair spectrometer at around 12 MeV. 


V. ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the assistance of the Australian Department 
of Supply, and the generosity of Lord Cherwell in providing the facilities of the 
Clarendon Laboratory. 


VI. REFERENCES 


ALBURGER, D. E., and Harner, E. M. (1950).—Rev. Mod. Phys. 22: 373-85. 

Brreg, A. C. (1952).—Phys. Rev. 85: 753 (A). 

Buart, J., and Wetssxorr, V. F. (1952).—“‘ Theoretical Nuclear Physics.” (John Wiley & 
Sons: New York.) 

Burne, E. L. (1941).—Phys. Rev. 60: 340-3. 

Casson, H. (1953).—Phys. Rev. 89: 809-30. 

Guristy, R. F., and Larrer, R. (1948).—Rev. Mod. Phys. 20: 185-90. 

Fuisricut, H. W., and Busu, R. R. (1948).—Phys. Rev. 74: 1323-9. 

Gove, H. E., and Heperan, A. (1952).—Phys. Rev. 86: 574-5. 

Govs, H. E., and Stoppart, H. F. (1952).—Phys. Rev. 86: 572-3. 

Hausman, H. J., Auten, A. J., Arntuur, J. 8., Benper, R. 8., and McDorg, C. J. (1952).— 
Phys. Rev. 88: 1296-9. 

Jouansson, 8. A. E. (1950).—Nature 166: 1794-5. 

Jouansson S. A. E. (1952).—Phil. Mag. 43: 249-56. 

ManpEvitce, OC. E. (1949).—Phys. Rev. 76: 436-7. 


390 O. H. TURNER 


Morrisu, A. H. (1949).—Phys. Rev. 76: 1651-7. 

Ravpicatr, L. A. (1952).—Phys. Rev. 87: 521. 

Raprcati, L. A. (1953).—Proc. Phys. Soc. Lond. A 66: 139-44. 
SmirH, K. F. (1951).—Nature 167: 942-3. 

SpEeRDUTO, A., and BuECHNER, W. W. (1952).—Phys. Rev. 88: 574-9. 


THONEMANN, P. C., Morrart, J., Roar, D., and Sanpers, J. H. (1948).—Proc. Phys. Soc. Lond. 
A61: 483-5. 


Witxrnson, D. H., and Jonss, G. A. (1953).—Phil. Mag. 44: 542-7. 


eee ee ee 


ANGULAR DISTRIBUTION OF PHOTOPROTONS FROM NITROGEN 
By B. M. SPicEr* 
[Manuscript received August 3, 1953] 


Summary 


The energy distribution and angular distributions of protons ejected from nitrogen 
by 11-5 MeV bremsstrahlung have been measured. From the results obtained, it is 
concluded that the (y,p) reaction in nitrogen is due to magnetic dipole and electric 
quadrupole transitions for photon energies of 7-6—-11 MeV. 


I. INTRODUCTION 
The most general feature of photodisintegration experiments is the existence 
of the so-called “* giant resonance ” (Baldwin and Klaiber 1948; Johns et al. 
1950). This resonance occurs in the cross section v. energy curve of every 
photonuclear reaction. The mechanism of this reaction was described by 
Goldhaber and Teller (1948) in terms of electric dipole absorption of y-rays 
exciting counter-current motion of proton and neutron ‘“‘ fluids ”’ in the nucleus. 


Considerable interest was shown in the (y,n) reactions in nitrogen, oxygen, 
and fluorine when the Saskatchewan group showed that, as well as the giant 
resonance, there was also a smaller resonance on the low energy side of the giant 
one (Johns et al. 1951; Horsley, Haslam, and Johns 1952a, 1952b). It is the 
nature of the photodisintegration reaction causing this smaller resonance which 
is of interest here. 

Blatt and Weisskopf (1952) support the Goldhaber-Teller postulates 
regarding the giant resonance, and suggest that the smaller resonance is due to a 
combination of magnetic dipole and electric quadrupole transitions. They 
calculate that the relative importance of electric quadrupole to magnetic dipole 
transitions increases as the square of the quantum energy for the case of a middle- 
weight element. On this picture, electric dipole absorption becomes important 
at about 15 MeV, but is negligible at lower energies. 


Peaslee (1952) has derived the Breit-Wigner formula for the case where 
the incident particle is a photon. On the basis of this derivation, he notes that, 
to produce the large maximum of the giant resonance, electric dipole matrix 
elements in which the overlap between initial and final states is almost complete 
are required. Further, he considers that the excited compound state must have 
a particular structure that corresponds to coherent excitation of the neutrons 
and protons into counter-current oscillation, in agreement with the Goldhaber- 
Teller model. The smaller resonance is then assumed to arise from “ incoherent ” 
electric dipole excitation—where all neutrons do not move against all protons. 
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Electric dipole excitation postulated by Peaslee for the low energy resonance 
must produce an angular distribution of the form a +6 sin? 6, where 6 is the angle 
between the photon beam and direction of the proton. A combination of 
magnetic dipole and electric quadrupole excitations should give an angular 
distribution of the form a+b sin?6 cos?0. 

The present experiment is an attempt to determine the mechanism of the 
reaction in the energy region up to 11-5 MeV, by observing the energy distribution 
and angular distributions of the protons emitted in the “N(y,p)!C reaction. 
Since the nature of the (y,p) and (y,7) reactions is the same, a subsidiary resonance 
is expected in the cross section v. energy curve of the (y,p) reaction. It will 
be more completely separated from the giant resonance in the case of the (y,p) 
reaction as the threshold is 3 MeV lower. 

The energy distribution and angular distributions of the photoprotons 
from nitrogen have been measured with accuracy sufficient to discriminate 
between the two hypotheses mentioned above. 


II. EXPERIMENTAL ARRANGEMENT 

The source of X-rays was the Melbourne synchrotron, which was operated 
at 11-5 MeV throughout this work. The energy scale of the machine was 
calibrated at the thresholds of the photoneutron reactions in Ag and ®Cu, 
which were measured to be 9-2-+0-2 and 10-8+0-2 MeV respectively, in 
agreement with other observations (Baldwin and Koch 1945; McElhinney 
et al. 1949). 

The X-rays were collimated into a beam of total angular width of 55 min 
by a lead collimator, and the X-ray intensity was monitored with an aluminium- 
walled ionization chamber. 

A scattering chamber, similar to that described by Diven and Almy (1950), 
contained nitrogen at a pressure of 1 atm. The gas served as the target for the 
X-rays. The protons from the '4N(y,p) reaction were detected in Ilford C2 
nuclear emulsions (50u thick), which were placed in the scattering chamber 
parallel to, and to one side of, the X-ray beam. The 1 atm of nitrogen in the 
scattering chamber will stop particles from the reactions N(y,d)"C, 14N(y,«)!°B, 
MN(y,np)C before they reach the plates. Their thresholds are respectively 
10-26, 11:7, and 12-5 MeV. 

To make a background run, the X-ray beam was excluded by blocking the 
collimator opening with a lead plug, all other experimental arrangements remain- 
ing unchanged. In this way the effect of neutrons produced in the collimator 
was estimated. The actual distributions of protons were then found by 
subtracting the result of the background run from that of the actual run. 


A source of background not eliminated by this means is that due to neutrons 
produced at the synchrotron itself. These neutrons will come almost entirely 
from the platinum target, for the energy region considered. The number of 
these neutrons was estimated using the result given by Edwards and MacMillan 
(1952) for the integrated cross section of the Pt(y,n) reaction. The protons 
produced in the 44N(n,p) reaction induced by these neutrons contribute less than 
3 per cent. of the total protons observed. 
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III. MEASUREMENT OF TRACKS AND TREATMENT OF DATA 

Measurements made on the proton tracks were the projection of the range 
on to the plane of the plate, the angle to the beam direction, and the final depth 
in the emulsion reached by the track. To be accepted a track was required to 
start at the surface of the emulsion and have direction compatible with origin 
in the irradiated part of the target. The acceptable angular range was 40-140°. 
Background plates were analysed in the same way as the plates exposed in the 
actual run. 

The energy of the protons at the surface of the emulsion was obtained from 
the range-energy relation for Ilford C2 emulsions given by El Bedewi (1951), 
The energy lost by the proton in the gas between target and plate was calculated 
using the energy loss results given by Aron, Hoffman, and Williams (1949). 
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was approximated by 
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where A=0-0866, B=3-253. This gave a maximum error of less than 4 per 
cent. for the range of proton energies considered. To obtain the energy of 
ejection of the proton from the nitrogen nucleus, the following procedure was 
adopted. If #, and £, are the energy of ejection from the nitrogen nucleus and 
the energy of the proton at the surface of the emulsion respectively, the distance 
travelled in the gas may be obtained from 
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The distance travelled in the gas may also be calculated from the angle of the 
track to the beam and the known position of the track in the plate. Using these 
two equations for the distance and knowing the energy of the proton at the 
surface of the emulsion, the initial proton energy may be calculated. 

The uncertainty in energy due to the finite thickness of the target ranged 
from --0-06 MeV for protons of 5 MeV emitted at 90° to the X-ray beam, to 
-L0-25 MeV for 1-5 MeV protons emitted at 45° to the beam. 

To plot angular distributions, the data were grouped into three energy 
intervals (2-2-2-6, 2-6-3-0, 3-0-4-0 MeV) and the tracks were grouped into 
10° angular intervals, according to the angle they made with the X-ray beam 
in the laboratory system. The mean differential cross section over the 10° 
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interval was calculated from the number of tracks per 10° interval, by making 
a correction for the solid angle subtended by each interval at the position of the 
track. The number of tracks, V(0) in a given angular range, found in an area 
AA is given by 

_ AA 


2 13 


la 


N (0) =const. do(0) | 

vol. 
where 2 is the height of the centre of the beam above the plate, F is the distance 
from AA to target, and the integration is performed over the volume of gas-target 
subtending the angle of 10° at AA. Carrying through this integration, we find 
that, in the first approximation, 

N(0)=const. do(@) . sin 6, 

where sin 0 is the average value of sin 6 over the 10° interval. 
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Fig. 1.—Energy distribution of photoprotons from nitrogen. 


IV. RESULTS 
The results obtained from the measurements are shown in Figures 1 and 2 
Measurements were made of 650 tracks. , 


The energy distribution of protons with energies greater than 2-2 MeV 
is shown in Figure 1. The lower limit of 2-2 MeV is set because protons of 
energy less than 2:2 MeV may be stopped in the gas before they reach the 
plates. 
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Figure 2 shows the angular distributions plotted for the three energy intervals 
mentioned above. The angular distribution for the interval 2:2-2-6 MeV may 
not be correct as even some of these protons could have been stopped before 
they reached the emulsion surface, if their angles were less than 60 or greater 
than 120°. The other two energy intervals provide angular distributions which 
can be fitted by curves of the form a+b sin20 cos20. 
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Fig. 2.—Angular distribution of photoprotons. 


V. DISCUSSION 

The threshold for the reaction “N(y,p)#2C was calculated from mass tables 
given by Bethe (1949), Ewald (1951), Li et al. (1951), and Ogata and Matsuda 
(1953). The mean value found was 7-56 +0-02 MeV. Using this value and 
11-5 MeV for the bremsstrahlung peak energy, the maximum proton energy 
expected was 3-6 MeV, calculated from H,=13/14 . (kv—H,), where H, is the 
threshold for the reaction. 

The angular distributions for the proton energy ranges 2-6-3 °0, 3 ‘0-4 -0 MeV 
can be fitted by curves of the form a+b sin?0 cos?@, where the ratio b/a is greater 
for the latter case than the former. It is not possible to interpret the angular 
distribution for protons less than 2-6 MeV in energy. This distribution appears 
to approach isotropy, when allowance is made for the loss of protons due to 


their complete stopping in the gas. 
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The angular distributions for protons in the energy range 2-6-4-0 MeV 
are compatible with those expected from a combination of magnetic dipole and 
electric quadrupole transitions. In this energy range, there is no evidence 
whatever for the a+b sin20 distribution expected from the electric dipole 
absorption postulated by Peaslee (1952). 


VI. CoNCLUSION 

From the evidence given above the photoprotons from nitrogen are produced 
by a combination of magnetic dipole and electric quadrupole transitions for 
quantum energies up to 11 MeV. The magnetic dipole transitions predominate 
at lower energy, but fall off rapidly in importance. The relative importance of 
electric quadrupole to magnetic dipole absorption increases with increasing 
photon energy. Thus, the postulates of Blatt and Weisskopf (1952) are at 
least qualitatively substantiated. 
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THE THERMAL AND ELECTRICAL CONDUCTIVITY OF COPPER 
AT LOW TEMPERATURES 


By G. K. WHITE* 
[Manuscript received August 3, 1953] 


Summary 


Measurements have been made of the thermal conductivity from 2 to 160 °K and 
the electrical conductivity from 1-4 to 293 °K of copper in strained and annealed states. 


From the results it is concluded that: (i) departures from the additive resistance 
hypothesis occur for both the thermal and the electrical resistance ; (ii) whereas the 
values for “‘ ideal ’’ electrical resistivity, assumed due to scattering by lattice vibrations, 
are well represented by the theoretical relation p;=CT> (I’<@/10), those for the ideal 
thermal resistivity require an expression W,;=BT?* ([<Q@/5) rather than the 
theoretically derived expression W,;=BT? ; (iii) an anomalous increase in the product 
of the thermal resistance and temperature occurs at low temperatures (7’<5 °K), 
which is possibly related to the minimum in the residual electrical resistance. 


I. INTRODUCTION 

Theory and experiment have shown that, in most pure metals, electrons 
are almost solely responsible for the conduction of both heat and electricity. 
Wilson (1936, 1937) and Makinson (1938) have stated that the total resistivity 
in both cases is the sum of an impurity resistivity (Wo, o)) and an “ ideal ” 
resistivity (W,;, ;). Scattering by chemical and physical impurities and 
scattering by the lattice vibrations are the mechanisms responsible for the 
respective resistances. 


For thermal conduction 
Ae WV EW in ones sce eae mene (1) 

and for electrical conduction 
BW foo >) i oo) ee ee (2) 


From the experimental and theoretical aspects it is important to know the 
temperature dependence of these quantities and whether the additive resistance 
hypothesis is valid. Sondheimer (1950) has shown theoretically that departures 
from (1) and (2) should give a small increase in the total resistance at temper- 
atures where the impurity and ideal resistances are of the same order of 
magnitude. As considerable evidence has been collected by previous workers 
on the failure of Matthiessen’s rule for electrical resistance, the work reported 
here was done in order to compare the departure from additivity for the thermal 
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resistance with that for the electrical resistance using materials in different 
states of purity. 

Berman and MacDonald (1952) have examined carefully the electrical and 
thermal conductivities of an annealed specimen of copper of chemical purity 
similar to that used by the author. Their results confirmed earlier work (cf. 
Hulm 1950; Andrews, Webber, and. Spohr 1951; Berman and MacDonald 
1951) on relatively pure metals, which showed that the thermal conductivity at 
very low temperatures increases proportionately to temperature, reaches a 
maximum at 7~@/15, then falls approximately as T-* up to 7~0O/5, and 
finally approaches asymptotically a constant value; no trace of the minimum 
at @/4 predicted by Makinson, Wilson, and Sondheimer is observed. 


Reference should be made to the comprehensive investigation of Mendelssohn 
and Rosenberg (1952) on the thermal conductivity of many elements, from groups 
1, 2, 3 and the transition group. Their work, however, was generally on one 
sample only of each element and did not extend above 40 °K, and so did not 
include a detailed examination of the variation of W or W—W, with temperature 
and purity. 

In view of the results recently reported on the thermal conductivity of gold 
(White 1953a) and silver (White 1953b) in different states of purity, it was 
desirable to extend the measurements to copper and compare them with previous 
work. Firstly, although the impurity resistivity W, appears to vary inversely 
with temperature, the measurements on gold suggested a small increase in W,T 
at very low temperatures, possibly related to the anomalous increase in 9, that 
occurs in some metals (cf. de Haas and van den Berg 1936; Mendoza and 
Thomas 1951); Berman and MacDonald (1952) found a small thermal effect, 
much smaller than the electrical effect, in their specimen of copper. Secondly, 
it is well known that the Bloch-Gruneisen formula for the ideal resistivity of a 
pure metal in which the conduction electrons are quasi-free reduces to 


pp =OT?..) for T= Oe ee ene (3) 
Similarly, the transport theory predicts that 


W,=BT", where‘n=2 for T<O. 


Measurements on gold by the author gave n~2-0, but those on silver indicated 
that n~2-4, hence the desirability of examining copper. 


Il. EXPERIMENTAL DETAILS 

The electrical conductivity of copper has been measured, correct to 
+2 x10-° Q, between 1-4 °K and room temperature in a cryostat (Fig. 1), 
using a Mueller pattern resistance bridge. The specimen wire S, wound loosely 
on a mica cross, rests in the inner copper enclosure B, containing a small pressure 
of helium gas to ensure that temperature equilibrium between the controlled 
enclosure and the specimen and the gas thermometer D is maintained. This 
adiabatic shield B is in an evacuated enclosure A, surrounded by liquid oxygen 
or liquid helium. The temperature of B is naineined by controlling the vapour 
pressure of liquid oxygen or liquid helium in C, or, in the temperature ranges 


~ 


‘ 
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4:3-55 °K and above 90 °K, where vapour pressure control is unsuitable, by 
the electrical heater coil H. The current to this constantan coil is either vated 
manually or by an electronic controller (Wylie 1948) activated by the manganin 
resistance element R. G is a polished copper plate cooled by liquid nitrogen to 
reduce the heat inflow to the helium bath. Temperatures are determined from 
the vapour pressure of liquid in C or from a butyl phthalate filled manometer 
connected to the helium thermometer D. 
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Fig. 1.—Cryostat for electrical resistance measurement. 


The measurements of thermal conductivities have been made between 2 
and 160 °K using the apparatus and method described elsewhere (White 1953a). 
At the higher temperatures a small correction for heat loss by radiation is 
applied ; the probable experimental error in the results should not then exceed 
1 per cent., except between 5 and 15 °K, where high values of conductivity and 
the necessity for small heat inputs and hence small temperature gradients 
increases the probable error to a maximum of about 4 per cent. 
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The measurements reported have been made on specimens prepared from 
99-999 per cent. pure copper JM4272 for which Johnson, Matthey and Co. Ltd. 
quote the following impurities : 
Silver c. 0:0005%, 
Nickel <0-0003%, 
Lead ec. 0-0004%, 

and barely visible spectral lines of gallium and iron. 

The specimens for thermal conductivity were as follows : 

Cu 1, 2-mm dia. rod drawn by Johnson, Matthey and Co. Ltd., measured — 

in the ‘“‘as drawn ”’ condition ; 

Cu 2, specimen Cu 1 after annealing in vacuo at 550 °C for 3 hr; 

Cu 3, 1-mm dia. rod drawn by Johnson, Matthey and Co. Ltd., measured 

in the ‘‘as drawn ”’ condition. 
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Fig. 2.—Thermal conductivity of copper. 


The specimens for electrical conductivity were : 


Cu I, 40 S.W.G. wire drawn by Garrett, Davidson, and Matthey Pty. 
Ltd., measured in the “as drawn” condition ; 

Cu II, specimen Cu I after annealing in vacuo at 550 °C for 3 hr ; 

Cu III, similar to Cu I. 


The rods were about 5 em long and the wires 300 em. The wires had a 
room temperature resistance of about 4 Q; since the resistance of the annealed 
Cu II fell to about 0-05 Q at liquid helium temperatures, the maximum error in 
the determination of resistivity is 0-05 per cent. 
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III. RESULTS 
(a) Thermal Conductivity 


Figure 2 shows that the thermal conductivity follows the general form 
discussed above ; as the physical purity is increased the magnitude and temper- 
ature of the maximum varies from 13-8 W/cm deg. at 26 °K to 53 W/cm deg. 
at 16°K. Disregarding for the moment the small departures of W,Z' from 
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Fig. 3.—‘‘ Ideal” electrical and thermal resistance of copper. 


constancy, the ideal thermal resistivity W; will be calculated assuming equation 
(1) to be valid. The values of W,7 taken from Figure 4, which are used in 
calculating W, for the three specimens Cu 1, Cu 2, and Cu 3, are 1-15, 0-210, 
and 1-32 cm deg.?/W respectively. 
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The logarithmic plot (Fig. 3) shows that W;=BT” up to a temperature of 
nearly 55 °K, with n~2-4 and with the following values for B: 


12925cL0-* toe, Call Case 
(0.105% for CueZ. 


Figure 4 (a) illustrates the departure of the conductivity from proportionality 
with temperature in the region where impurity scattering is dominant. 
The ideal resistivity extrapolated from Figure 3 is so small below 5 °K that W;,T 
may be neglected in comparison with W 7’, and small corrections have been 
applied to the values of W,7' for 7 >5 °K. 
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Fig. 4.—Residual resistance of copper below 10°K. (a) The 
product of the residual thermal resistance and temperature, 
(6) the electrical resistance. 

—O— Cul. 
—A— Cu II and Cu 2 (annealed). 
—Hi— Cu Il and Cu 3. 


(b) Electrical Conductivity 
The values of electrical conductivity or resistance are not presented over 
the full temperature range, as superficially they show no unusual features. The 
resistance is almost constant below 10 °K and, at relatively high temperatures, 
increases proportionately to the temperature. For the range from 10 to 35 °K, 
the resistivity in ohm cm is well represented by 


e=0°0510 x10-§+3-7 x10-1*75 for Cu I, 
e=0°0576 x10-§+3-7 x10-1675 for Cu III, 
e=0-00458 x10-°+2-7, 10-1675 for Cu II. 
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The value for C of 2-7; x10-18 lies reasonably close to the figure of 2:64 x10-16 
obtained by Berman and MacDonald (1952) for a Specimen of similar purity. 
Figure 3 shows the ideal resistivity 9;, calculated from the experimental values 
of p assuming Matthiessen’s rule, that is, 9; =p —p,, to be valid. 


The small variation in residual resistivity with temperature is illustrated in 
Figure 4 (6) in which the observed values o have been plotted. 


IV. DISCUSSION 
(a) Additivity and Ideal Resistance 


In both the electrical and the thermal measurements, the specimens of 
higher physical purity have a lower apparent ideal resistance, an effect previously 
noted by the author in the thermal conductivity of gold and silver. This may be 
accounted for by a departure from the additive hypothesis of equations (1) 
and (2). The direction of the departure and the fact that, for the electrical 
resistance at least, the departure appears greatest in the range 30-40 °K, where 
the ideal and impurity resistances are comparable, are as predicted by Sondheimer 
(1950) although the effect appears to be of greater magnitude than the theory 
predicts. The variation of the ideal resistivity with purity is illustrated by 
calculation at various temperatures of the Lorenz number L;=o,/W;7 from the 
smoothed values of ideal resistivity (Fig. 3) for the annealed and strained 
specimens. The former yield values in fairly close agreement with those of 
Berman and MacDonald (1952) ; the latter give values up to 25 per cent. greater 
at intermediate temperatures (7’~35 °K) but comparable below 20 °K and above 
45 °K. 

A feature more difficult to explain is. the departure of the temperature 
dependence of W; from a JT? law. It is interesting to note that the results of 
Berman and MacDonald* on pure annealed copper yield values of W, (Fig. 3) 
which appear to vary as T? below 20 °K but as T?*4, in agreement with those of 
the author, between 20 and 50 °K. Since for copper ©~330 °K, it is only below 
©/10~33 °K that the theoretical temperature dependence for W; might be 
expected to be well obeyed. In Figure 2 are also shown two curves calculated 
assuming the relation W=A/T +BT? to be true, substituting two suitable values 
of A from these measurements and a value of B reported by Berman and 
MacDonald (1952). 


(b) Impurity Resistance 

The evidence (see Fig. 4) for an effect in the thermal conductivity related to 
the changing residual electrical resistance is not conclusive but merits presenta- 
tion. The electrical resistance of Cu I was not determined with sufficient 
accuracy to show any obvious minimum, so that an additional series of observa- 
tions were made on a similar specimen Cu III. The minima observed in both 
strained and annealed wires were much less marked than that of Berman and 
MacDonald (1952). However, this is perhaps not surprising, despite the apparent 


-_ * The author is indebted to Dr. Berman for supplying numerical results of their observations, 
and for helpful discussion. 
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similarity of the samples, in view of the experiments of Gerritsen (1951) and 
MacDonald (1952) which showed that very small traces of particular elements 
might produce a strong minimum in the parent metal. 


V. CONCLUSIONS 
The measurements on the thermal conductivity of copper support the 
theory of non-additivity of the impurity and ideal resistances, as did those on 
gold and silver reported earlier. The electrical resistance of copper in different 
states of physical purity indicates a similar departure from Matthiessen’s rule in 
the direction suggested by Sondheimer (1950). 


Whereas the ideal electrical resistance varies as 7° at temperatures below 
@/10, the ideal thermal resistance varies as 7-4 up to nearly 0/5. 


At temperatures in the liquid helium region, there is a slight increase in 
residual electrical resistance, accompanied by a rather similar variation in the 
thermal parameter W,T’. 
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THE SPECIFIC HEAT AND THERMAL CONDUCTIVITY OF 
GRAPHITE 


By P. G. KLEMENS* 
{Manuscript received August 11, 1953] 


Summary 


The specific heat of graphite is discussed in terms of a modified Debye treatment. 
It is shown that the contribution from the longitudinal waves varies as T? below 45 °K, 
and as J? at higher temperatures, whereas the usual two-dimensional treatment leads 
to a T? variation at all low temperatures. Similarly the transverse contribution varies 
as T° at lowest temperatures, but above 10 °K it varies as T?. 


The temperature variation of the thermal conductivity differs from the variation 
of the specific heat, even though the thermal resistance arises from boundary scattering. 
This is explained in terms of a mean free path for waves in the hexagonal plane, which 
is considerably iarger for longitudinal than for transverse waves, resulting in an increased 
contribution of the former to the thermal conductivity. 


I. INTRODUCTION 


The specific heat of graphite at low temperatures is observed to vary as 7”, 
where according to Gurney (1952) n~2 above 25 °K, and according to Berman 
(1952), quoting unpublished results of Bergenlid and Hill, n~2-2 from 8 to 
20 °K. The thermal conductivity, measured by Berman (1952) for a number 
of different polycrystalline samples from 3 °K upwards, is observed to vary 
as T”, where n ranges from 2-5 to 2-7 in the temperature range 3-40 °K. At 
these low temperatures the thermal resistance is due to scattering of lattice 
waves by the boundaries of the crystallites. 

That the specific heat should vary as T? instead of 7%, as is the case for most 
solids and follows from the usual Debye theory, has been explained by Komatsu 
and Nagamiya (1951) and by Gurney (1952) in terms of the weak binding between 
the hexagonal layers. They assume that each layer can be treated separately 
as a two-dimensional crystal, leading to a T? variation. The validity of this 
treatment will be confirmed, and it will be shown that it breaks down at 
sufficiently low temperatures. 

The thermal conductivity has been interpreted by Berman (1952) in terms 
of the general theory (Klemens 1951 ; Berman 1953). Heat transport is mainly 
by lattice waves, and the thermal conductivity of each crystallite, with the 
resistance arising from boundary scattering, should be of the form 


con Ne fr, CR (1) 


where 8 is the specific heat per unit volume, v the wave velocity, and L a mean 
free path determined by the crystal dimensions. The thermal conductivity 
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should thus have the same temperature dependence as the specific heat. If 
there are other scattering processes, x should vary with 7 more slowly than S, 
a phenomenon frequently observed with dielectric solids (Berman 1953). Graphite 
appears to be anomalous, because x increases with 7 more rapidly than does S. 
This can be explained by considering the parts played by the waves of different 
polarization. 


II. SprecrrFiIc HEAT OF GRAPHITE 

Graphite is a layer structure, the atoms in each layer being arranged in a 
hexagonal array with interatomic distance of a)=1-4 A, the separation between 
these sheets being a,—3:4 A. This anisotropy of lattice spacing results from 
an anisotropy of binding. The bonds between atoms in each hexagonal layer 
are covalent, reinforced by the bonding of the fourth valency electron, which is 
partly homopolar and partly metallic. There is thus strong binding in the 
hexagonal plane, while neighbouring layers are weakly bound by van der Waals 
forces. 

Thus the frequency w of the lattice waves, a function of the wave-vector k, 
will depend strongly on ky, the projection of k on the hexagonal plane, and only 
weakly on k,, the component along the hexagonal axis. In addition, the 
maximum value of k,, being z/2a3, is smaller than the maximum value of k, 
by a factor of about 2-8. 

It will be assumed that w is given by 

= CpkgsCs, |g le jones oe (2) 
where ¢ is considerably larger than c,. While (2) is not likely to be the correct 
expression for «, it does represent the general characteristics of the dependence 
of w on k sufficiently well for the present discussions. 

The specific heat per unit volume is given by the following integral over 
the first zone. 


eo 3 hw ehw/27KT hw 
S=38,=2 {oo gammy ee Os 


the summation being over all polarizations. Consider separately a single mode 
of polarization. Writing #=hw/2nKT, y=hesks/2nKT, 0) =heo//3a,K 
6,=he,/4a,K ; and noting that ; 


STS 
Se aie Cau sme OTEy eeeae Yyjaady. eee ae (4) 
S; can be expressed as : 
H 00/7 ez K77T3 
S;=4 d dal = ey) 
F an 7a, x oe ipa” W7ReRe,) Me oe: (5) 
where 


H=« if #<0,/T 
=0,/T, if @>0,/T. } Pik gh coe (6) 


In other words, if f(~)dx is the number of normal modes in the (reduced) frequency 
interval #,dx, then f(x) ocw for 03/T <a<0,/T, as correctly deduced by Komatsu 
and Nagamiya (1951). But if #<0,/T, f(x) ca, whereas these authors, incurring 
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an algebraic error, stated that f(a) ocx even at lowest frequencies. We have 
assumed in (2) that the surfaces of constant frequency are cones or truncated 
cones, while Komatsu and Nagamiya assume ellipsoids of revolution or truncated 
ellipsoids. But this should not alter the conclusion derived here that f(x) cx? 
at lowest frequencies—the only alteration being in the region of transition hee 
x to «x dependence. 


It follows that for 7 >6, the important values of x are always larger than 
the permissible values of y ; in that case x—y~a, and 


g ARKO 52? (OI? ater 
I iPe%e, (et —1)2 


so that S,;oT? for 0,<7 <0). On the other hand, if T7<6,, the limit of the 
y-integration in (6) is H=a#, and S,oT%. Since the maximum value of the 
integrand is in the vicinity of e=4, deviations from the T? law will appear above 
6,/4. 

The validity of the two-dimensional model, as used by Komatsu and 
Nagamiya (1951) and by Gurney (1952) is thus confirmed, except for the lowest 
temperatures, where the 7? dependence of the low temperature specific heat, 
derived by these authors, is replaced by a T? variation. 

The effect of different polarizations must now be considered. For propaga- 
tion in the hexagonal plane we must separately consider the following three 
modes: one longitudinal mode, denoted by I, and two transverse modes. Of 
the latter, one mode, denoted by II, is polarized in the plane, and one, denoted 
by III, is polarized perpendicular to the plane. It is expected that ¢} >cl > cM, 
For propagation along the hexagonal axis, modes II and III are equivalent and 
will be denoted by II; again one expects cl >ci!, but the ratio of these velocities 
is different from the corresponding ratio for the 0-direction. For intermediate 
directions, we assume (2) to hold for each polarization separately. Defining a 
mean velocity in the 0-direction 


3 dy vs 
| Fd Pein er ger Oia 8 
2a: 2(5 ] ( ) 


the specific heat above the highest value of 0; becomes 


S= 


127 K37T2 °<O>/T ger (9) 
—— ee 
acast), ein” 


0 


and it follows from the observed values of S between 25 and 40 °K that <@)>, 
derived from <¢,>, is about 1070 °K. Gurney (1952), attributing the specific 
heat to mode III only, obtained 614 °K for 01. 

Komatsu and Nagamiya (1951) have eimeste cl, the velocity of longitudinal 
waves along the hexagonal axis, from the compressibility and, taking account 
of dispersion, they obtained 6!=180 °K. Thus S; should vary as ZT? below 


45 °K. 
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In fact the specific heat of graphite seems to follow a T? law down to 20 4 
which can be explained only by assuming that c! is appreciably larger than cM, 
so that even around 45 °K S; is only a small fraction of S. Furthermore, it 
must be assumed that cl! is considerably less than cl, so that 0!'<6} and devia- 
tions from the TZ? law appear only at much lower temperatures for the transverse 
component than for the longitudinal component. It appears from the specific 
heat evidence that 01! cannot exceed 35 °K and may well be even appreciably 
lower, and that above 45 °K (S—S;): Sj =3:1, so that cl: cll! is of the order 
ofS 22. 


III. THERMAL CONDUCTIVITY OF GRAPHITE 

The fact that below 50 °K the thermal conductivity of graphite varies 
more rapidly with temperature than the specific heat is now explicable in terms 
of a relatively larger contribution from the longitudinal waves towards the 
conductivity. We generalize equation (1) to 

H=Lx; HUES, CD; - 0s cece eeeeseeee (10) 
J Jj 

where LE is the mean free path due to boundary scattering. In general L is 
of the order of the shortest linear dimensions of the crystal. This holds even 
for waves travelling in a direction such that the distance between boundaries is 
considerably larger, for the lattice waves are coupled together, with respect to 
their deviation from equilibrium, by three-phonon interactions conserving the 
total wave-vector. The role of these processes has been discussed elsewhere 
in detail (Klemens 1951); they tend to equalize mean free paths. Thus the 
transverse waves in the 0-direction are strongly coupled to waves in the 
3-direction. The graphite crystals are in the shape of thin plates parallel to 
the hexagonal plane. If L, is the thickness of these plates and Z, their diameter, 
it follows that for transverse waves in the 0-direction Dy, =LZs3. 

Now it is well known that the lattice waves of the highest velocity cannot 
interact with any other lattice waves of higher frequency, but only with those 
of lower frequency. It was shown by the author that such interactions have a 
negligible effect on the effective mean free path. In graphite the longitudinal 
waves in the 0-direction have the highest velocity of all, and they are therefore 
not effectively coupled to any waves in the 3-direction. Consequently for 
longitudinal waves in the 0-direction L;=J). 

Since for crystal plates L,>L,, it follows that for conduction in ‘the 
0-direction the ratio x; : xy is larger than cl; : cUSy;, hence larger than S, : Sy. 
Therefore the temperature variation of the thermal conductivity is higher 
than that of the specific heat. 

To account for Berman’s data, and provisionally identifying the overall 
conductivity with the conductivity in the 0-direction, Z,: 3 must be of the 
order of 10 : 1, which does not seem unreasonable. It is significant that Berman, 
by using (1) and taking v~cl, obtained values for L which were of the order of 
magnitude of the diameter Ly of the crystal plates. 

For conduction in the 3-direction where Z;~I,;~L3, xz is again enhanced 
relative to S;, because cl >cll, the ratio of these velocities from the specific heat 
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evidence being not less than 5:1. This difference in velocity occurs to a lesser 
degree in the 0-direction and is unimportant there. It follows that the temper- 
ature variation for conduction in the 3-direction is intermediate between that of 
specific heat and conduction in the 0-direction. 

For crystal plates the directional anisotropy of the conductivity will be of 
order [,:L;. In a polycrystalline specimen the overall conductivity will be 
largely governed by the conductivity in the 0-direction. We have thus a natural 
explanation for the high temperature dependence of the thermal conductivity 
of polycrystalline graphite, for the magnitude of the effective mean free path 
derived from (1), and for the slightly lesser temperature dependence for conduc- 
tion along the preferred orientation of the C axis. To explain the temperature 
dependence of Berman’s specimen of smallest crystal size and lowest con- 
ductivity, it must be assumed that for these small crystals L)~Z,, so that x, 
is no longer enhanced relative to Sj. 


IV. CONCLUSION 

This treatment has been confined to a rough estimate of the relevant 
parameters occurring in the simplified lattice theory of specific heat and thermal 
conductivity. In view of the lack of detailed knowledge of the interatomic 
forces and the uncertain experimental material, there is no point in refining 
these calculations. It does appear, however, that the thermal conductivity 
ean be related to the specific heat according to the usual lattice theory, if account 
is taken of the special features arising from the high anisotropy of graphite. 
In order to verify this theory, it would be of value to have measurements of the 
specific heat from 2 to 8 °K, and of the thermal conductivity of a single crystal 
of graphite. 
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THE EFFECT OF TENSION ON THE THERMOELECTRIC 
PROPERTIES OF METALS 


By A. J. MoRTLOCK* 
[Manuscript received August 19, 1953] 


Summary 


Measurements have been made on 11 different metals of the change in thermo- 
electric power accompanying elastic tensile strain. The measurements were made 
over the temperature range 20-400 °C on specimens of known purity. There is evidence 
that the magnitude of the general effect is dependent upon the purity of the specimen. 
The results obtained with gold differ considerably from those found by another observer. 


New approximate values of the general coefficients, which describe the first-order 
change in thermoelectric power for isotropic metals under all types of elastic strain, 
have been computed using the results obtained and the only available similar low 
pressure data. The new values suggest that recent conclusions regarding the position 
of the Fermi level for gold, silver, and copper require modification. 


J. INTRODUCTION 

It has long been known (e.g. Thomson 1856) that tensile stress produces 
changes in the thermoelectric properties of metals. This phenomenon has been 
investigated in some detail by Cohn (1879), Meyer (1896), Maclean (1900), 
Baedecker and Vehrigs (1914), Bridgman (1918), and Smith (1925). In much 
of this earlier work the effect of plastic deformation, which may produce effects 
of the same order of magnitude but sometimes of opposite sign to that produced 
by elastic deformation (Thomson 1856), was not fully distinguished from the 
latter (Borelius 1935). More recently Crussard (1948) made quantitative 
measurements of the change in thermoelectric power caused by pure elastic 
tensile strain on four pure metals at about 100 °C. 


Within the elastic range it is possible to determine the effect of any type of 
strain on thermoelectric properties, to a first order, from general coefficients. 
The observed effect is, of course, dependent upon the relative directions of the 
temperature gradient and strain vectors. The coefficients applicable to isotropic 
metals may be found by a consideration of the observed effects of longitudinal 
tension and hydrostatic pressure on suitable metal specimens. Smit (1952) 
utilizes such coefficients in a discussion of the influence of elastic shear strains 
on the conductivity and thermoelectric power of cubic metals. 

This paper reports measurements of the effect of elastic tensile strain on 11 
different metals of known purity over the temperature range 20-400 °C. From 


the results obtained approximate values of the isotropic general strain coefficients 
for some of the metals investigated are deduced. 
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II. EXPERIMENTAL METHOD 

The principle of the method of investigation was the same as Crussard’s 
(1948), measurements being made of the e.m.f. generated by a thermocouple 
formed from a continuous single metal wire so arranged that one arm was 
subjected to a longitudinal tension while the other was mechanically free. The 
apparatus is shown schematically in Figure 1. The cold junction temperature 
was maintained at 20-+1 °C, while the mean accuracy of the hot junction 
temperature control was approximately +4 °C. The e.m.f. was measured with 
a potentiometer having a least count of 0-1 yV, usually in conjunction with a 
galvanometer amplifier (Wylie 1951). By this means e.m.f. changes could be 
measured to about +0-002 pV. 
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Fig. 1.—Method of measuring a small thermal e.m.f. due to strain. 


For each specimen measurements were made at a series of hot junction 
temperatures, and at each such temperature a definite loading procedure was 
followed in order to eliminate from the results the effects of plastic deformation 
which was sometimes present. Measurements were made in succession of the 
e.m.f.’s Ew+w,, Ew, Low+w. Ew+w, etc. where W is an incremental load, fixed 
for any specimen, and W, is the weight of the cold junction unit ete. ; the e.mf. 
corresponding to a stress intensity (nW-+ W,) was taken to be given by 


n 
x (Lyw+w,—Ho-pw+w,)- 
r— 


This procedure had the advantage over one in which readings were taken as the 
stress was progressively reduced from the maximum loading used that the 
measurements were not left incomplete in the event of the wire breaking. Control 
experiments showed that the e.m.f. obtained by the two methods agreed to within 
the experimental error, indicating that within the limits of stress intensity used 
any work hardening of the specimen produced negligible change in the thermal 
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e.m.f. due to elastic strain. Although any effects due to creep or creep recovery 
appeared to be negligible, a precautionary period of approximately 5 min was 
allowed to elapse between readings for reproducibility ; this also allowed the 
dissipation of heat generated in switch contacts. 

The sequence of hot junction temperatures followed for most specimens 
was 100, 200, 300, 400, 50, 150, 250, 350 °C, thus revealing any change in the 
characteristics of the specimen with temperature or successive loadings. Measure- 


TABLE 1 


METALS TESTED 


Mechanical Purity or Analysis* 
Metal Origin Condition (quantities in %) 

Copper I J,M Annealed 99-999 

Silver I “p 99-999 

Silver II Commercial 5 ~99-94; traces Cu, Hg 

Gold I J,M i 99-99(+) 

Gold IT Commercial | 53 ~99-93; Ag(0-05), Fe(0-01), trace 
Cu 

Gold Til . ~99-91; Ag (0-06), Fe (0-02), strong 
trace Zn, trace Cu 

Gold IV : ~99:90; Ag (0-07), Fe (0-02), trace 
Cu 

Platinum J,M 99-999 

Palladium os = 99-995 

Nickel an > 99-99 

Aluminium Commercial # ~99-58 ; Si (0-09), Fe (0-03), 
Cu (0-01), Mn (0-01), Ti (0-01) 

Titanium a er Strong traces Fe, Mn, traces Mg, Si 

Molybdenum SS 5 ~99-95; trace Si, faint trace to 
trace Fe 

Iron I cs (i) Cold drawn Undrawn sample ; Mn (0:2), 
Cu (0-15), Ni (0-1), traces (~0-03) 

(ii) Annealed Cr, Sn, As, C 

Tron If 35 (i) As received Mn (0:5), Ni (0-1), Cr (0-1), 

Cu (0-1), C (0-09) 
(ii) Annealed 
Tungsten 5 As received Traces Mo, Si 


* Any impurity concentration which was less than or equal to the spectrographic level of 
*“ faint trace” has been neglected in the table. 


ments were also usually made subsequently at other temperatures, particularly 
if the earliest readings were inconsistent with those obtained later; this effect 
was attributed to straightening of the wire specimens. 


Il. Specimens 
Details of the metals examined, their chemical purity or major impurities 
or both, and the physical state of the specimens when tested, are given in Table 1. 
The materials marked J, M were supplied by Johnson, Matthey and Co. Limited, 
of London, as spectrographically pure. The specimens were annealed by 
electrical heating in vacuo. 
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IV. EXPERIMENTAL RESULTS 
The results are set out graphically in Figures 2 and 3, where the summed: 
e.m.f. increments, HZ, are plotted as ordinates and the corresponding temperature 
differences between hot and cold junctions, T,-T,, as abscissae; each curve 
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Fig. 2.—E.M.F. of strain thermocouples as a function of the temperature 
difference between hot and cold junctions for particular stress intensities. 


refers to a multiple of the basic stress intensity increment W. The magnitude of 
both W and W, is noted in each figure together with 7,, the mean cold junction 
temperature. 
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The sign convention used is that the e.m.f. is taken to be positive if the 
current flow on completion of the thermoelectric circuit is from the free wire 


to the stressed wire through the hot junction. 
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Fig. 3.—E.M.F. of strain thermocouples as a function of the temperature 
difference between hot and cold junctions for particular stress intensities. 


is Summarized in Table 2, where the averages of the r.m.s. deviation from each 


curve are listed. It was found, usually, that the numerical deviation from any 
Siven curve was approximately independent of temperature. 
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Certain of the metals tested require special comment. 


Silver II.—The dotted lines in Figure 2 refer to extrapolation into the 
region where the combination of temperature and stress was sufficient to cause 
rupture. 

Gold.—Plots of the results obtained for gold THI are not given as they are 
similar to those for gold IV. However, the stress range employed was approxi- 
mately the same in all the gold specimens and the more important results are 
summarized in Table 3. 


Titanium.—The results showed very great scatter, hence it is only possible 
to give a rough estimate of one of the results for this metal (see Table 3, where 
W,=23 kg/cm? and ¢,,,,. =1440 kg/cm?). 

Molybdenum.—Although a series of readings were taken corresponding to a 
stress of W/2, the ratio of scatter to nominal ordinate was so large that smoothed 
data can be given for the higher stress only. 


Tungsten.—The results given in Figure 3 were obtained on a specimen as 
supplied, electrical annealing in vacuo causing prohibitive embrittlement. 


TABLE 2 


RANDOM ERRORS OF THE MEASUREMENTS SHOWN IN FIGURES 2 AND 3 


Av. r.m.s. Av. r.m.s. 

Metal Deviation Metal Deviation, 
(uV) (uV) 
CopperI.. aaa 0-05 Tungsten 0-2 
Silver I ; | 0-06 Iron I 0-5 
Silver IT ou 0-07 Tron II 0:4 
Gold I oe ay 0-05 Palladium 1:4 
Gold II and IV... 0-03 Platinum 0-25 
Molybdenum —- 0-09 Nickel 1-0 


Iron.—Before any satisfactory experiments could be carried out on iron 
wire it was found necessary to make the furnace winding bifilar in order to 
reduce the internal alternating magnetic field, as any small torsional strain 
imposed on the test specimen during mounting makes the magnetic susceptibility 
of the material anisotropic (Dromgoole 1952). In an alternating magnetic field 
an induced voltage is therefore produced between the ends of the specimen, 
leading to an unsteady galvanometer spot. 

Iron I.—Annealing produced effects which were not reproducible in 
magnitude, but it is possible to make a few general remarks on the qualitative 
form of the change. 

On annealing, the e.m.f. became predominantly positive and non-linear in 
its relation to stress, at constant junction temperatures. The e.m.f. generally 
increased as the load increased, reached a maximum, then decreased. The 
variation with temperature at constant stress was similar, the e.m.f. increased as 
the temperature difference increased, reached a relatively poorly defined 
maximum at roughly 300 centigrade degrees, then decreased. 
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Tron II.—The curves given in Figure 3 are based on readings obtained on an 
annealed specimen. Readings taken on an unannealed specimen were practically 
identical; this was not unexpected in this case since the general mechanical 
softness of the metal as received suggested that it had already been annealed. 


Aluminium.—Measurements on the sample of aluminium were restricted to 
temperatures between 20 and 150 °C because of the relatively low elastic limit 
of the material at higher temperatures. It was not found possible to obtain 
reproducible results, indicating changes in the physical properties of the specimen 
during the course of the experiments. Such changes are more likely in an impure 
than a pure specimen. 


V. DISCUSSION OF RESULTS 
(a) General 

It is evident from an inspection of Figures 2 and 3 that the e.m.f. is not 
linearly related to stress or temperature or both over the full range in the majority 
of cases. However, an analysis of the scatter of the observations reveals that 
the e.m.f. for copper, silver, gold, tungsten, palladium, and platinum may in 
each case be satisfactorily represented as a linear function of temperature (in 
the range T,=20 to 100 °C) and of stress (in the range used). 


TABLE 3 


TENSION COEFFICIENT OF THERMAL E.M.F. FoR 7’; =100 °C anp 7,=20 °C 


(AE av. | (AB )ay. 
80W | SOW 

Metal (uuV/°C per Metal (uzV/°C per 

kg/cm?) kg/cm?) 

Copper I — 8-9+0-9 Titanium ; —33 47 
Copper II* — 6:7+0°5 Molybdenum — 0:09+0-05 
Silver I —13-5+0-7 Tungsten —10-0 + 0°5 
Silver II —1]-:4+0-4 Iron I —13:5 + 0:5 

Gold I sie af —11-8+1:°5 Iron II a as —16-°3 +1 

Gold If a a — 9:6-+0-6 Nickel ms - —460 +15 

Gold III Be a — 7:2+1:0 Palladium ee —104 +15 

Gold IV Mie | — 6-8+0:°8 Platinum ... ¥ —1 +2 


*The result for copper II has been derived from previous observations (Mortlock 1951) 
made on commercial wire of unknown purity. 


For these metals it is therefore possible to define a single quantity, 
(AE)av./{(T, —T,)W}, describing the behaviour of the material in this region. 
Such a quantity may be termed the tension coefficient of thermal e.m.f. and 
evaluated by averaging the difference, AH, between adjacent curves at a value 
of 7,—T, equal to 80 °C. 

In Table 3 this tension coefficient of thermal e.m.f., as defined above, is 
given for each of the metals examined ; the errors are estimated standard errors. 


Although these data suggest that the general effect is dependent upon 
the purity of the sample, the evidence is not decisive because of the high relative 
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errors. At higher temperatures, however, where the relative errors are smaller, 
the differences between the tension coefficients evaluated over a common stress 
range definitely indicate a dependence on purity in each of the four metals so 
tested. 


(b) Comparison with Other Measurements 
In Table 4 the measurements previously given by Crussard (1948) and 
Meyer (1896) for non-ferromagnetic metals are compared with the relevant 
data obtained in the present investigation. It should be noted that this com- 
parison assumes the effect to be a linear function over a wider range of stress 
than that used by the author, and is thus limited in its significance. 


TABLE 4 
COMPARISON BETWEEN TENSION COEFFICIENTS OF THERMAL E.M.F. FOUND BY 
VARIOUS OBSERVERS FOR 7';~100 °C anv T,~20 °C 
(uzV/°C per kg/cm?) 


Metal Crussard Meyer Author 
Copper —7-1 (mean) — 6:7 — 7-8 (mean) 
Silver — —10-1 —12-5 (mean) 
Gold — — 2-3 — 8-9 (mean) 
Aluminium +4 re S| = 
Platinum Bs — —67 —T71 


Owing to the large discrepancy between the results for gold, the present 
measurements were extended to a stress intensity equal to that used by Meyer 
without, however, producing any great change in the tension coefficient. The 
discrepancy may be due partly to impurities in Meyer’s specimen. The general 
agreement otherwise is as good as could be expected. 

Ferromagnetic metals are a special case which previous experiments (Meyer 
1896) have shown to be sensitive to magnetic state. The results given in this 
paper are only included to show a possible temperature variation of the effect, 
since no special precautions were taken to ensure the reproducibility of the 
magnetic state. 


(c) Relationship between Tension and Pressure Measurements 
Assuming small stresses and elastic deformation the change in thermo- 
electric power AS) parallel to the longitudinal axis of an isotropic polycrystalline 
wire due to strains ¢) and ¢, respectively parallel and perpendicular to the same 
axis is given by 
AS) =8y€ +2811, Wise ele leie aus s,'sieis) 0) = lersye (1) 


where the #’s are a function of temperature only and the e’s are taken to be 
positive for contraction. 

If the strains are brought about by a longitudinal tension ¢ or a hydrostatic 
pressure p, this equation may be written respectively as 


AS) ==0 jt or AS =C, DP, 
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where both ¢ and p are taken as positive and the coefficients C, and C, are related 
to 6, and B, by the following equations : 


C,=(2u8.. —By)/Y, a ate ee (3) 
C,=(28, +8))(1—2n)/¥, S 


in which p and Y are respectively Poisson’s ratio and Young’s modulus. 

Hence if C,, C,, and the elastic constants are known for an isotropic metal 
in a particular state, then the first-order thermoelectric effect of the metal under 
the same conditions can be calculated for other types of strain. 

In experiments of the kind described here AS\; is observed directly and is 
equal to dH/0T,, T, constant. OC, and C, differ in sign in most cases; this 
seems to be in agreement with remarks made by Wagner (1908, pp. 996-7), 
and consistent with the sign of the volume changes, but is at variance with the 
conclusion reached by Bridgman (1918, p. 376 et seq.) and the interpretation of 
the latter’s measurements given in the International Critical Tables (1929). 


TABLE 5 
THERMAL E.M.F.-STRAIN COEFFICIENTS FOR T,~100 °C AND 
T,—~20 °C 
Metal Bi Ba 
(uV/°C) (uV/°C) 
Gold .. oe Bs 11-7 5-6 
Silver es ae 14-7. 6-2 
Copper a es 10-8 1-3 
Platinum .. a 132 13-4 
Palladium |.. ei 125 6-0 


Wagner (1908) has made the only large-scale investigation of the effects 
of pressure at sufficiently low pressures to be combined with the present tension 
measurements. Use is therefore made of these data, corresponding to a hot 
junction temperature of about 100 °C, in order to calculate 8, and 6, for those 
metals which appear to be linear in this region of stress and temperature. In 
this calculation the unweighted means for C, of Table 3 and the elastic constants 


given by Druyvestein (1946) have been used. Values of §), and 6, are shown 
in Table 5. : 


(d) Theoretical Consequence of New Result for Gold 

It is of interest to consider how Smit’s (1952) conclusions concerning the 
positions of the Fermi surface for gold, silver, and copper may have to be modified, 
owing to the very large discrepancy between the present result for gold and that 
found by Meyer. 

The author is indebted to P. G. Klemens* for the following comments on 
this matter: ‘“ Smit calculated §),—6, as a function of the energy gap at the 
zone boundary (his Fig. 4). To any positive value of 8,—8, corresponded 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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two values of the energy gap—for one (case (a)) the Fermi surface was inside the 
zone, for the other (case (b)) the Fermi surface touched the zone boundary. 
Requiring that the energy gap should be least for copper and largest for gold, 
and using the experimental values for 8),—@, (0-6 pV/°C for gold, based mainly 
on Meyer’s and Wagner’s work), he allocated a position (a) for copper, and (b) for 
silver and gold, with large differences in the energy gap. But with the new 
value of (,—B, (6-1 uV/°C), gold must be moved to a position close to silver, 
but still case (b). This makes it probable that copper also has an energy gap 
very nearly the same as for silver and gold, and thus may also fit case (b).” 
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GALACTIC RADIATION AT RADIO FREQUENCIES 
Vv. THE SEA INTERFEROMETER 
By J. G. Botton* and O. B. SLEE* 
[Manuscript received June 11, 1953] 


Summary 


The factors involved in the study of discrete sources of galactic noise by the sea 
interferometer are discussed. ‘Three new forms of sea interferometer which increase 
the effectiveness of this technique are described. 


I. INTRODUCTION 

Owing to the low resolving power of metre wavelength aerial systems of 
reasonable physical dimensions, interference methods have been widely used 
in the study of radio-frequency emission from the Sun and stars. Two forms of 
interferometer have been employed, the sea interferometer and the two-aerial 
interferometer. The former depends on interference between the direct ray 
from a source and the ray reflected from the sea.at an aerial situated on the 
top of a cliff. This system is analogous to Lloyd’s mirror in optics. The other, 
consisting of two aerials spaced many wavelengths apart along an east-west 
base line, may be compared to the Michelson interferometer. The relative 
advantages of the two systems have been previously discussed (Stanley and 
Slee 1950) but will be briefly reviewed. 


One inherent advantage of the sea interferometer is that twice the sensitivity 
is achieved with a single aerial as with two similar aerials in the other system. 
Further, no interconnecting cables or preamplifiers are required. Probably 
the most important advantage is due to the ‘ cut-off ”’ of the sea’s horizon. 
The interference pattern commences sharply as a source rises above the horizon, 
in contrast to a gradual ‘ fading-in’’ in the two-aerial interferometer. This 
feature is most useful in resolving two or more close sources. 

Variable refraction adversely affects the sea interferometer in its use for 
determining accurate source positions and the curvature of the Earth produces 
effects which restrict its use for measuring angular widths. The two-aerial 
interferometer is not affected by the Harth’s curvature and the effects of atmos- 
pheric refraction and scintillation are much smaller than in the sea interferometer. 
The effects of refraction on sea interference measurements of position can be 
overcome by taking observations over a sufficiently long period and by calibrating 
the instrument on sources of known position. Scintillations, which are most 
severe at low angles of incidence, affect the “‘ seeing ”’ of very weak sources. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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The best results are obtained near the equinoxes and in the few hours about 
dawn when scintillations are rarely observed. 

The major disadvantage of the sea interferometer is that it is inherently a 
‘* total noise’? measuring system. The output of the receiver consists of the 
sum of four components: (1) the noise generated in the receiver itself, (2) the 
integrated background noise from that part of the sky in the acceptance cone 
of the aerial, (3) the noise received from the discrete source under observation, 
and in some cases (4) unwanted signals of terrestrial origin. In certain regions 
component (2) changes more rapidly than the amplitude of the interference 
pattern due to the discrete source. The procedure until recently has been to 
balance out the greater part of the total noise and amplify the remainder in a 
D.C. amplifier for presentation on a recording milliammeter. It was necessary 
for the operator to adjust the D.C. amplifier as the change in component (2) 
from the changing background noise caused the recorder to go off scale. Obtaining 
records of the discrete sources was thus very laborious and, in addition, the 
interpretation of the records was often difficult. In the two-aerial interfero- 
meter with a phase switching system as described by Ryle (1952) the interference 
fringe system is switched alternately between two positions half a fringe width 
apart, a synchronous rectifier being used to detect the difference in receiver 
output between the two positions. With such an arrangement components (1) 
and (2) are eliminated from the recorded output and in some cases component (4). 
Only the difference between the signal from the source in the two positions of 
the fringe system is recorded and this changes in a sinusoidal manner as the 
position of the source changes. 

Recently several modifications have been made to the simple sea interfero- 
meter which reduce or eliminate the effects of the varying background component 
and greatly increase the sensitivity and ease of operation of the equipment. 
The first part of this paper gives an account of the physical factors affecting sea 
interference patterns and the second part describes some of these new techniques. 


II. FACTORS WHICH GOVERN SEA INTERFERENCE PATTERNS 
(a) General 

When a discrete source, rising above the sea horizon, is observed with an 
aerial and receiving equipment situated on a high cliff an interference pattern 
is obtained. The interference occurs as the path difference between the direct 
ray and the ray reflected from the surface of the sea changes with the altitude 
of the source. It can be shown that, under idealized conditions, the fringe 
system for a point source is given by 


4th sin 4 
+a Gee en | 


P=2P,(1 —COs 7 


where P is the power received, 
P, is the power received with the same aerial in free space, 
h is the height of the aerial above the sea, 
A is the wavelength, 
a is the altitude of the source. 
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Interference minima and maxima occur when 47h sin «/A=2nz and (2n +1) 
respectively, where n is the fringe number. The amplitude of the pattern is 
given by 

Pig Ean =4Py. 


In actual practice the amplitude is governed by a number of different 
factors, some of which are due to the geometry of the system and others to the 
characteristics of the receiving equipment. The expression for the amplitude 
may be written 

P ioe —P 


max min 


=4P, F'(z,«) : F(a) 2 F',(n) : FF (a,h) ° F'n), 


where F(z,«) represents the aerial sensitivity pattern—a function of altitude 

and azimuth, 

F(a) is the factor due to imperfect reflection from the surface of the 
sea—a function of altitude, 

F,(n) is the factor due to finite bandwidth of the receiver—a function 
of the fringe number, 

F'(«,h) is the factor due to the divergence in the reflected rays at the curved 
surface of the Earth, 

F'n) is a factor due to a combination of the effect of sea waves and the 
time constant of the recording system. 


The various factors may be considered as independent. The factors due 
to the aerial sensitivity pattern and the receiver bandwidth can obviously be 
treated separately from the others which are governed by conditions at reflection. 
The factor due to the reflection coefficient’ is considered as arising from the 
physical properties of the sea-water, whereas the curvature factor is due to the 
divergence of the reflected beam. The curvature factor is only important near 
grazing incidence, whereas the effect of sea waves is negligible at grazing incidence 
and important for high fringe numbers. 


F(z,x) depends on the aerial used in a particular system and will not be 
further discussed. Formulae covering the other factors and examples of 
particular cases will be given in Sections IL (b)-(f) following. 


(b) The Reflection Coefficient of the Sea 
The formulae of Section II (a) assume that the reflection coefficient of the 
sea is unity. With a reflection coefficient of r<1, 5 
P=P,(1-+r?+2r cos A), 


where A is the phase difference between the direct and reflected rays. 


The maximum and minimum values are P,(1-++r)? and P,(1—r)2. Thus 
the reduction factor due to the reflection coefficient 


Theoretical values of the reflection coefficients for vertically and horizontally 
polarized waves are given by Massachusetts Institute of Technology Radar 
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School (1946). For horizontally polarized waves the sea behaves like a perfect 
reflector and r does not differ sensibly from unity up to altitudes of 10°, For 
vertically polarized waves the sea behaves more like a dielectric and the reflection 
coefficient departs appreciably from unity. At 100 Mc/s it falls to a value of 
0-4 for an angle of incidence corresponding to an altitude of the source of 2-5°. 

It is evident that horizontal polarization is to be preferred for sea inter- 
ferometry, particularly as the phase change on reflection remains constant at x 
for a wide range of angles of incidence. Observations on the discrete sources 
confirm the value of unity for horizontal polarization. However, the value 
obtained for the coefficient of reflection for vertically polarized waves is 0:7 
instead of 0-4 at its minimum near 2°. 


1.0 


pin) 


BANDWIDTH bret enitel FACTOR, F 
u 


° 10 20 30 40 
FRINGE NUMBER,n 


Fig. 1.—Curves showing the effect of receiver bandwidth with 
increasing fringe number on the amplitude of interference fringes 
for four ratios of bandwidth to frequency. 


(c) The Recewer Bandwidth 
The effect of a finite receiver bandwidth on an interference pattern is similar 
to that in the optical case and results in decreasing fringe visibility with increasing 
fringe order. For the sea interference patterns the zero order fringe occurs 
when the source is first seen on the horizon. The theory of the effect of a finite 
receiver bandwidth has been given previously in Part II of this series (Stanley 
and Slee 1950). At the nth fringe it can be shown that, for n<f/Af, 
sin nrAf|f 
F ,(n)= nrAf|f ’ 
where Af is the pass band of the receiver (assumed square in shape) and f is the 
wave frequency. 
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It will be seen that n and Af/f are interchangeable in the above expression ; 
thus, for particular values of n and Af/f, F,() is the same as that for half the 
bandwidth and twice the fringe number and so on. Computed curves of the 
variation of F',(n) with fringe number for certain ratios of bandwidth to wave 
frequency are shown in Figure 1. It is clear that when large numbers of fringes 
are required—for example, for the determination of the position of a discrete 
source—the receiver bandwidth should be as small as possible. In other 
applications the use of a wide receiver bandwidth can be advantageous in 
suppressing unwanted high-order fringes. This has the effect of reducing the 
acceptance cone of an aerial as far as sources are concerned. 


(d) The Curvature of the Earth 


Although we speak of direct and reflected ‘‘ rays ’’, any aerial has a finite 
absorption cross section or area and thus receives power from a source in a beam 
of this cross section. In reflection from a plane surface this beam is not changed 
but on reflection from a curved surface divergence of the beam occurs. This 
divergence in sea interferometry results in less power in the reflected beam and 
hence incomplete interference between it and the direct beam. The theory of 
the effect of the curved Earth has been developed in Part II of this series (Stanley 
and Slee 1950) and the amplitudes of the interference pattern at minima and 
maxima are given by 


be 0 
SP ee She eb 
RO 2 
2h 
Pe = 
oP, kh 30 
RO 2 


where & is the radius of the Barth and 0 is the angular separation of the aerial 
and the point of reflection at the centre of the Earth. 


Thus 
ae =F ae 
BP (a)= cP 
1. 2h—RO? . 
eS h 30 


Since the forms of P,,,, and P,,;, are different, it is more convenient to 
study the variation of each of these quantities with height of aerial and altitude 
of source separately. The values of P,,,, and P,,;, are plotted in Figure 2 for 
four different values of aerial height, which cover the range that could be used 
in sea interferometry. It can be seen that the effect of the Barth’s curvature 
persists to higher altitudes as the height of the aerial is increased. This limits the 
usefulness of the sea interferometer in the determination of angular widths of 
sources. Although the resolving power of the interferometer improves as the 
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height above the sea is increased and the fringe spacing decreased in consequence, 
the value of the ratio of the heights of the maxima and minima above the zero 
level is increasingly affected by the corrections for curvature. It is also clear 
that for greater aerial heights the sea interferometer loses one of its principal 
advantages in that the sharp cut-off due to the horizon disappears. The sharp 
cut-off is replaced by a gradual fading in of the interference pattern (the envelope 
is indicated by the difference between the curves of Prax 20d P,,;, in Figure 2). 
This effect is enhanced when atmospheric refraction is taken into account. 


4Po 4p, 


-2 ° = 4° 6 8° +25 fe) 2 4 6 8 
ITUDE OF SOURCE ALTITUDE OF SOURCE 
= h= SOM h=200M 
4P, 4P,) 
2Po5 2P, 
° ° 
-2 [o) Pog ae 6 8 =2' fo) 2 4 6 8 
ALTITUDE OF SOURCE 
ALFITUDE ee a eS OgeM 


Fig. 2.—Curves showing the effect of the Earth’s curvature on sea interference patterns 

for a range of aerial heights. The upper and lower curves in each diagram represent the 

variation in the heights of the interference maxima and minima with the altitude of the 
source. The actual patterns lie within the envelope formed by these curves. 


(e) Sea Waves 

On a ray theory treatment the area within which reflection takes place for a 
perfectly smooth sea is the projected area of the aerial system on the sea. This 
is H cot « by B, where H and B are the height and breadth of the aerial. Ina 
rough sea not all the radiation incident on this area is reflected towards the 
aerial and some radiation is reflected towards the aerial from regions outside 
this area. The phases of the various components are related to the Fresnel 
pattern on the sea. The dimensions of the first Fresnel zone in and perpendicular 
to the direction of the source can be shown to be 


peed neg and 2 | BA ‘ 
sin % sin 


or 


2h cot « aa n | 
n n 


in terms of the fringe number. In a typical case, for a cliff height of 80 m and 
a wavelength of 3 m the dimensions of the first Fresnel zones for fringe numbers 
E 
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2, 10, and 20 are 2300 by 160, 90 by 71, and 23 by 50m. For an aerial of height 
3m and breadth 10 m the ideal reflection areas for the same fringe numbers are 
85 by 10, 17 by 10, and 8 by 10m. 


There are two cases to be considered, one where the dimensions of the waves 
are small and one where the dimensions of the waves are large compared with 
the dimensions of the ideal reflection area and the Fresnel zones. The first 
occurs in a choppy sea and the second in a heavy swell. In the first case phase 
dispersion occurs in the reflected radiation owing to the dispersion in position 
of the reflecting regions in relation to the Fresnel zones and owing to the dis- 
persion in heights. Both dispersions increase with the altitude of the source 
and the phase dispersion due to position may be quite considerable as the aerial 
beam width includes a number of zones. The effect of the phase dispersion is 
incomplete interference between the direct and reflected radiation and a decreas- 
ing visibility of the fringes with altitude. Observing experience has shown that 
a choppy sea has little effect on the visibility of the first 10 or so fringes so that 
for these fringes reflection must mainly occur within the first Fresnel zone. 


On the other hand a heavy swell (of wavelength of the order of 100 m) 
has a marked effect on relatively low-order fringes. It appears in this case that 
a considerable part of the reflection area rises and falls as the successive crests 
and troughs cross the line of sight. The effect of this is to produce a secondary 
modulation of the basic interference pattern with the frequency of the sea waves, 
as illustrated in Figure 3. This effect on the low-order fringes is most marked 


La 
mau 


Fig. 3.—Sea interference pattern of the Sun rising showing the increasing effect of sea waves 
with fringe number. The curved scale lines represent intervals of 10 min. The slow sinusoidal 
variation is the interference pattern and the ripples are due to sea waves. 


in the case of a swell crossing the line of sight of the source, probably because the 
reflection takes place mainly within the first Fresnel zone which includes part 
of only one wave. The modulation of the basic interference pattern by the 
waves is of an unusual type; the deflexions near the interference minima are 
positive and those near the maxima negative. Thus, if a large time constant 
is used at the output of the receiver to damp out the modulation, the amplitude 
of the pattern is reduced compared with that of an unmodulated pattern. The 
reduction in fringe visibility, which increases with the fringe number, is similar 
to that due to a finite receiver bandwidth. As the high-order fringes can be 
reduced by decreasing the beam width of the aerial in the vertical plane, both 


these effects may be considered as improving the resolving power of the aerial in 
observations on sources. 
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(f) Observing Experience and Typical Records 
The present writers have used sea interference technique to study the 
variation of the flux density with frequency of a few major sources with relatively 
small aerials and in the search for large numbers of sources with a large single- 


40 Mc/s JULY 22, 1949 60 Mc/s JUNE 13, 1949 
85 Mc/s JUNE 13, 1949 100 Mc/s JUNE 13, 1949 
190 Mc/s AUGUST 2, 1950 270 Mc/s SEFTEMBER 5, i950 


aa 


400 Mc/s JUNE 22, 1950 


Fig. 4.—Sea interference records of the Cygnus source at rising at various frequencies betweem 
40 and 400 Mc/s. Note the severity of the scintillations at 40 Me/s and also the similarity 
of the scintillations on the 60, 85, and 100 Me/s records which were obtained on the same day. 


frequency aerial. The records shown in Figure 4 are examples of sea inter-- 
ference patterns of the Cygnus source at rising in the frequeney range of 
40-400 Mc/s. ‘The records show that successful observations can be made in 
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this 10 : 1 range of frequencies. They also illustrate the variation of the scintilla- 
tions with frequency, for, although not all the records were obtained on the same 
day, they are representative of the average behaviour on the different frequencies. 
At 100 Mc/s and above, reasonable estimates of the flux density of a source can 
be made at any time of the day or year. At 60 Mc/s accurate measurements 
are restricted to periods of low scintillation, while at 40 Me/s useful observations 
are rarely obtained due to extreme scintillations and variations in atmospheric 
refraction. 

Most of our measurements have been made from a height of 80 m although 
some observations have been made at heights ranging from 30 to 300m. At 
heights of more than 300m the effect of the Earth’s curvature becomes 
increasingly important and this feature must always be considered in the 
selection of a site for observations. 

No measurements have been made above 400 Mc/s. At our present site, 
and at this frequency the fringe period for a source of zero declination is only 
1min. This puts an upper limit of about 10 sec on the size of the time constant 
that can be used in the output of the receiver. The size of this time constant 
is one of the factors which determine the ultimate sensitivity of the receiving 
equipment, and the permissible time constant becomes increasingly important 
at high frequencies due to the rapid decrease in the flux densities of the sources 
with increasing frequency. However, with a lower site we consider that the 
sea interference technique could be used successfully for the observation of 
sources at frequencies as high as 1000 Mc/s. 


III. New FoRMS OF THE SEA INTERFEROMETER 
(a) Systems for Reducing the Effect of the Background Noise 

In general there are two possible ways of reducing or eliminating the effect 
of the varying background noise in an interference technique. The first is to 
use some form of electronic control in one or more stages of the receiver. The 
second depends on switching either the aerial beam or the interference fringes 
between different positions and detecting the difference in signals. Ryle (1952) 
has exploited the fringe switching (or phase switching) method in his two-aerial 
interferometer, but this system is not directly applicable to the sea interfero- 
meter as the positions of the fringes are determined solely by the geometry of the 
instrument. Three systems which have been used for reducing the effect of the 
background noise will be described in Sections III (6)-(d) following. ‘ 


(b) The Beam Switching System 

In this technique the aerial beam is directed alternately 25 times a second 
towards the horizon and towards an adjacent region of the sky away from the 
horizon. The aerial consists of two banks (Fig. 5) about 14 wavelengths apart. 
Connection to the receiver is made alternately at the mid point of the cable 
joining the two banks and a point } wavelength away. With the banks con- 
nected in phase, the aerial beam is directed towards the horizon and the aerial 
receives the background noise in this direction and the signal from a source 
within the beam. With the banks connected out of phase, the aerial beam is 
directed away from the horizon and receives the background noise from an 


GALACTIC RADIATION AT RADIO FREQUENCIES. V 429° 


adjacent region of the sky. In the out-of-phase connection the beam is actually 
split, the lower half being reflected from the sea, but a combination of various 
factors such as the roughness of the sea and a wide receiver bandwidth ensures. 
that there is no interference within the beam. 


The alternating component in the receiver output due to the beam switching 
is detected by a rectifier synchronized with the aerial switch. (This type of 
detector is subsequently referred to as a “ synchronous rectifier’, which is 
suggested as a more suitable alternative to ‘‘ phase sensitive rectifier’? used by 
other writers.) The efficiency of the beam switching system depends on the 
difference in levels between the background noise in the two positions of the 
switched beam. It has been found to be very effective in regions away from the 
galactic plane and also near the galactic plane between longitudes 300 and 60°, 
where the plane of the Galaxy rises almost perpendicular to the horizon. 


a a 
= ae 


Fig. 5.—Illustrating the principle of the beam switching system 

for reducing the effect of the variation in background noise. 

(a) Aerials connected in phase; (b) aerials connected out of 

phase ; (c) aerial beam directed towards horizon; (d) aerial 
beam directed away from horizon. 


The beam switching system greatly reduces the effects of natural and 
man-made electrical disturbances as long as the source of the disturbance is not 
located entirely within one of the positions of the switched beams. It also 
offers the very useful possibility of being able to detect weak sources close to 
much stronger ones. With the sea interferometer weak sources can be detected 
until such time as a much stronger one rises above the horizon. A weak source 
rising shortly after a stronger one can sometimes be detected by the beating of 
the two interference patterns, but not when the ratio of the flux densities exceeds. 
about 10:1. In the beam switching system, the in-phase and out-of-phase 
aerial diagrams overlap to some extent and thus at some altitude there is a 
null point in the switched pattern. This null point can be changed by changing” 
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the lengths of the connecting cables. By using hand-operated or motor-driven 
variable lines it would be possible to keep a strong source in the null point after 
it had attained an altitude of, say, 3° and detect a weaker source at its rising. 


(c) Automatic Control of the Receiver Gain 

In this system the variations in the background noise are electronically 
suppressed. The principle of the system is shown in Figure 6. The upper 
diagram represents the normal output of the receiver, which is fed into an 
integrator. The output of the integrator roughly follows the input except that 
rapidly changing components such as the sinusoidal voltages due to discrete 
sources are smoothed out. The output of the integrator is then used to control 
the gain of some stage of the receiver, giving a resultant receiver output shown 
in the lower diagram of Figure 6. 


INTEGRATOR 


NORMAL OUTPUT OF RECEIVER OUTPUT OF INTEGRATOR FED 
FED TO INTEGRATOR TO RECEIVER GAIN CONTROL 


RESULTANT OUTPUT OF AUTOMATIC GAIN CONTROL 
SYSTEM WITH HIGHER AMPLIFICATION 


Fig. 6—TIllustrating the principle of the automatic gain control system. 


The integrator in use utilizes the ‘‘ Miller’ effect. It has three stages of 
highly stable D.C. amplification giving an overall gain of about 1500. In 
combination with a 1 MQ input resistance and a feedback condenser of 2 uF 
this gives a time constant of about 40 min. The requirements of the integrator 
time constant depend on the degree of control of the background noise necessary 
for the section of the sky under observation. Greater control can be obtained 
by the use of short time constants but a time constant which is too short 
attenuates the interference patterns. It has been found that with a time constant 
of 40 min the variation in the background noise is reduced by a factor of 50-100, 
while the amplitudes of the interference patterns (5-10 min fringe periods, 
depending on the declinations of the source) are reduced by less than 5 per cent.* 

The effectiveness of this system is illustrated in Figure 7 which shows 
records of the same region of the sky using the total noise system and the auto- 
matic gain control system. 


: * The system produces a small phase shift on the fringes. Correction for this is necessary 
in accurate measurements of the position of a source. 
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A block diagram of the units of the automatic gain control system in present 
use is shown in Figure 8. A push-pull output from the integrator is used to 
control the gains of the two radio-frequency stages in an electronic switch, one 
of which is connected to the aerial and the other to a reference load. The 
electronic switch and synchronous rectifier are components of a rapid inter- 
comparison system introduced by Dicke (1946), but are not essential requirements 


DECLINATION +15° PATTERN OF DISCRETE 


SOURCE (ALMOST INVISIBLE) 


Fig. 7.—Records demonstrating the effectiveness of the automatic gain control system. The 

upper record is a normal total noise record and the lower is one of the same region obtained using 

the automatic gain control system. Note that the amplitudes of the interference patterns due to 

discrete sources are increased by a factor of about a hundred while the swing due to variations 
in the background noise is about the same. 


of the equipment, as the control voltage from the integrator could be applied 
at a number of other places in the receiver. The inclusion of the switch prevents 
unwanted receiver gain variations affecting the operation of the integrator and 
permits a combination of the beam switching and automatic gain control systems 
to be used when required. 


ALTERNATE CONNECTION FOR PUSH-PULL OUTPUT CONTROLS 
BEAM SWITCHING SYSTEM GAIN OF H.F. TUBES 


REFERENCE 
LOAD 


4 


ELECTRONIC 
SWITCH 


INTEGRATOR 


ISYNCHRONOUS| 
RECTIFIER AND 
D.C. AMPLIFIER! 


RECEIVER RECORDER 


25 c/s 
ULTIVIBRATOR 
25 c/s TO SWITCH 25 c/s SYNCHRONIZING 


TUBES PULSES 


Fig. 8.—Block diagram of the automatic gain control system. 


(d) The Azimuth Interferometer 
In this system two aerials spaced along a cliff edge are used. The spaced 
aerials produce a second set of interference fringes at right angles to the normal 
sea interference fringes. The two aerials are connected to the receiver alternately 
in and out of phase, thus switching the azimuth fringe system through half a 
fringe width. A synchronous rectifier at the receiver output detects only 
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signals due to sources or irregularities in the background distribution smaller 
than the angular separation of the azimuth fringes. Complete elimination of 
the background noise can be achieved if sufficiently large aerial spacings are 
used. 


The stages in the development of the system now in use are illustrated in 
the idealized records of a source rising shown in Figure 9. Figure 9 (a) is a 
standard sea interference pattern superimposed on a varying background level, 
as is obtained with a single aerial. Figure 9 (b) results from the combination of 
two aerials separated by a distance less than twice the cliff height. Phase 
switching in the two-aerial system eliminates the background noise giving the 
pattern of Figure 9 (c). However, the time taken for the generation of the 
azimuth fringes leads to difficulties in the interpretation of the results, particu- 
larly when there is more than one source in the aerial beam. This difficulty is 


> (a) 


Fig. 9.—Diagrams illustrating the development of the azimuth interferometer. 
(a) Single aerial, total noise system ; (6) two aerials, total noise system ; (c) two aerials, 
phase switching system; (d) two aerials, phase switching and beam swinging. 


overcome in a further development (Fig. 9 (d)) in which the azimuth fringe 
system is swung rapidly backwards and forwards through one fringe width. 
Here the envelope of the pattern is filled in by the rapid movement of the recorder 
pen. 


A schematic diagram of the equipment is shown in Figure 10. The fringe 
Swinging is achieved by varying the relative phase of the local oscillator to the 
two mixers by means of variable length lines. Artificial lines are used consisting 
of fixed inductances and variable capacitances which are driven by a small 
electric motor. The saturated amplifiers are to prevent the changing impedance 
of the lines dragging the frequency of the local oscillator or affecting the mixer 
stages. The phase switching is carried out at the intermediate frequency by 
means of quarter- and half-wavelength cables and an electronic switch. 
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Elimination of the background noise in the azimuth interferometer means 
that use can be made of relatively high-order fringes in making measurements 
of the angular sizes of sources. To obtain high resolving power observations 
have to be made from high cliffs where imperfect reflection from the Earth’s 
curved surface affects the first few fringes. In the total noise system, measure- 
_ Inents on the high-order fringes require an accurate knowledge of the background 
level. Its removal by the azimuth system overcomes this difficulty. 


A/a at 
30 Mc/s 


ELECTRONIC 
SWITCH 


LF. 
AND 
DETECTOR 


25 c/s 
MULTIVIBRATOR 


SYNCHRONOUS) 
RECTIFIER AND 
D.C. AMPLIFIER) 


RECORDING 
MILLIAMMETER 
Fig. 10.—Block diagram of the units of the azimuth interferometer. 


The azimuth interferometer with its dual fringe system has been found to be 
of considerable value in the study of extended sources of galactic noise (Bolton 
1952). These observations and observations with the other forms of the sea 
interferometer will be described in subsequent papers. 
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Summary 


A study has been made of the scintillations of four discrete sources at altitudes of 
from 0 to 10°. The observations cover the years 1947-1951 and were made at various 
frequencies in the range 40-300 Me/s. It was found that the scintillation index, a 
measure of the amplitude of the scintillations, (1) increases with increasing wavelength, 
(2) decreases rapidly with increasing altitude, (3) shows seasonal and diurnal variations, 
the seasonal component having minima near the equinoxes and the diurnal component 
near dawn and sunset. The scintillation rate or the number of scintillations per minute 
(1) is different for sources of different declination, (2) is independent of wavelength. 
In the case of the Cygnus source, the data for which are the most extensive, the rate 
increases and the decline in the scintillation index with altitude is less rapid during the 
winter months. 


A strong correlation is established between the occurrence of the scintillations 
and sporadic H. The difference in the scintillation rates for different sources can be 
explained in terms of variations in the size of irregularities and the effects of the winds 
in the Hs layer. 


I. INTRODUCTION 

In 1946, Hey, Parsons, and Phillips (1946) observed short period fluctuations 
in the intensity of galactic noise from a small region in the constellation of 
Cygnus. Later, Bolton and Stanley (1947) showed that these fluctuations 
came from what was effectively a point source and they discovered a number 
of other point sources. At first it was believed that the fluctuations were 
inherent in the sources, but since then spaced receiver observations have shown 
that the fluctuations are caused in some region of the Earth’s atmosphere. 


Observations with spaced receivers, one at Sydney and the other in New. 
Zealand, were first made by the present writers in 1948. Sea interference 
technique was used at both sites for the observations of the source in Cygnus 
and the periods of observation overlapped for an hour each night. No cor- 
relation was found between the individual scintillations—as they are now 
generally called—and on some occasions no scintillations were observed at one 
site and violent scintillations at the other. Control observations were made of 
solar radiation during a period of high solar activity and almost 100 per cent. 
correlation was found between solar bursts and other short period fluctuations 
in the intensity of the solar radiation at the two sites. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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From these observations it appeared certain that the greater part of the 
Scintillation phenomena was due to atmospheric effects. There remained, 
' however, the possibility of a small fluctuating component in the radiation from 
the source itself, and this was not discounted until the experiments of Lovell 
and Little (1950) and Smith (1950). These were carried out over much smaller 
base lines and with the source almost overhead. They showed that the cor- 
relation between individual scintillations at two sites disappeared for distances 
greater than about 5km. A later but less extensive series of observations in 
Australia, some in conjunction with Mr. B. Y. Mills of this Laboratory (Mills 
and Thomas 1951), gave much the same result. 

During the past 5 years about 2000 observations have been made of the 
four bright sources in Cygnus, Virgo, Taurus, and Centaurus. Each observation 
covers a period of about 2 hr from the rising of the source above the sea horizon. 
Most of the observations were made on a frequency of 100 Mc/s but a number 
were made at various frequencies in the range of 40-400 Mc/s. All observations 
subsequently described refer to a frequency of 100 Me/s, unless stated otherwise. 
The first part of this paper gives a detailed account of the results of an analysis 
of this material and the second half establishes a correlation between the scintilla- 
tions and sporadic #. 


II. SCINTILLATION OBSERVATIONS 
(a) Definition of Terms 

Before proceeding with a description of the scintillation phenomena it is 
necessary to define certain terms which will be used throughout the rest of 
this paper. It is believed that the flux densities of most of the discrete sources 
remain constant over long periods. On certain occasions, however, the amplitude 
of the signal received from the source fluctuates about a mean level with a period 
of about 1 min. Typical records of these fluctuations are shown in Figure 1. 
Here the slow variations in the signal are due to the interference method of 
observation. It can be seen that the amplitude and duration of the individual 
scintillations are by no means constant, so that any indices describing them are 
necessarily rough. 

We shall define a scintillation index as the ratio of the mean peak to trough 
variations of the signal amplitude to its mean amplitude and express it as a 
percentage. For example, the scintillation index for the record of Figure 1 (a) 
approaches 200 per cent. at 1635 hr, and the mean index for the whole record 
is about 70 per cent. ; the mean index for the record of Figure 1 (b) is between 
30 and 40 per cent. Estimates by eye were used in assessing the records. 

We shall define a scintillation rate as the number of peaks per minute. In 
determining scintillation rates from the records, where small scintillations of 
the order of fluctuations in the receiver noise occurred, every alternate small 
scintillation was counted. 


(b) Seasonal and Diurnal Variations in the Scintillation Index 
From 1947 to 1951 observations were made of the source in Cygnus at its 
rising almost every second day. Each record was assessed to give a daily 
scintillation index and the daily indices averaged to provide monthly means. 
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The values for the years 1948, 1949, and 1950 are shown in Figure 2 (a). The 
curves in this figure show a pronounced apparent seasonal variation in the 
scintillation index. It may be only apparent, as a diurnal variation could 
produce such a curve due to the change in the local time of observation of the 
source of 24 hr during the year. 

All the available data for the four sources in Cygnus, Virgo, Taurus, and 
Centaurus are shown in Table 1. Some of the monthly means for the fainter 
sources are based on so few observations that the reliability of the mean index is 


1630 1700 
(a) SIDEREAL TIME 


1600 1630 


1700 1730 
SIDEREAL TIME 


Fig. 1.—Typical records of the scintillations on interference patterns of the source in 
Cygnus at rising. (a) May 19, 1948; (b) June 11, 1949. 


somewhat doubtful and these figures are shown in brackets. The values for 
the three northern sources* are plotted against the month and the local time 
of observation in Figures 2 (b) and (c); the heavy lines in each figure are the 
means of the other three curves. For the curves on a monthly basis, the local 
times of observation are spaced at intervals of approximately one-third of a day 


* The declinations and mean azimuths of the four sources during the periods of observation 


are: Cygnus, 40° and 145°; Virgo, 12° and 110°; Taurus, 22° and 125°; and Centaurus, 
-43° and 40°. 
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(actually 0-28, 0-38, and 0-34 days). With such intervals, if the scintillation 
index contained only a diurnal component, this would appear in the mean of 
the curves of Figure 2 (b) greatly reduced in amplitude (by a factor of five 
or more). The amplitude of the mean curve of Figure 2 (b) is, however, compar- 
able with those of the original curves and this indicates a definite seasonal 


SCINTILLATION INDEX (%) 


JAN. APR, SIMbY NOC. SIAN CONO4NNLOS MID ITO NNECO 
ns LOCAL TIME (HR) 
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Fig. 2 (a).—Apparent seasonal variation in the mean monthly scintillation index for Cygnus for 
the 3 years 1948, 1949, and 1950. 


Fig. 2 (6).—Mean monthly scintillation indices for Cygnus, Taurus, and Virgo plotted against the 
month of observation. Heavy line curve is the average of the other three and indicates the 
seasonal component in the variation of the indices. 


Fig. 2 (c).—As in (6) but plotted against the local time of observation. Heavy line curve indicates 
the diurnal component in the variation of the indices. 


TABLE | 


SCINTILLATION INDEX MONTHLY MEANS 


Cygnus-A Virgo-A Taurus-A Centaurus-A 
Number Number Number Number 
Month | of Ob- | Index | of Ob- | Index | of Ob- | Index | of Ob- | Index 
servations | servations servations servations 
| 
— i) 
Jan 45 52 Ci 17 52 10 42 «f 54 
Feb. 25 38 16 29 20 33 6 57 
Mar. 57 24 = | 28 27 35 34 16 37 
Apr. 54 34 28 27 28 43 21 36 
May 80 50 | 46 43 19 45 24 36 
June 67 a ae 27 53 (3) (27) 18 46 
July 39 56 35 40 24 40 21 27 
Aug. 50 37 | 21 30 7 43 = = 
Sept. 67 34 5 30 (3) (43) ae ake 
Oct. 66 44 15 18 (4) (52) (3) (60) 
Nov 50 54 27 29 9 57 11 66 
Dec 49 65 22 48 12 65 73 
component. Similarly, the mean curve of Figure 2 (c) indicates a true diurnal 


effect, as the effect of the seasonal component is almost eliminated by the 
displacement of it in the three original curves by intervals of one-third and 


two-thirds of a year. 


The two components have about the same amplitudes ; 
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the seasonal component has maxima about midsummer and midwinter with 
minima near the equinoxes, and the diurnal component has maxima near 
midday and midnight and minima near dawn and sunset.* 


It can be seen from Table 1 that the monthly values of the scintillation 
index are different for Virgo and Centaurus, although the two sources are 
observed at about the same local time. This may possibly be due to the ray 
tracks of the two sources traversing the region of the atmosphere responsible 
for the scintillations at widely different latitudes. The ray paths for the sources 
through the E and F layers of the ionosphere are shown in Figure 9. The ray 
path for Centaurus is far to the south of those of the other three sources. It 
is not possible to suggest whether the seasonal or diurnal component of the 
scintillation index is more affected by latitude, as the Centaurus data are 
incomplete for several months of the year. 


(c) Scintillations of a Number of Sources on the Same Day 


As might be expected from the seasonal component in the scintillation index, 
there is fair correlation between the scintillations of sources on the same day. 
This has been observed in ‘‘ round the clock ”’ observations on 10 or more sources. 
With few exceptions all sources show some or no scintillation activity during the 
same period, and active or inactive periods may last for several days. The 
condition of the atmosphere responsible for the scintillations must therefore be 
widespread and must persist for several days at a time. 


(d) Variation of the Scintillation Index with Frequency 


In 1950 a series of observations were made of the Cygnus source on fre- 
quencies between 40 and 400 Mc/s. Each record was assessed for a scintillation 
index and the ratio of that index to the index for the 100 Me/s record of the 
same day determined. This procedure was necessary as only a few observations 
were made at each frequency and the ‘observations at the various frequencies 
were made at different times of the day and year. Difficulties due to seasonal 
and diurnal variations and day-to-day changes are thus removed by relating 
the observations to those on the base frequency. The complete series of results 
is shown in Figure 3 (a). Owing to the difficulty of assessing some of the higher 
frequency records where there is a low signal-to-noise ratio, the increase in the 
ratio beyond 200 Mc/s is questionable. More reliance can be placed on the 
curve of Figure 3 (b) where only records on active days, when the index on both 
frequencies exceeded 30 per cent., have been used.+ 


* This result is different from that of Ryle and Hewish (1950) or Hewish (1952) from observa- 
tions at much higher angles of incidence in the northern hemisphere. They find a principal 
diurnal component in the variation of the scintillation index with a single maximum at about 
Ol hr. There is a slight change in the shape of the diurnal variation during the year and it has 
the lowest amplitude near the equinoxes. 


+ Hewish (1952), from observations over a 2: 1 range of frequencies, suggests that the index 
is approximately proportional to the square of the wavelength. This is in fair agreement with 
the low frequency section of Figure 3 (b). 
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(e) Variation in the Scintillation Index with the Altitude of the Source 

The scintillation index, on the average, shows a marked decline with 
increasing altitude of the source. This change is difficult to demonstrate from 
a single record or even a short series of records, as the scintillation index some- 
times changes appreciably in a period of minutes. On our records the change in 
altitude is divided into intervals of 1° by the effect of the interference fringes. 
In order to reduce the labour involved in analysis we have examined only 


RATIO OF SCINTLLATION INDEX 
TO THAT AT 100 Mc/s 


@ 100 200 300 
(a) FREQUENCY (Mc/s) 


RATIO OF SCINTLLATION INDEX 
TO THAT AT 100 Mc/s 


100 200 300 
(b) FREQUENCY (Mc/s) 


Fig. 3.—Curves showing the variation of the Cygnus scintillation index 
with frequency. (a) Includes all available records ; (b) only records 
on which the scintillation index at both frequencies was greater than 


30 per cent. 
Circles are means of more than and crosses means of less than four 


readings. 


the distribution of fringes in which the scintillations are particularly severe. 
The fringes (which for short we shall call X-fringes) are those for which the 
index is almost 200 per cent. Histograms of the distribution of X-fringes 
against altitude for the four sources are shown in Figure 4. They show a marked 
decline in the number of X-fringes with altitude and reflect the general decrease 
in scintillation activity with the altitude of the source. These histograms should 
possibly tail off a little more slowly, as the eighth and ninth fringes are missing 
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on some records and are difficult to judge on others. It is stressed that the 
histograms do not arise from a number of records with X-fringes from 0 to 10°, 
a number with X-fringes from 0 to 9°, and so on, but merely indicate that the 
probability of observing an X-fringe decreases with increasing altitude. The 
number of observations of Cygnus for which the first fringe is an X-fringe (140) 
is quite a small fraction of the total of observations (about 800), but the 
histograms are considered to be a reliable indication of the behaviour of the 
scintillations with altitude. The same data of Figure 4 for Cygnus are presented 
in Figure 5 (a) on a monthly basis; they have been normalized by multiplying 
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Fig. 4.—Histograms showing the number of occasions on which the 

scintillation index reached 200 per cent. for successive intervals of 1° 

altitude (X-fringes). The observations refer to four sources after 

their rising. The histograms reflect the decrease in scintillation 
activity with increasing altitude. 


~ 


the number of X-fringes by the ratio of the average number of observations in 
each month to the actual number of observations in that month. As a general 
rule the scintillations decrease rapidly with increasing altitude. However, this 
decrease is less rapid during the winter months. 


It can be seen from Figure 5 (a) that the incidence of X-fringes reflects 
the apparent seasonal variation in the scintillation index. 


(f) Scintillation Rates for Four Sources 
To determine the mean scintillation rate for each source a group of scintilla- 
tions in an interval of 5-10 min was counted on each record. The place chosen 
corresponded to an interval of between 2 and 4° in the altitude of the source. 
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This ensured that the scintillations were of sufficiently large amplitude to make 
an accurate count and yet avoided peculiar effects that sometimes occur near 
grazing incidence. The data obtained are presented in Table 2 and Figure 6, 
the latter showing the distribution of scintillation rates among the days of 
observation. 

In the case of Cygnus, sufficient data were available to study the variation 
of scintillation rate throughout the year. The results are presented as histograms 
in Figure 5 (6), along with the histograms showing the variation in the incidence 
of scintillations with altitude. The scintillation rate increases appreciably in 
May and June, the 4-year averages being 1-28 and 1-40 against the yearly mean 
of 1-15 per minute. This feature has shown up even in the individual years, 
the monthly values for June and October being 1-40 and 1-14 for 1948, 1-34 and 
1-12 for 1949, and 1-60 and 1-06 for 1950 from about 10 observations in each 
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Fig. 5 (a).—Incidence of scintillations with altitude for Cygnus. The data of Figure 4 
on a monthly basis. Note the change in distribution of the X-fringes with altitude in the 
winter months, indicating a slower decline in the scintillation activity with altitude. 
Fig. 5 (b).—Seasonal variation of scintillation rate for Cygnus. The data of Figure 6 on a 
monthly basis. Note the higher average scintillation rates in May and June. 


(g) Variation of the Scintillation Rate with Altitude 
It was not possible to make any accurate estimate of the change of scintilla- 
tion rate with altitude. A considerable section of each day’s record was used 
in the foregoing analysis. Ina similar section of the records at an appreciably 
greater altitude (say 7°) the smaller amplitude of the scintillations does not 
permit accurate counting. Visual inspection of the records does not suggest 
any marked change in the rate between altitudes of 1 and 10°. 


(h) Variation of the Scintillation Rate with Frequency 
The same records as were used in the analysis of Section II (d) were examined 
to find out whether there was any change in the scintillation rate with frequency. 


F 
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Here again, owing to day-to-day variations in the rate and the small number of 
observations at each frequency, it was necessary to relate the scintillation rate 
at a particular frequency to that of the base frequency of 100 Mc/s on the same 
day. ‘The results for six observations at each of five frequencies are presented 
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Fig. 6.—Histograms showing the distribution of scintillation 

rates for four sources. Each observation refers to an individual 

night and is the average rate during a period of 5-10 min when the 
altitude of the source is between 2 and 4°. 


TABLE 2 


MEAN SCINTILLATION RATES OF FOUR SOURCES 


Mean ‘ Approx. 
Scintillation No. of No. of 
Source Rate Records Used Scintillations 
(min-?) Counted by 
Cygnus 30 ae 1-14 390 2400 
Virgo bi En: 1-18 45 270 
Taurus 4 pe 1-24 38 200 
Centaurus .. a 1-80 51 400 


in Table 3 where the differences are not greater than the experimental uncertainty. 
It is believed that the scintillation rate is independent of frequency over this 
range.* Owing to the interference method of observation and the rapid change 
of the scintillation index with frequency, it is generally difficult to study the 


* A similar result is reported by Hewish (1952) over a 2:1 frequency range. 


GALACTIC RADIATION AT RADIO FREQUENCIES. VI 443 


TABLE 3 


VARIATION OF SCINTILLATION RATE WITH FREQUENOY 


Frequency (Mc/s) 6 we 60 100 120 140 180 240 
Ratio of scintillation rate to that at | 
100 Me/s rae his ake se | 0-89 | 1-00 0:91 0-96 0:92 1-02 


correlation of individual scintillations over a range of frequencies. However, 
when this is possible, some similarity can be seen between groups of scintillations 
over a range of two to one in frequency. 


(i) Relation between the Scintillation Rate and Index 
Owing to the slow recorder speed of 6 in/hr used in most of the observations, 
it is difficult to study the relation between the scintillation rate and index. 
However, a small number of observations were made in New Zealand in 1948 
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Fig. 7.—Correlation diagrams of the scintillation indices and 
rates for 4 nights’ observation of Cygnus. Each point represents 
an interval of 4 min. 


using a much higher recorder speed.* On most nights the rate and index 
showed large independent variations or one quantity remained constant while 
theother varied, but on about one-third of the nights there appeared to be some 


* From the limited number of observations no change was found in the average scintillation 
rate with altitude. On occasions violent scintillations were observed up to altitudes of 14°. 
This is in agreement with the Sydney observations for the winter months (Section IT (e) and 


Fig. 5 (a)). 
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association between the variations in the two quantities. The results for four 
of the nights are shown in Figure 7, each dot representing the mean value for a 
period of about 4 min. 


Scintillations of the type represented by Figures 7 (a) and (ec) have been 
occasionally observed in groups lasting 10-30 min on otherwise inactive days. 


SIDEREAL TIME 
CYGNUS MARCH 21, 1950 


1700 1730 
SIDEREAL TIME 


CYGNUS MARCH 20, 1950 


Fig. 8.—The upper record shows strong absorp 


a tion and a very high scintillation rate for 
Cygnus at rising. The lower record, obtained 


the previous day, is typical for March. 


‘The activity commences with low amplitude scintillations of long duration, and 
builds up to high amplitude scintillations of Short duration. The reverse occurs 


as the activity declines. It may be that the mechanism responsible for the 
scintillations is different from the usual one in these cases, 
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(j) Other Phenomena 

No association has been observed between the scintillation activity and the 
atmospheric conditions at ground level, so that the troposphere is unlikely to 
be the source of the scintillations. 

No obvious long- or short-term connexion has been found between the 
scintillations and solar activity ; no change is observed in the scintillations at 
sunrise ; the long series of Cygnus observations has been examined for periods of 
the order of 27 days without results and the average scintillation activity between 
1948 and 1950 (cf. Fig. 2) has remained practically constant while the sunspot 
numbers declined appreciably. The average sunspot numbers for the three 
years were 135, 135, and 85. 

Possible exceptions to the foregoing are three unusual records out of a total 
of about 2000. One of these is illustrated in Figure 8. The lower record is 
typical for Cygnus in March, rising just before dawn. The unusual one (upper 
record) shows strong absorption of the signal and an abnormally high scintillation 
rate. Some of the scintillations are too fast for accurate reproduction. On 
two of the three occasions when such records were obtained, a visible aurora* was 
reported from southern Australia at about the time of observation. On the 
third occasion no aurora was reported but high level radio emission was received 
from the Sun on the preceding day. 


III. SCINTILLATIONS AND THEIR ASSOCIATION WITH SPORADIC H 
(a) Summary of Experimental Evidence 
Before discussing the scintillations and their association with ionospheric 
phenomena the main points of the experimental evidence may be summarized 
as follows. 
The scintillation index 
(1) Shows both seasonal and diurnal variations. 
(2) Decreases with decreasing wavelength. 
(3) Decreases rapidly with increasing altitude. For Cygnus this decrease 
is less rapid in the winter months. 
The scintillation rate 
(1) Is independent of wavelength. 
(2) Is different for sources of different declination. For Cygnus the rate 
is higher during the winter months. 


\ 


(b) Correlation with Ionospheric Phenomena 

Some difficulty is inevitably encountered in attempting to correlate the 
low altitude scintillations with local ionospheric phenomena. This is illustrated 
--in Figure 9 which shows the ray tracks of the four sources in the # and F layers 
of the ionosphere during the periods of observation in relation to the ionospheric 
recording stations. There are considerable distances between the ray tracks and. 
the nearest stations but the ionospheric condition responsible for the scintillations 
might, however, be expected to be fairly widespread (Section II (e)). We have 


_ # A similar association of high scintillation rate and auroral phenomena is reported by Little 
and Maxwell (1951) and with magnetic disturbances by Hewish (1952). 
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therefore sought correlation between the scintillations of the three northern 
sources and ionospheric data from Brisbane and between scintillations of 
Centaurus and data from Hobart and Macquarie Island. We have used the 
hourly values given in the Ionospheric Predictions, Series D, of the Ionospheric 
Prediction Service of the Commonwealth Observatory. In assessing any indices 
the hourly value nearest to the time of observation and the two values on either 
side have been considered. 


(c) Correlation with Spread F 
Ryle and Hewish (1950), Little and Maxwell (1951), and Mills and Thomas 
(1951) have suggested that the scintillations are associated with disturbances 
in the F layer, in particular with the condition known as spread #. Such an 
association with the low altitude scintillations appears unlikely as the incidence 
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Fig. 9.—Sketch showing sections of the ray tracks of the four sources 

through the # and F, layers (at 100 and 400 km) of the ionosphere. 

These sections refer to the maximum period of observation of the 

sources each day and correspond to a range of altitude of 0 to 12°; the 

dots and crosses are at intervals of 4° altitude. The positions of the 

ionospheric recording stations on the east Australian coast are also 
shown. 


~ 


of spread F' increases rapidly with geographic or magnetic latitude. It can be 
seen from Figure 9 that the ray track of the Centaurus source lies between 
magnetic latitudes of 50 and 60 °S., whereas the ray tracks of the northern 
sources are near latitude 20 °S. in the /’, layer, yet the mean scintillation indices 
for the whole year are practically the same for all the sources. In spite of this, 
correlation was sought between the Centaurus scintillations and spread F at 
Macquarie Island and Hobart but with no result. A negative result was also 
obtained between the scintillations of Cygnus and spread F at Brisbane. How- 
ever, when the analysis was restricted to the three winter months a small 


correlation was found. (Mills and Thomas’s observations were mainly concerned 
with winter months.) 
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(d) Correlation with Sporadic B 
The seasonal and diurnal components in the scintillation index suggest an 
association with sporadic E (see McNicol and Gipps 1951). A day-to-day 
correlation of the two phenomena was examined on the following basis. The 
daily scintillation index was divided into three classes : 


H, high: index 60 per cent. or greater. 
M, medium: index between 30 and 60 per cent. 
I, low: index 30 per cent. or legs. 


Similar classifications were assigned to the sporadic HZ recorded at Brisbane 
(or Hobart in the case of Centaurus) : 


H, high: critical frequency high for the month concerned. 

M, medium: echoes present only part of the time, or critical frequency 
low for the month concerned, or both. 

I, no echoes observed. 


TABLE 4 


CORRELATION BETWEEN CYGNUS SCINTILLATION INDEX AND SPORADIC FH aT 


BRISBANE 
Sporades i : Cygnus Index ee a 
at Brisbane High (H) Medium (M) Low (L) 

igh (EES ee net 57 18 28 

Medium (M) ae 35 31 4] 

Low (LZ) _.. = 27 | 34 | 92 


The results of the analysis of the Cygnus and Brisbane data for the years 
1949 and 1950 are shown in Table 4. The number of correlations is 180 or 50 
per cent. of the total, the number of partial correlations is 128 or 35 per cent. of 
the total, and the number of anti-correlations 55 or 15 per cent. of the total. 
The percentages that would result from pure chance are 34, 40, and 26 
respectively. If we restrict the analysis to the very definite cases of high or low 
indices, thus neglecting cases in which the sporadic H is probably patchy, we 
obtain the results in Table 5 for the four sources. In this table the figures that 
would result from pure chance are shown in brackets. In each case there are 
more than 20 per cent. more correlations than would be expected on the basis 
of pure chance.* The probabilities against the observed results occurring by 
chance are less than 1 in 15,000 for Cygnus, 1 in 360 for Virgo, 1 in 25 for Taurus, 
and 1 in 12 for Centaurus, the lower values being due to the smaller number of 
observations. The high significance of the number of correlations indicates a 
strong connexion between the low altitude scintillations and sporadic #. 


* These figures are the same (or better if partial correlations are included) as those obtained. 
between scintillations at high angles of incidence and spread F by observers in the northern 
hemisphere (Ryle and Hewish 1950; Little and Maxwell 1951). The data for Cygnus were 
examined in periods of 3 months but the percentage of correlations was not found to vary with 
the time of year. 
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(e) The Scintillation Index and the Critical Frequency of Sporadic E 

A comparison between the mean monthly scintillation index for Cygnus and 
two indices describing sporadic # at the time of observation of the source is 
shown in Figure 10. These two indices are the percentage of days in each 
month when sporadic # was observed and the mean critical frequency of the 
sporadic echoes on the days observed. The results are averages for the years 
1949 and 1950. It will be seen that, although the form of the three curves is 
similar, the critical frequency of the echoes is lower in midwinter than mid- 
summer, and the two maxima of the scintillation index curve are about equal. 
The reason for the difference in the relative heights of the maxima is probably 
to be found in the seasonal characteristics of the sporadic HZ. Sporadic # at 
Brisbane has been studied extensively by McNicol and Gipps (1951). They 


TABLE 5 


CORRELATION BETWEEN SCINTILLATION INDICES OF FOUR SOURCES AND SPORADIC # AT NEAREST 
IONOSPHERIC STATIONS 


Cygnus Index Virgo Index 


Sporadic # a - Sporadic # ie = 7 
at Brisbane H ip | at Brisbane | H Z 
H L 7 28 H [289 22 
(34) (50) | (16) | (33) 
L fa > 29 92 L 9 | 53 
| | | 
(50) (70) ; | (20) | (42) 
: | inh = a 
Sporadic H | far iede= Sporadic H | Conteuras Index 
at Brisbane | H 2 at Hobart H L 
i _ 2% aN 
H 18 7 H 8 | 6 
(12) (13) | (5) | (9) 
L 7 20 L | 2 13 
(13) (14) 45) ! (10) 


give an overall picture of the incidence of sporadic EH as showing both seasonal 
and diurnal components, the former with minima near the equinoxes and the 
latter with minima near dawn and sunset, that is, the same as is found for the 
scintillations of the northern sources. They find two distinct types of sporadic E : 
one, predominant in summer, has high critical frequencies and strongly blankets 
the upper layers of the ionosphere, and the other, predominant in winter, has 
lower critical frequencies but does not blanket the upper layers. The summer 
type is present most of the year but only occurs on about one day in four in 
winter and for shorter periods. As there is no blanketing by the winter type 
it must have pronounced lateral irregularities. It is suggested that if one of 
the factors involved in the production of scintillations is the relative retardation 
of two adjacent rays through the H, layer, the winter type with its lower electron 
concentration and more pronounced lateral irregularity might be just as effective 
as the summer type with a more uniform but higher electron concentration. 


GALACTIC RADIATION AT RADIO FREQUENCIES. VI 449 


It is interesting to note that McNicol and Gipps Suggest a possible cor- 
relation between the incidence of spread echoes from the E, and F layers during 
the winter nights. This may explain the slight correlation between the incidence 
of Cygnus scintillations and spread F at Brisbane found for winter nights 
(Section III (e)). 


(f) The Size of the Irregularities in the E Layer 
Other writers have provided fairly satisfactory explanations of the scintilla- 
tion phenomena in terms of a diffraction screen formed by irregularities in the 
relevant layer of the ionosphere. Hewish (1952) has shown that the phase 
deviation of the wave emergent from the screen governs both the amplitude and 
seale of the diffraction pattern on the ground. Determination of the size of the 


MONTHLY MEAN SCINTILLATION INDEX 
DAYS SPORADIC E IS PRESENT (%) 
MEAN f Ey 


JAN. FEB. MAR. APR. MAY JUNE JULY AUG. SEPT. OCT. NOV. DEC. JAN. 


Fig. 10.—The annual variation in the mean monthly scintillation index for Cygnus 


(x ——— x), the percentage of days during the month on which sporadic # is observed 
at the time of the Cygnus observation (o———o) and the mean critical frequency 
(-+-—_-—++) on those days. Jonospheric datum is for Brishane and all data are averages 


for the years 1949 and 1950. 


irregularities in the screen requires in general a knowledge of the lateral extent 
of the phase and amplitude deviations on the ground. For phase deviations 
at the screen of less than 1 radn the scale of the diffraction pattern on the ground 
is the same as that of the irregularities in the screen, but for deviations greater 
than 1 radn the scale of the ground pattern is smaller. In the latter case the 
seale decreases as the wavelength increases.* 

The scintillations result from the relative motion of the ray track of the 
source and the diffraction screen. In our case, as the scintillation rate is 
independent of wavelength between wavelengths of 1 and 5m, we can assume 


* Little (1951) suggests that the diffraction patterns on the ground are similar for a range 
of wavelengths if at the longest wavelength the area over which there is correlation on the ground 
is larger than the size of the first Fresnel zone at the screen. In such a case the scale of the 
pattern on the ground is the same as that of the irregularity of the screen. 
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that the phase deviation at the screen is less than 1 radn over this range. Hence 
if the diffraction theory is applicable to our case the apparent size of the 
irregularities can be deduced from the scintillation rate and the velocity of the 
ray track through the H layer (assumed stationary). The relevant data are 
given in Table 6. The fifth column, obtained by dividing the velocity of the 
ray track by the scintillation rate, gives the apparent size of the irregularities. 
These sizes are much greater than those found by other ionospheric measurements 
and are more of the order of individual clouds of sporadic EF. 


It is reasonable to assume that over the relatively small distances between 
the ray tracks of the three northern sources (of Fig. 9) the true sizes of the 
irregularities would not change by the amounts indicated in Table 6. The 
differences in the apparent sizes can be explained by postulating irregularities 
which are elongated in an east-west direction, or by taking ionospheric winds 
into account, or both. Munro (1950) finds that near Sydney winds of the order 
of 3 to 4 km/min exist in the # layer ; their directions are towards the north-west 


TABLE 6 


RAY TRACKS OF SOURCES AND SCINTILLATION RATES 


Velocity of Ray Track eee (km) 
2 Scintillation Rate 
Source | , Rate (Apparent 
Speed Direction of Travel (min-?) Size of 
(km /min) of Ray Track Irregularities) 
Cygnus 4+] SO soa Ole Wis 1-14 3°6 
Taurus a UP PAD TSE GLE \iYc 1-24 5-8 
Virgo ar a 8-0 10° S. of W. 1-18 6-8 
Centaurus .. 6-1 75° N. of W. 1-80 3°3 


in summer but more towards the north in winter. A wind of 3-5 km/min 
towards the north-west would reduce the discrepancies of Table 6, giving the 
sizes aS 3-8km for Cygnus, 4:9km for Taurus, and 5-3km for Virgo. In 
addition, the change of wind direction towards the north in winter would explain 
the higher scintillation rate observed at that time for Cygnus. However, the 
discrepancy between Centaurus and the other three would be further increased 
by such winds but it is likely that both the size of the irregularities and the 
winds are different in the part of the # region crossed by the ray track of 
Centaurus. 

If the irregularities were in the F layer and Munro’s wind characteristics 
for this layer adopted, the size of the irregularities would average 17 km for 


the three northern sources, that is, much greater than the sizes indicated by 
spaced receiver observations. 


(g) The Decrease of Scintillations with Altitude 
The observed decrease in the scintillation index with altitude is much 
greater than would be expected merely on the basis of the change in the path 
length through the H layer. A similar result has been obtained by Little and 
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Maxwell (1951) and Hewish (1952). On the diffraction theory they suggest 
that up to a certain distance the index would increase with the distance from the 
screen. In our case the change in distance is 2:1 during the period of 
observation. 
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THE RADIO BRIGHTNESS DISTRIBUTIONS OVER FOUR 
DISCRETE SOURCES OF COSMIC NOISE 


By B. Y. MILLs* 
[Manuscript received August 3, 1953] 


Summary 

Brightness distributions have been obtained across the four radio sources, Cygnus—A, 
Taurus-A, Virgo—A, and Centaurus—A, using a two-aerial interferometer of a special 
type in which the aerial spacing and the azimuth angle of the axis may be varied over 
a wide range. Radio isophotes have been constructed for three of the sources from 
these results, making some simple assumptions as to their form. The isophotes bear 
some relation to optical features of the nebulae with which the sources have been 
identified and their radio and optical sizes are similar. The remaining source, Cygnus—A, 
is unfavourably situated for observations from Sydney, and the results are less complete. 


I. INTRODUCTION 

The nature of the discrete radio sources has been the subject of speculation 
since their discovery by Bolton and Stanley (1948). None of the early measure- 
ments gave any hint of their angular sizes which could well have been comparable 
with those of stars. However, some measurements of the positions of three 
of the stronger sources, Taurus—A, Virgo—A, and Centaurus—A, carried out by 
Bolton, Stanley, and Slee (1949) led them to suggest identifications of these 
sources with nebulae of unusual types. Later Mills and Thomas (1951) obtained 
a position for Cygnus—A which was very close to that of another faint nebula, 
although at that time no abnormality in the nebula was suspected. 

The existence of localized sources of radiation with angular extents of the 
order of a degree was then demonstrated by Mills (1952a) and Piddington and 
Minnett (1952), some of whose preliminary results were described by Bracewell 
(1952). Although only one of these sources, Centaurus—A, could definitely be 
associated with a nebula, the large angular sizes of the others indicated a similar 
origin. 

Further accurate position measurements (Smith 1951 ; Mills 1952b) appeared 
to confirm the identifications of the Taurus, Virgo, and Centaurus sources 
suggested earlier, and the position of the Cygnus source was found to be 
practically coincident with that of the faint nebula. Baade and Minkowski 
(1953a) found that this nebula consisted of two galaxies in collision and that the 
interstellar gas had a very high degree of excitation. They also found a peculiar 
and very faint galactic nebula in the position obtained by Smith for the Cassiopeia 
source. 

At this stage it was clear that final evidence for the identifications would be 
agreement between the dimensions of the radio sources and the nebulae. 
Simultaneous attempts were made in Australia and England to construct 
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equipment with the necessary resolving power, of the order of 1’ of are, to 
measure the radio sizes. Because of the high resolving power required, pencil- 
beam aerials were impractical and consequently interferometric methods were 
employed. These attempts were successful at approximately the same time 
and preliminary results have now been described. In England the sources 
Cassiopeia and Cygnus—A were observed by Brown, Jennison, and das Gupta 
(1952) and Smith (1952a, 19526), and in Australia the sources Cygnus—A, 
Taurus—A, Virgo—A, and Centaurus—A,* by Mills (1952c). All five sources 
were resolved and found to have angular sizes comparable with their associated 
nebulae, thus verifying the identifications, but the measurements gave insufficient 
information from which to deduce the shapes and brightness temperatures of 
the sources. 


The present paper gives the results of much more extensive observations 
carried out on the same four sources. They have led to more detailed knowledge. 
The equipment and techniques employed are also described more fully than in 
the preliminary note. It is found that there are certain similarities between 
the radio and optical features of the nebulae. 


Il. THEORY 

The fundamental method of obtaining the brightness distribution across 
a source of radiation by means of interferometer observations was pointed out 
by McCready, Pawsey, and Payne-Scott (1947). By taking a number of observa- 
tions with different aerial spacings along a common axis, it is possible to derive 
the “‘ integrated ’’ brightness distribution over the source, where the integrated 
brightness is the integral of the emission along a line at right angles to the 
projection of the interferometer axis on the source. If the radio isophotes are 
known to be circularly symmetric, this series of observations is sufficient to 
determine the actual surface brightness distribution. If the isophotes are 
central ellipses, it will be shown later that three sets of observations with three 
different interferometer axes will determine the actual brightness distribution. 
For more complex shapes even more sets of observations are necessary. In this 
work three sets of measurements have been made, extensive measurements 
with an interferometer axis at one azimuth angle (east-west) and one or two 
measurements at different azimuths. While there is no certainty that a true 
“radio picture ’’ of a source can be constructed in this way, it is probable that 
valuable information can be obtained by comparing the radio and optical 
pictures. If very much more detailed information is required, pencil-beam 
methods are likely to lead to solutions more efficiently. 


The relation between the aerial spacing, the distribution across the source, 
and the amplitude and phase of the interference pattern is derived in Appendix I. 
It is given by 


1(0)= f "A, COS (@_+27n O)AN, oi... e econ. (1) 
0 


* These sources were designated 19+4, 05+2, 12+1, and 13—4 respectively by Mills (1952a, 
19520). 
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where J(6) is the “ integrated’ brightness distribution across the source, a 
function of angle 0, 7 is the effective aerial spacing measured in wavelengths 
(see below), and A, and o, are the relative amplitude and phase angle of the 
interference pattern. 

The effective aerial spacing 7 is the projection on the wave front of the 
actual aerial spacing. It is related to the actual aerial separation, n’‘, the 
azimuth of the interferometer axis, A, and the zenith angle of the source, Z, by 


naan’ (1=-cos*A sin?@Z)t) Fa ee (2) 


For a source in which a sharp concentration is superimposed unsymmetrically 
on a larger diffuse area, the interference pattern will be the vector sum of two 
components due to the sharp concentration and diffuse area respectively. From 
the Fourier transform equation (1) it will be seen that the amplitude of the diffuse 
area component will fall off rapidly as the aerial spacing is increased ; the sharp 
concentration component will not be reduced in the same proportion. The 
phase difference between these two components also depends on the aerial 
spacing, as well as the relative positions of the two sections of the source. Adding 
these components together, the resulting interference pattern will have an 
amplitude and phase which depend on the aerial spacing. At large spacings 
the diffuse area component will be negligible and the apparent position of the 
source will be that of the sharp concentration. 

Determination of the phase angle ¢, implies the measurement of apparent 
position at each spacing. This could be done only with great difficulty with the 
present interferometer, so each source is assumed to be symmetrical. This 
allows 9, to be put equal to zero in equation (1) and reduces it to a Fourier 
cosine transform. The assumption of symmetry is not unreasonable in view of 
the approximate symmetry of the nebulae associated with the radio sources. 
The same assumption has been made by Stanier (1950) and Machin (1951) in 
their work on the distribution of brightness across the Sun. One effect is to 
concentrate unsymmetrical features of the distribution into the central regions 
so that if the distribution is complex it is very likely that the brightness of the 
centre will be increased at the expense of the outer regions. 

The surface brightness isophotes of a source may be investigated from the 
integrated brightness distributions along various axes. If the isophotes are 
concentric ellipses, then three axes are needed. In the general case for such 
ellipses the shape as well as scale varies along different axes, and a rather com- 
plicated normalizing procedure is required. In this work, however, it is found 
that the observations are consistent with distributions with the same shape but 
different scales along different axes. So the isophotes are assumed to have 
the same ellipticity and orientation. 

The procedure for such a model is as follows. Firstly, for each axis the 
corresponding integrated distribution is used to determine the radial brightness 
distribution B(r) for a circularly symmetrical model. It can easily be shown 
that B(r) is the solution of the Abelian equation 
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For each axis for the elliptical model it can be seen that the value of Br), 
determined by equation (3) for any value of 0, is now the brightness of the 
isophote which is tangential to the line 6=constant. From the distributions 
of B(r) corresponding to three different axes the complete isophotes may be 
constructed, the centre and three tangents to each elliptical isophote being 
known. This procedure is followed through in detail for a particular set of 
observations in Section V (a). 


Machin (1951) has shown that B(r) may be obtained directly from the 
relative amplitude curve by means of a Bessel transform. Here, however, the 
quantity (8) has been calculated first as it involves less assumptions and is 
therefore more fundamental; also it may be obtained with much greater 
accuracy. B(r) has then been calculated from equation (3). An approximate 
solution to this equation has been developed which can be obtained very rapidly 
with an accuracy appropriate to the many assumptions involved. 


The projection of the interferometer base across the source at transit will 
make some angle A’ with the meridian. This angle is given by 


Game (=e A COS 2, esa ct wets eae (4) 


where A is the interferometer azimuth and Z the zenith angle of the source. 


The preceding analysis gives only the relative values of the surface brightness. 
Absolute values are required, however, and it is usual to quote the equivalent 
brightness temperature. At radio frequencies the Planck formula for thermal 
radiation reduces to the Rayleigh-Jeans form which, for constant frequency 
increments, is 

S22 
fly ~ 2k fodQ’ 118) ,0 10.0 Mw DOL! 6) (6, 0. 86.6) wile: Je: 0. le: @ (5) 
where 7, is the central temperature, S is the flux density due to the source, 
k is Boltzmann’s constant, A is the wavelength, b is the normalized value of the 
surface brightness, and dQ is an element of solid angle in steradians. 


III. EQUIPMENT 
Basically the equipment consists of a two-aerial interferometer, comprising 
a large fixed aerial and a small portable aerial, in which the radio-frequency 
connection between the portable aerial and the receiver is obtained by a radio 
link. By this means great flexibility is achieved in the possible placing of this 
aerial and spacings up to 10 km or more may be used. 


The operating frequency of the interferometer is 101 Mc/s. It was chosen 
primarily because equipment of this frequency was available and it results in a 
convenient size for the portable aerial. A photograph of this aerial, which 
consists of two Yagis connected in parallel, is shown in Plate1. The transmitting 
aerials for the radio link are also shown at the top of the vertical pole. The 
battery-operated receiving and transmitting equipment is in the trailer. The 
fixed 101 Mc/s receiving aerial is a broadside array with an area of 50m?. It 
has been described elsewhere (Mills 1952a). 


456 B. Y. MILLS 


A simplified block diagram of the complete equipment from which the 
operation can be followed is shown in Figure 1. Between it and the simpler 
types of interferometers described previously there are several differences which 
require detailed discussion. First is the radio link itself. Both the 101 Me/s 
signal from the radio source, which is converted in frequency before transmission 
in order to avoid interaction effects, and the local oscillator frequency are 
transmitted at a level of about }.W. When these two signals are mixed at the 
receiving end of the link, the original 101 Mc/s signal is reconstructed with its 
phase changed by a constant amount. It is then available for mixing with the 
signal from the fixed aerial to form the interference pattern, although it is not 
practicable to do so immediately for several reasons. 


RADIO LINK 
101 Mc/s SIGNAL pO SSS 101 Mc/s SIGNAL 


FROM RADIO FROM RADIO 
SOURCE SOURCE 


PREAMPLIFIER 


POWER AMPLIFIER CON- CON- LOCAL CON- 
AMPLIFIER 195| VERTOR fii] VERTOR ffsOSCILLATOR|}3q4 VERTOR 
30 30 


AG.C. 
BAND-PASS. 


D.C, SENSITIVE 2c 2 kc 
AMPLIFIER] | DETECTOR] AMPLIFIER] 7} oe ER OSCILLATOR 


Fig. 1.—Block diagram of the complete equipment. Operating frequencies (in Me/s) are 
indicated. 


= 


First, it is necessary to control the propagation times of the signals from 
each 101 Me/s aerial to the mixing point. When these are equal and the radio 
source is in a plane at right angles to the interferometer axis, all the component 
frequencies within the pass band of the equipment arrive at the mixing point - 
in the same phase and the interference pattern will have its maximum amplitude. 
When the propagation times are unequal, the phases of the component frequencies 
will be unequal and the pattern will be reduced in amplitude. The effect becomes 
more pronounced at large aerial spacings, and with a spacing of 10 km it confines 
the response of the interferometer to an angle of about 14° on either side of the 
central collimation plane. The collimation plane may be moved by changing 
the propagation time between one aerial and the mixing point. An analysis 
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of the effect in the case of a sea interferometer has been given by Stanley and 
Slee (1950). When the interferometer axis is east-west, the propagation times 
must be adjusted for equality at each different aerial spacing. When the aerial 
axis is not in an east-west direction, adjustment is required for different declina- 
tions in addition, since the collimation plane must be adjusted to intersect the 
meridian at the zenith angle of the source under observation. The most 
convenient means of obtaining the required variation is by the use of mercury- 
filled acoustic delay lines. It is difficult to construct a mercury line for very 
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Fig. 2.—Some sample records. 


(a) Cygnus-A. Aerial spacing=0-29 km, E.-W., 29.ix.52. 
(b) Cygnus-A. Aerial spacing=1-25 km, E.-W., 29.11.53. 
(c) Virgo—A. Aerial spacing =0-29 km, E.-W., 29.ix.52. 
(d) Virgo—A. Aerial spacing=1-25 km, E.-W., 3.iv.53. 


short delays so that it is necessary to insert a delay in both signal paths. One 
is fixed at 60 psec and one variable from 60 to about 40 psec. Both signals are 
converted from 101 to 30 Mc/s by means of a common local oscillator before 
passing through the lines. This is necessary as the attenuation is excessive 
at the higher frequency. ae 

A difficulty with the use of a radio link is that the amplitude stability is not 
particularly high. Since the amplitude of the interference pattern is a function 
of the individual amplitudes of each signal, it is necessary to stabilize them 

G 
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before mixing. This is achieved by defining the pass band of each signal by two 
identical 30 Me/s filters of approximately 4 Mc/s bandwidth and then amplifying 
each signal to controlled equal levels of about 1 V. This ensures that the noise 
powers generated in each aerial and preamplifier system are equalized, so that, 
if the aerial gains and the noise factors do not vary and there is no other source of 
noise in the system, the overall sensitivity of the equipment will be constant. 
After mixing, the combined signal is rectified immediately without further 
amplification. 

A phase switching system is also employed, operating at a frequency of 
2ke/s. While not essential for the operation of the equipment, it is convenient 
because it is difficult to obtain a very high degree of stability from the automatic 
gain controls. A high switching frequency is desirable because the period of 
the interference pattern is very short with the longer spacings. 

Some sample records obtained with the equipment on different sources 
and at different spacings are shown in Figure 2. 


IV. AccuRAcY 

There are many factors which can affect the accuracy of the relative 
amplitude measurements. For convenience, the sources of error are considered 
under five headings : 

(a) Time variations of sensitivity. 

(b) Characteristics of the portable aerial sites. 

(c) Confusion with other sources. 

(d) Reading errors in the presence of random fluctuations. 

(e) Systematic changes in sensitivity with distance. 

The effect of the first four sources of error is to cause a more or less random 
dispersion of the measured amplitudes about their true values. Examination 
of the results of Section V show that there are no obvious effects of this kind. 
It is estimated that their total effect results in a probable error in the relative 
amplitudes of the Cygnus source of less than 5 per cent. at the closer spacings and 
less than 10 per cent. at the 5 and 10 km spacings. With the other sources the 
probable errors are thought to be less than 10 per cent. 

The fifth source of error is particularly important because any systematic 
reduction in sensitivity as the aerial spacing is increased could result in an 
erroneous claim that a source had been resolved. It is thought that errors of 
this type are negligible. ° 


(a) Time Variations of Sensitivity 

Here are included all those parameters of the system which can affect the 
overall sensitivity at a fixed aerial spacing and which tend to vary with the 
passage of time. They include aerial gain, preamplifier sensitivity, signal-to- 
noise ratio on the radio link receivers, frequency pass bands, automatic gain 
control levels, and the sensitivity of the recorder and its amplifying system. 
The effect of such variables on the sensitivity was checked at intervals by 
returning the portable aerial to a fixed site and observing the amplitude of the 
pattern recorded on the Cygnus source. In the absence of actual equipment 
faults, the maximum range in sensitivity was about 15 per cent., and usually 
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the deflexion was within 5 per cent. of the mean value taken as standard. A 
device was also developed which could be used for testing the overall sensitivity, 
excluding the aerial gain, without moving the portable equipment. It consists. 
of a diode noise generator which is connected to the input of a preamplifier and 
pulsed at the switching frequency of 2ke/s. The switch frequency is then 
adjusted until there is a difference of about }¢/s. The result is a beat pattern 
on the recorder at the difference frequency, the amplitude of which gives a 
measure of the sensitivity of the equipment. 


(b) Characteristics of the Portable Aerial Sites 

Variations in sensitivity at different sites can occur due to differences in 
the ground reflection effects and to differences in the propagation conditions 
over the radio link. Errors due to ground reflections were reduced to a minimum 
by selecting the various sites to be as flat and as free from obstructions as possible, 
and where necessary calculating corrections due to the ground reflected wave. 

Providing the signal-to-noise ratio at the receiving end of the link is high 
it can have no effect on sensitivity. This was usually the case, but in one or two 
instances, particularly with the maximum spacing of 10 km where the signal-to- 
noise ratio was as low as 10 db, a correction had to be applied. 


(c) Confusion with Other Sources 

In addition to the source under observation, the aerials receive radiation 
from a large number of weaker sources. These will affect the relative amplitudes 
at each spacing in a random way. Errors of this type have been discussed by 
Smith (19526), but his suggestion that a large number of observations will enable: 
the error to be eliminated appears to be wrong, for there seems to be no way 
in which the component due to the wanted source may be separated, unless 
phases are measured. 


(d) Reading Errors in the Presence of Random Fluctuations 
A limit to the reading accuracy is set by the random noise fluctuations of 
the recorder, but they become important only when the relative amplitudes are 
low. Signal-to-fluctuation level at 1 km spacing ranges from about 5 for the 
Centaurus source to about 60 for the Cygnus source. A large number of recorder 
oscillations are averaged in every case to reduce this error to a minimum. 


(e) Systematic Changes in Sensitivity with Distance 

There are several factors which could lead to a reduction in sensitivity as 
the aerial spacing is increased. Because of their fundamental nature, errors. 
of this type have received special attention and it is considered that the equipment 
is completely free from them, at least to a spacing of 5 km, and probably to many 
times this distance. Two possible sources of this kind of error in the equipment 
are phase instability, in which the variations in phase are more rapid than the 
recording system can follow, and frequency dispersion. Phase instability due 
to propagation changes and frequency dispersion both cause errors which tend 
to become worse as the length of the radio link is increased. 

Possible phase instability was checked using 101 Mc/s transmissions from-a 
small transmitter, which were received by both aerials and compared in phase 
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at the mixing point. This test was carried out with spacings of 1 and 5 km. 
It was found that in each case there were slow drifts in phase of up to 60° in an 
operating period of about } hr, but that rapid drifts which could probably not 
be followed by the recorder in normal operation had an r.m.s. value of less than 
3°. Because the results were similar on both spacings it is thought that the 
effects originated in the equipment rather than in the radio link. In any case 
they were so small as to have a negligible effect on the amplitude of the 
interference pattern. 

The effect of dispersion was not expected to be important both because of 
theoretical considerations and because of practical experience with pulsed 
transmission systems. It was tested at the 5km spacing by replacing the 
4 Me/s filters defining the pass band of the equipment by filters with a bandwidth 
of about 140 ke/s. If dispersion were present and the total output power from 
the receiver were kept constant, the amplitude of the interference pattern due 
to a source would be increased with the narrower bandwidth. There was no 
significant difference in the amplitudes so that the effect of dispersion can be 
ignored. 

A further possible source of error of this type could be due to the presence of 
ionospheric irregularities. As far as the effects of the irregularities are understood 
at present, however, it does not appear likely that they could produce any 
systematic effect. This was confirmed when observations were being made on 
the Cygnus source with spacings of both 5 and 10 km, when some records were 
steady in both phase and amplitude while others showed the same sorts of 
fluctuations as are commonly observed with closer spacings. Only the steady 
records were used to obtain the relative amplitudes of the source. 


Finally, at the longer spacings the period of the interference pattern becomes 
so short (approximately 5 sec at 10 km) that allowance must be made for a 
reduction in the response of the recording system. This was overcome to a 
certain extent by using a shorter integrating time constant at these spacings. 
Values used were 2 sec out to 1-5 km and 3 see for the 5 and 10 km observations. 
‘The necessary small corrections were then calculated. 


V. MEASUREMENTS AND ANALYSIS 

Observations were made on the sources Taurus—A, Virgo—A, Centaurus—A, 
and Cygnus—A with nine different spacings in an east-west direction ranging 
from 60 m to 10 km and with three spacings at other azimuths. The east-west 
observations were sufficiently numerous to obtain distributions in that direction 
with an accuracy appropriate to the assumption of symmetry. Of the other 
observations one set has been made at an azimuth of 164° (east of north) and a 
spacing of approximately 1km and the other two at an azimuth of 24° and 
spacings of 1 and 2km. These are adequate to orient the major and minor 
axes of the sources approximately without giving very much information about 
their distributions in these directions. A few more observations would have been 
desirable, but the necessity of concluding the investigation within a definite 
time limit prevented any further observational work. The measurements on 
each source and their analysis will now be considered in turn. 
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(a) Taurus—A 
The observations on this source are given in Table 1 ; also given is a measure- 
ment made with a different interferometer (Mills 1952b) at a close spacing of 


60 m which sets an upper limit to the value of the relative amplitude at this 
spacing. 


TABLE 1 


OBSERVATIONS OF THE RELATIVE AMPLITUDE OF TAURUS—A WITH DIFFERENT AERIAL 
SPACINGS AND AZIMUTHS 


Azimuth of Aerial Relative 
Interferometer | Spacing n Amplitude 
Axis (km) (wavelengths) 
90° 0-06* 20 <1-06 
0-29 100 1-00 
| 0-50 168 0-79 
0-79 265 0:77 
1-02 344 0-55 
1-25 420 0:47 
1-54 518 0-35 
5°35 1800 iT 
10-01 3400 if 
164° 0-94 192 0-72 
24° 1-01 219 0:87 
2-10 455 0-53 


* Observations made with different equipment. 


+ The amplitude of the interference pattern was less than the noise fluctuations 
of the equipment. The relative amplitude is less than about 0-1. 


These values are plotted in Figure 3 (a) and a smooth curve drawn through 
the east-west points to give the amplitude-aerial spacing spectrum. Inspection 
of the points obtained in the other directions shows that the source is not 
circularly symmetric as its apparent extent is less when measured at the 24° 
azimuth (since the amplitude falls off less rapidly). 


© AZIMUTH 24° 10 

® AZIMUTH 90° 

& “@ AZIMUTH 164° 
. 
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° 200 400 600 (o) 2:0 4:0 (o} 2:0 40 
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Fig. 3.—Taurus—A. 


(a) Amplitude-spacing spectra. 
(b) Integrated brightness distribution, H.-W. 
(c) Maximum surface brightness distribution, E.-W. 
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In Figure 3 (b) is shown the integrated brightness distribution obtained 
from equation (1) by putting ¢, equal to zero. The effective size defined before 
(Mills 1952c) as the angle between the half-brightness points on this curve is 
4-0’. In Figure 3 (c) is shown the equivalent radial brightness distribution 
derived from equation (3). There is little difference between this and the 
integrated brightness distribution. 

The shape and orientation of the isophotes may be estimated from the 
Measurements made in the other directions. There is insufficient information 
to construct the brightness distributions in these directions with any accuracy, 
so the assumption is made that the shapes of the distributions are the same in 
all directions. This places the further restriction on the isophotes that they 
should have the same ellipticity ; it is consistent with the two observations 
at an azimuth of 24°. The isophotes may now be constructed. From equations 


5. 


Fig. 4.—Construction of the half-brightness isophote of 
Taurus—A. 


(1) amd (3) and the description of method already given it will be seen that the 
relative separation of the extremities of an isophote in any direction is inversely 
proportional to the abscissae of the intersections of the appropriate amplitudé 
spectrum curve with any convenient ordinate. An ordinate of A,—0-7 has 
been chosen, giving intercepts at n=265 for the east-west distribution, 7 =210 
for an azimuth of 164°, and n=330 for an azimuth of 24°. 

Taking the half-brightness isophote as the most suitable one to construct 
as it is least sensitive to variations in the amplitude spectrum, the separations 
of the extremities of the isophote in these directions become 4-3’, 5-4’, and 
3-5’ respectively. The position angles corresponding to the above azimuth 
angles are then calculated from equation (4), and in Figure 4 the extensions are 
drawn at right angles to the position angles and the elliptical isophote drawn 
tangentially to these enclosing lines. The isophote has a size of 54 by 3h’ 
with the major axis in position angle 140°. 
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The average central equivalent temperature of the source may now be 
estimated. On the basis of the dimensions above and the brightness distribution 
of Figure 3 (c), and by applying equation (5), this temperature is found to be 
4x10°°K. Actual temperatures could exceed this by large amounts because 
a fine structure could exist and not be revealed by the present observations. 
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Fig. 5.—Virgo-A. 
(a) Amplitude-spacing spectra. 
(6) Integrated brightness distribution, E.-W. 
(c) Maximum surface brightness distribution, E.-W. 


(b) Virgo-A 
The Virgo source has been treated similarly. The observational results 
are collected in Table 2 and the amplitude spectrum and the integrated and 
surface brightness distributions are plotted in Figures 5 (a)-(c). The east-west 
effective size is 4-6’. 
TABLE 2 


OBSERVATIONS OF THE RELATIVE AMPLITUDE OF VIRGO—A WITH DIFFERENT AERIAL 
SPACINGS AND AZIMUTHS 


Azimuth of Aerial Relative 
Interferometer Spacing n Amplitude 
Axis (km) (wavelengths) 
90° 0- 06* 20 <1-06 
0-29 100 1-00 
0-50 168 0-85 
0-79 265 0-67 
1-02 344 0-42 
1-25 420 0-30 
1-54 518 0:24 
5-35 1800 if 
10-01 3400 + 
164° 0-94 226 0-88 
24° 1-01 252 0-57 
2-10 525 0:31 


* Observation made with different equipment. 
+ The amplitude of the interference pattern was less than the noise fluctuations 
of the equipment. The relative amplitude is less than about 0-1. 


In obtaining the dimensions and orientation of the half-brightness contour 
there is a little difficulty, as it appears from the amplitude spectrum that the 
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distribution with the 24° azimuth is slightly different from the east-west 
distribution, showing a sharper concentration towards the centre and wider 
skirts. However, the difference barely exceeds the accuracy of the observations 
so that the distributions have been assumed to be identical and the half-brightness 
ellipse drawn as before. The size is then 5 by 2’ with the major axis in position 
angle 50°. 

An estimate of the average central equivalent temperature gives 4 x10® °K. 
Again the presence of fine detail could result in much higher temperatures. 
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Fig. 6.—Centaurus—A. 
(a) Amplitude-spacing spectra. 
(6) Integrated brightness distribution, E.-W. 7 
(c) Maximum surface brightness distribution, E.-W. 


(c) Centaurus—A 

This source presents special difficulties, as it has already been shown that 
it has a complicated distribution consisting essentially of an extended source of 
large angular size with a strong concentration near, but not coincident with its 
centre.* It is now found in addition that the amplitude spectrum of the complex 
object has puzzling features. 

In order to construct the east-west spectrum as accurately as possible, 
the present observations were supplemented by the results of two observations 


* Reported by J. G. Bolton at U.R.S.I. General Assembly 1952. 
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with different equipments, (i) interferometer observations with a spacing of 
60 m and (ii) an observation of the total intensity of the source obtained with the 
pencil-beam aerial described by Mills and Little (1953). The results of the 
observations are given in Table 3, and the amplitude spectra and the integrated 
and surface brightness distributions in Figures 6 (a)—(c). 


An inspection of Figure 6 (b) reveals that over a small angle the derived 
integrated brightness is negative, which is a physical impossibility. The 
amplitude spectrum of Figure 6 (a) would therefore appear to be incorrect. A 
possibility that suggests itself is that the amplitudes at n =420 and n=518 could 
be negative, since no check is kept on their phases. A smooth curve could then 
be drawn through the points again, but this would lead to negative excursions 


TABLE 3 


OBSERVATIONS OF THE RELATIVE AMPLITUDE OF CENTAURUS-—A WITH DIFFERENT 
AERIAL SPACINGS AND AZIMUTHS 


Azimuth of Aerial Relative 
Interferometer Spacing n Amplitude 
Axis (km) (wavelengths) 
90° o* 0 2-80 
0-021 7 2-30 
0-060* 20 1-50 
0:29 100 1-00 
0-50 168 1-20 
0-79 265 0:80 
1-02 344 0-33 
1-25 420 0-33 
1-54 518 0-40 
5-35 1800 T 
10-01 3400 T 
164° 0:94 313 0-40 
24° 1-01 337 0-92 
2-10 700 0-40 


* Observation made with different equipment. 
+ The amplitude of the interference pattern was less than the noise fluctuations 
of the equipment. The relative amplitude is less than about 0-2. 


of brightness of much larger amplitude and is therefore unlikely to be correct. 
Some such anomaly is not surprising, however, as symmetry has been assumed 
and it may not exist. The result is salutary in demonstrating the errors which 
may arise owing to such an assumption. Another reason may be the omission 
of components due to spacings between 1-5 and 5 km, which could be appreciable. 
Because of the above anomaly the radial brightness distribution curve has been 
drawn only over the central concentration. 

Two comparatively reliable results which can be obtained from the curves 
are that approximately 45 per cent. of the total energy of the source is in the 
central concentration and it has an effective size east-west of 5’. The effective 
size of the extended portion is difficult to estimate but it is of the order of 1}°. 
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An attempt has also been made to construct the half-brightness isophote 
of the central concentration and estimate the central temperature as before. 
The same assumption of spectra of similar shapes in every direction is made 
which is consistent with the observed points. The size of the ellipse is then 
64 by 3’ with the major axis in position angle 130°. While the accuracy is not 
expected to be very good, it seems quite clear that the extension of the source 
measured with an azimuth of 24° is much less than in the other directions. 
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Fig. 7.—Cygnus—A. 
(a) Amplitude-spacing spectrum. 
(6) Integrated brightness distribution, E.-W. 
(c) Maximum surface brightness distribution, E.-W. 


Estimates of the equivalent temperatures give 4 x10° °K for that of the 
central concentration and a value of the order of 3 x104 °K for the brightest 
portions of the extended source (on the assumption of circular symmetry in the 
latter case). 


(d) Cygnus—A 
The observations on this source are tabulated in Table 4. Only the east-west 
observations are given as no significant changes in amplitude were detected in 
the other directions. This is not surprising as, with the large zenith angle of 
the source at Sydney, the effective aerial separations in these directions as given 
by equation (2) are very small. 


TABLE 4 
OBSERVATIONS OF THE RELATIVE AMPLITUDE OF OYGNUS—A WITH DIFFERENT 


SPACINGS IN AN EAST-WEST DIRECTION - 
Aerial Relative 
Spacing n Amplitude 
(km) (wavelengths) 
0:29 100 1-00 
0-50 168 1-00 
0-79 265 0-98 
1-02 344 1-00 
1-25 420 0-93 
1-54 518 0-83 
5-35 1800 0-33 
10-01 3400 0-06 
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In Figure 7 (a) these points are plotted and a smooth curve is drawn through 
them. There are insufficient observations at large spacings to define this curve 
with certainty, and indeed it could well cross the zero axis several times. How- 
ever, aS drawn, it possesses the same features of a comparatively rapid initial 
fall and a long “ tail’? which is characteristic of the spectra of the other sources 
and in addition it is physically plausible. 


The integrated brightness distribution I(@) and the surface brightness 
distribution B(r) are shown in Figures 7 (6) and 7 (c) respectively. From the 
latter curve can be calculated an average central equivalent temperature of the 
source on the assumption of circular symmetry. It is equal to 6 x108 °K. 
Since the observations of Brown, Jennison, and das Gupta (1952) have shown 
that the Cygnus source is decidedly elongated with its longer axis not far from 
the east-west direction, the actual temperature is likely to be several times this 
value. Also it should be pointed out that the observations have been taken 
only to a distance of 10 km, so that the possibility of finer detail in the brightness 
distribution should not be overlooked. 


VI. DISCUSSION 


In Section V a certain amount of information about the properties of the 
sources was extracted from the observations. It now remains to consider these 
properties in relation to the nebulae with which the sources are identified and 
to try to draw some general conclusions. Various properties of the sources and 
related nebulae are tabulated in Table 5. A large part of the information 
concerning the nebulae is due to Baade and Minkowski (1953a, 1953). 


A further comparison between the Taurus, Virgo, and Centaurus sources 
and their respective nebulae is shown in Plate 2, where photographs of the 
nebulae are compared directly with ‘‘ radio pictures ”’ of the sources constructed 
from the data derived in Section V. While there is no particular reason why 
the radio isophotes should agree with optical features of the nebulae, it is clear 
that there are marked similarities, especially for two of the sources. The 
sources will now be discussed in turn. 


First consider the Cygnus source and its associated nebula. Baade and 
Minkowski describe the nebula as having a bright central region of about 3 by 5” 
surrounded by a much larger fainter part of elliptical outline, about 18 by 30” 
with the major axis in position angle 150°. From Figure 7 it is seen that the 
radio source has an effective size in an east-west direction of about 45”. This 
is larger than the nebula but of the same order of size. Baade and Minkowski 
have shown that the nebula consists of two galaxies in collision, so presumably 
it is the excited interstellar gas which is responsible for the radio-frequency 
radiation, and it is not surprising that the gas should extend beyond the visible 
nucleus. Since it is unlikely that the temperature of the gas could rise as high 
as 6 X108 °K or more as the result of a collision, it is probable that a non-thermal 
origin must be invoked for the radiation. This is also indicated by the spectrum 
of the source (Stanley and Slee 1950) which could not be yroduced by thermal 
emission from a hot, optically thin gas. 


468 B. Y. MILLS 


The Taurus source can be compared with its associated nebula, the Crab 
nebula, in rather more detail, as there is more information concerning the radio 
source and the nebula has been the subject of extensive investigations. Here 
the optical and radio shapes are very similar. It is well known that the nebula 
consists of an amorphous mass of gas at a temperature which has been estimated 
as 50,000 °K (Minkowski 1942), together with a filamentary network. From 
the radio observations it is impossible to decide which of these features is 
responsible for the radiation, although it appears likely that it originates over 


TABLE 5 
A COMPARISON BETWEEN THE RADIO SOURCES AND THEIR ASSOCIATED NEBULAE 


Radio source Taurus—A Virgo—-A Centaurus—A | Cygnus—A 
Nebula NGC 1952 NGC 4486 NGC 5128 — 
Nebula type Galactic, Bx t rte, =< Es tera hie tae 
Supernova galactic, galactic, galactic, 
remnant Ky Peculiar Two galaxies 
in collision 
Magnitude | Radio m,* 3-4 3-8 3-4 1-3 
Photographic mp 9-0 9-9 7-2 17 
Radio source— 4-0’ 4-6’ 5-0’ 45” 
effective size E.-W. 
Angular Radio source 54 by 33’ 5 by 24’ 634 by 3’ 45” 
size (4 brightness) (Central 
concentration) 
Nebula (approx.) 6 by 4’ 5 by 5’ 6 by 6’ (to 30 by 18” 
4 brightness) 
Radio source 140° 50° 130° — 
Position Nebula 120° — — 150° 
angle Abnormal features — A “jet” at Obscuring — 
of nebula 290° band at 135° 
Central equivalent brightness w4x108°K | 24x108°K | 24x108°°K | >6x108 °K 
temperature of radio source 


* The magnitude system of Brown and Hazard (1952) is used here, i.e. m R=—53:4—2:-5 log, S,. 
where S is the flux density in W_m- (c/s)-1. 


the whole space occupied by the nebula. 


The central temperature of the source 


seems far too high to be explained in terms of thermal radiation from the mass 
of gas, although Stanley and Slee (1950) suggest that the spectrum is compatible 
with such an origin. However, the latest results of Stanley, Slee, and Bolton 
(personal communication) contradict the previous results and suggest a spectrum 
more like that of the other sources. It seems probable that a non-thermal 
process is operative in the gaseous mass of the nebula as also appears likely in 
the case of the Cygnus source. 

The nebula NGC 4486 which is associated with the source Virgo—A is 
very peculiar. It appears to be a typical E, galaxy which has the unique feature 
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Subsequently the receiving Yagi aerials were 
avoid troublesome 


The portable aerial and associated equipment. 
removed to a distance of about 10m from the transmitting equipment to 
interaction effects. 
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of a bright strip or ‘“ jet’ of unknown composition crossing the nucleus at a 
position angle of about 290°. This jet is not visible in the photograph in Plate 2. 
Neither the nebula as a whole which is circular nor the jet which has a visible 
extent of only about 20” of are and is nearly at right angles to the major axis 
of the radio source agrees precisely with the shape of the source. However, the 
length of the major axis of the source is of the same order as the overall diameter 
of the nebula so that it appears likely that the radio emission is associated with 
the nebula as a whole rather than with the jet, although, with the present 
observations, the possibility that the radiation is produced by an irregular line 
source contained within the region of the assumed elliptical isophotes cannot be 
excluded. 

The central concentration of the Centaurus source appears to be definitely 
associated with the central portion of the galaxy NGC 5128, and in particular 
with the obscuring band which crosses the galaxy. Since we might expect to 
find a concentration of gas in this region it would appear that this source also, 
along with Cygnus, Taurus, and possibly the Virgo sources, could have its origin 
in interstellar gas ; and again the temperature seems too high and the spectrum 
unlikely for a thermal origin. The extended source is rather more of a puzzle, 
but de Vaucouleurs (personal communication) has found that the nebula extends 
to a radius of at least 50’ so that an association between the extended source 
and the outer regions of the nebula is not unlikely. 

In conclusion it might be pointed out that the surface brightness temper- 
atures of three of the sources are similar, suggesting a possible origin in similar 
processes carried on at about the same level of intensity. The exceptionally 
high surface temperature of the Cygnus source is not surprising in view of the 
extreme effects which might be expected to occur in such a rare event as the 
head-on collision of two galaxies. 
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APPENDIX I 
Calculation of the ‘* Integrated’’ Brightness Distribution 

For a point source the normalized response of an interferometer in a direction 

near the collimation plane is given very closely by 
R(n,0) =cos(27n8), 

where n is the effective aerial spacing in wavelengths and 0 is the angle between 
the source direction and collimation plane. 

For a distributed source of “ integrated ”’ brightness J(0), the response is 
obtained by applying F& to J thus, 


G(n,&) = | 1(0) R(n,6 —€)d6. 


The integration is carried out over the primary aerial beam, but, since the angle 
of this beam is very much greater than the angular width of J(0), the integration 
limits may be made infinite without sensible error. We then have, 


+ 0 


G(n,€) = | 1(8) cos (2nn0 —E)d0. 


Introducing complex notation, 


+ 0 
A, exp (—ig,) exp (—i2nn&) -| I(9) exp (i2xn0 —é) dO, 
where A, is the relative amplitude and 9, the relative phase of the interferometer 
output. 


~ 


Eliminating exp (—i2mn&) we have 


+ 0 
A,, exp (—ie,) =| I(9) exp (i27n6)d0, 


whence 
+0 
I(0)= A,, exp (—i¢,) exp (—i2nn8)dn 


=2| a Cos (~, +270) dn. 


Only relative values of Z(8) are used in the analysis, so that the factor 2 may be 
omitted. 


FLIGHT CHARACTERISTICS OF EXPANSIBLE BALLOONS 
J. F. Darsy,* V. D. Hopper,* JEAN BE. Lapy,* and A. R. W. WILson* 
[Manuscript received September 11, 1953] 


Summary 


A general study is made of the factors governing the flight of rubber balloons for 
cosmic ray research, and a brief account is given of the methods that have been used to 
obtain long exposures at great heights. The results of incidental upper air wind 
observations in Victoria over a period of 18 months are included. 


I. INTRODUCTION 

Cosmic radiation investigations are being carried out at the Melbourne 
University by studying nuclear emulsion photographic plates which have been 
exposed to the radiation at high altitudes. It is desirable that the plates should 
spend a long time at altitudes greater than 80,000 ft and, moreover, have a 
high probability of being recovered. 

Non-expanding balloons made of thin plastic sheet stabilize at a height 
fixed by their size and load and hence can give long exposures. However, such 
balloons are expensive and difficult to launch and all our work has been done with 
relatively inexpensive rubber balloons. Such a balloon inflated and sealed at 
the ground will rise at a nearly constant rate until it bursts. The present 
paper discusses the behaviour of these balloons together with methods of 
achieving long flights and improving recovery probabilities. 


II. RATE OF RISE 
For values of Reynolds number met in balloon flights, the resistance to a 
rising balloon is determined by the transfer of momentum to the air (Gibson 
1923) ; then for a spherical balloon of radius 7, rising at a speed ¥, the free lift 
in gravitational units is equal to the air resistance. 
age OU To) yess ayale, idee @ «Bhonsle (1) 
where the drag coefficient k is a dimensionless quantity whose value depends 
on the Reynolds number R, zr? is the cross-sectional area of the balloon, and 
o is the density of the surrounding air. 
If G is the gross lift, then the speed v is proportional to 
YALA hn Oat wee aN ERO IT (2) 
It follows, as Mallock (1907) has shown, that a spherical balloon should rise 
at a speed proportional to the inverse sixth root of the density of the air sur- 
rounding it. Clarke and Korff (1941) have derived the equivalent result that 
the speed is proportional to the square root of the balloon radius. 


* Physics Department, University of Melbourne. 
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Figure 1 shows some properties of the standard atmosphere of the Inter- 
national Committee for Air Navigation (Aeronautical Research Council 1952). 
Curve A shows the density relative to ground p/p, and curve B shows (¢/99)*/®, 
as functions of height. Integrating curve B (Fig. 1) gives the height reached by 
a balloon as a function of vt, where v is the initial speed, and ¢ the elapsed time, 
provided k remains constant. 
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Fig. 1—Curve A, density relative to ground o/p,; curve B, 

(p/po)!/®; curve C, 10-5 RF-! gram? (R=Reynolds number, 

F =free lift) plotted against height for I.C.A.N. standard atmos- 
phere. 7 is the tropopause. 


~ 


Above a certain critical value of R, k is fairly constant and has a value 
near 0-1; at the critical value of R it increases suddenly and for lower values 
of R has a value k’ near 0-2-0-3. Therefore, if R decreases to the critical value 
during the flight, the resistance will increase suddenly and the speed will fall 
in the ratio of the square roots of the values of k. 

Now Reynolds number 

R=rve/7 
==(Qoll mkv") 2 wee eee ae (3) 
where 7 is the viscosity of the air and for balloons of common size R lies between 
104 and 10° and decreases as the balloon rises. From relation (3), in the strato- 
sphere where 7 is constant RF is proportional to o?. 
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Figure 2 shows the height v. time variation for a flight of a 2000 g balloon 
with a load of 1000 g and a free lift of 1000 g. The points are heights calculated 
from observations made with two theodolites and the curve is the theoretical 
height-time variation for an initial speed of 1100 ft/min. At 53,500 ft there is a 
. sudden change of speed by a factor 0-6; this corresponds to a change of k in 

the ratio 0-36 which agrees with the values found by Ewald, Péschl, and Prandtl 
(1923) in wind tunnel experiments. However, later work (Goldstein 1938) 
has shown fairly wide variations in k/k’, values between 0-4 and 0-2 being found, 
and also in the critical value of Reynolds number which varies from 10° to 10°. 
In Figure 1 curve C, R/F!=(go/xkn?)! is plotted for k=0-1; at 53,500 ft with 
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Fig. 2.—Flight of a 2000¢ balloon. Solid line shows theoretical 
height with k changing by 1/0-6 at 53,500 ft ; crosses are observed 
heights. Dotted line shows expected height if k does not change. — 


free lift 1000 g the calculated critical value of R is 1-5 x10. Two other flights 
that have been analysed in detail have given speed changes by factors of 0-7 
and 0-9 at Reynolds numbers of 1-9 x10° and 1-6 x10° respectively, which are 
in the range mentioned above. The result of this investigation has therefore 
shown that a variation of rate of rise does occur in flights with these large balloons 
which is in general agreement with theory. For most purposes the standard 
method of assuming a constant rate of rise is sufficiently accurate. 


Ill. Excess PRESSURE IN SPHERICAL BALLOONS 
Owing to the tension in the rubber, the pressure inside a rubber balloon 
exceeds the external pressure when the diameter is greater than the flaccid 


H 
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diameter. This excess pressure must not be neglected when considering the 
small free lifts required for nearly stabilized balloons at great heights. If it is 
assumed that Poisson’s ratio for the balloon rubber remains at 0-5 and Young’s 
modulus stays constant throughout the expansion of the balloon, then the excess 
pressure Ap at radius r is given by 


Ap—0, for n<l, 
Ap =(OM |r)(n—1)/n’, Oren 15. Keene eee (4) 


where 7,=flaccid balloon radius, 
n=r|T py 
M=mass of balloon rubber, 


C=constant depending on the elastic moduli of the rubber and its 
density. 


1 2 3 4 


RELATIVE EXTENSION,n 


Fig. 3.—Ratio of excess pressure to its maximum value as a function 

of relative extension n. Squares are experimental values for a 700 g 

balloon, crosses for a 2000g balloon. Dotted curve theoretical 

values from equation 4. Apmax.=18-3 mm H,0 for 700 g, 7-9 mm 
H,O for 2000 g. 


Figure 3 compares the variation of excess pressure obtained from the 
above expression with experimental values for two sizes of ‘‘ Beritex ’’ balloons 
made by the Guide Bridge Rubber Company. The excess pressures were 
measured with a micrometer water manometer. As might be expected from 
the assumptions used in its derivation, relation (4) does not usefully represent 
the variation of excess pressure with relative inflation, particularly in that it 
fails to predict a further rise after the initial maximum. 


Vaisala (1937) has previously measured the excess pressure variation inside 
balloons of less than 70 cm flaccid diameter. He found that the excess pressure 
Ap is given by 


Ap =20,P(n) |r a setae: eae eee pe (oa) 
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where d, is the thickness of unstretched balloon rubber. P(n) is characteristic 
of the rubber and is a complicated function empirically determined to be given. 
by 

P(n)=(t/n*) exp [a(n—1)—b/(n—1)], .......... (5b) 


t, a, and b and hence the shape of the excess pressure curve are constant for all 
balloons made of the same rubber. This agrees with our experimental results. 
since curves of Ap/(Ap)max. for the 700 and 2000 g balloons coincide (Fig. 3). 
Both relations (4) and (5) give the ratio of the excess pressures at the same 
relative extension of two balloons made from the same rubber as 
Ap, s M, (2). 


Ap, M, 
For the balloons used in the present experiment this gives 


AP 2000 & 9.49. 
AP 70 & 


The experimental value was 0-44. 


IV. HEIGHT STABILIZATION OF RUBBER BALLOONS 

In order to keep a balloon at great heights over long periods, it is necessary 
that its free lift be made very close to zero at the required height. Because of 
the excess pressure inside a rubber balloon its free lift is not quite independent 
of height but diminishes slowly. This effect can be used to fix the ceiling height 
of a balloon by giving it a small initial free lift which can be calculated by 
reference to Figure 3 and is reduced to zero at the required ceiling height. 
However, the initial free lift needed to do this is small (~40g for a 
700 g balloon +400 g load to stabilize at 80,000 ft) so the rate of rise would be 
very slow and the time necessary to reach the proposed ceiling height might 
exceed the balloon’s life, or the wind might take it out of sight before the ceiling 
height is reached. Also it is difficult to set the free lift accurately to the required 
value. A fairly rapid rise to the ceiling is wanted and the free lift must then be 
removed. We have tried to do this in the following ways : 


(i) A commonly used method is to have strings of balloons which burst in 
succession until the free lift becomes negative; then the remaining balloons. 
carry the load slowly back to ground. With this method there is always some- 
thing to sight on and to mark the load after falling, but one cannot know how 
much rubber from the burst balloons will remain as load. This is serious when 
few balloons are used. 

(ii) The disadvantage of method (i) can be overcome by placing one balloon 
inside another. Then when the outer one bursts, the inner one is left unen- 
cumbered. This restricts the size of the load to what can be forced through the 
neck of a balloon ; also it was found that there was a danger of the inner balloon 
bursting at the same time as the outer one. 

(iii) Another way to separate two balloons completely is to use a release 
mechanism, operated by a clock, and then the load can be bulky. In practice, 
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the clock was set so that when the pair of balloons had reached about 70,000 ft 
the upper one which had provided most of the lift was disconnected and the 
lower balloon, which carried the plates, rose more slowly until it burst. In 
methods (ii) and (iii) the free lift of one of the balloons must be set so as to havea 
low value at the ceiling, and this was found to be difficult to arrange in practice. 


(iv) A simple way to remove the excess free lift at a preset height is to 
release the corresponding amount of gas by means of a valve operated by a 
string attached across a diameter (Hopper and Wilson 1953). A wide tube is 
inserted in the neck of the balloon ; we have found a diameter of 14 in. satis- 
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Fig. 4.—Flight of a 2000 g balloon with string-operated valve. 


factory. A valve rests on top of the tube and a string from the valve is attached 
to the opposite end of the diameter of the balloon. When the balloon reaches a 
height at which the string becomes taut the valve opens and gas is released until 
the gross lift equals the load. Figure 4 shows a height-time curve for a flight 
of this kind. 


(v) Any levelling-off process prevents the balloon from reaching its 
maximum (bursting) height. If maximum height as well as a long flight is 
wanted, the balloon must retain a small positive free lift. This can be achieved 
by first using the levelling-off process described in (iv) with a length of string 
such that the balloon levels off at a diameter below its bursting diameter. 
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When the balloon has levelled off, a clock closes the valve and then drops a 
small weight. This will cause the balloon to rise again until it reaches its 
bursting diameter or until the tension in the rubber causes it to level off at a 
new height. 

This new height can be found in the following way. Assuming that the 
balloon has levelled off at a radius 7,, pressure p,, and gross lift G, equal to the 
total load, then 

G,= Srr,%(e8 — eB), 
where p+ is the density of the air at pressure p,, 
ef is the density of hydrogen at pressure p,. 
The pressure of hydrogen is in fact (p,+Ap,) but Ap,<p, at all heights con- 
sidered. If the valve is now closed and a small weight dropped, the load is. 
changed to G,, and the balloon will stabilize at a new pressure level p,, with 
radius 7, such that 


4 
Gy=g7Fo*(P3 —P2)s 


where p4 and pf are densities at the new pressure. 
Then 
Giaty et — eT Bes rot _ 7 PP py 
Ga ihe o, =p, t2'ps _ ST pe 


where 7,, F, are temperatures at the two heights. 


Now considering the hydrogen 


(p, +Ap,)r3/T,=(P2+AP o)r9?/L 2. 
Substitute in (7) 
(py +Apy)T'o/(P2+Ap2)Ty =E pF o/Gip oT, 
or 
Ap »/P2=G,(1 +Ap,/P1)/G2—1. 


From Figure 3, Ap is approximately constant for n>2. Hence 


Po=Ap,/[G,(1 +Apy/p1)/G2—1). 


Loss of gas through expanded pin-holes which sometimes occurs in balloon: 
rubber has so far prevented us from stabilizing a balloon at a new height after 
dropping a weight. 


_ V. TRACKING 
We have followed balloons usually by the double theodolite method and 
occasionally, through the courtesy of the Commonwealth Meteorological Branch, 
by radar. On good days balloons can still be seen 90 miles or so away, though. 
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they would usually be lost in haze at much shorter distances. To follow a 
complete flight it is desirable that the balloon should not recede more than about 
50 miles. Fortunately it has been found that the wind structure in Victoria in 
clear weather in spring and summer often allows this. Figure 5 shows average 
‘winds that we have observed in flights over a period of 18 months. We have 
plotted westerly and southerly components and standard deviation following 
Brooks, Durst, and Carruthers (1946). The easterly component above 70,000 ft 
during spring and summer has also been observed by the Commonwealth 
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Fig. 5.—Seasonal mean winds and standard vector deviations as functions of height. 


Meteorological Branch over South Australia (Trefry, personal communication 
1952) and a similar pattern by the New Zealand Meteorological Service over 
Nandi and Auckland (Porter 1952). 


Often from 20,000 to 60,000 ft the wind is between SW. and W. and above 
70,000 ft between E. and NE., so the rising balloon travels east and returns. 
A stabilized balloon may remain so long in the easterly wind at its maximum 
height that it travels further than it did in the stronger westerly below. Figure 6 
shows the path followed by the balloon in the flight shown in Figure 4. The 
dotted part is deduced from the wind structure disclosed by the observed part 
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of the flight. This return also helps recovery, as eastern Victoria is mountainous 
and thinly populated. Even so it is best to attach a marker that is easily seen 
and looks strange enough to attract the passer-by. A sphere made of a light 
frame covered with aluminium foil was first introduced by Mr. G. R. Trefry 
of Commonwealth Meteorological Branch and is quite suitable. In sunshine 
it can be distinguished several miles away and the recovery rate in Victoria since 
using such markers has been 29 out of 33 balloons, whereas previously it was 
25 per cent. 


Fig. 6.—Ground projection of track of a balloon, stabilized by a valve, released at A, 
observed to B, and found at C. Solid curve is observed path, dotted curve path deduced 
from observed winds. Graduations on curve are times from release in minutes. 


VI. ACKNOWLEDGMENTS 


The work described in this paper summarizes a programme of work carried 
out by a team engaged in cosmic ray research at the University of Melbourne. 
Other members of the team who have contributed to preparing balloon flights 
and taking observations are Dr. R. Parsons, Dr. 8. Biswas, Miss F. Brisbout, 
and recently Mr. I. Macaulay and Mr. Y. K. Lim. Special thanks must be 
given to Mr. H. A. Waters for technical assistance. 


The continual support and interest of Professor L. H. Martin is gratefully 
acknowledged. The authors wish also to thank the Commonwealth Meteor- 
ological Branch and the Department of Supply for their generous help. 


VII. REFERENCES 


AERONAUTICAL RESEARCH CouNncit (1952).—“* Compressible Air Flow Tables.”” p. 140. (Oxford 
Univ. Press.) 

Brooks, C. E. P., Durst, C. S., and CarrutHers, N. (1946).—Quart. J. R. Met. Soc. 72: 55. 

CuarKkeE, E. T., and Korrr, 8. A. (1941).—J. Franklin Inst. 232: 339. 

Ewap, P. P., Poscun, T. L., and Pranprt, L. (1923).—Hrgebn. Aerodyn. VersAnst. Géttingen 
PYG Pek 

Grsson, A. H. (1923).—‘‘ The Mechanical Properties of Fluids.” Ch. 5. p. 198. (Blackie and 
Son Ltd.: Glasgow.) 

GotpstEtn, 8. (1938).—‘‘ Modern Developments in Fluid Dynamics.” p. 495. (Oxford Univ. 
Press.) 

Hopper, V. D., and Wizson, A. R. W. (1953).—J. Scr. Instrum. 30: 211. 

Mattoor, A. (1907).—Proc. Roy. Soc. A 80: 530. 

Porter, EvizaBetH M. (1952)—N.Z. Met. Serv. Tech. Note 92 (mimeo.). 

VAISALA, V. (1937).—Ann. Acad. Sci. Fenn. A 48, No. 8. 


BOREHOLE TEMPERATURE MEASURING EQUIPMENT AND THE 
GEOTHERMAL FLUX IN TASMANTA 


By G. NEWSTEAD* and A. BECK] 
[Manuscript received June 25, 1953] 


Summary 


An instrument, using a thermistor and an A.C. bridge circuit, is described by which 
temperature measurements in boreholes can be made to 0-01 °C. Results of temperature 
measurements in Tasmania are given and a value of 2 cal cm~* sec-? is obtained for 
the heat flux (uncorrected for recent glaciation). 


I. INTRODUCTION 
The object of this paper is, firstly, to describe equipment for measuring 
the temperature in boreholes, which was developed by one of us (G.N.) as part 
of a programme of research on remote-reading bridges, and, secondly, to give 
results for geothermal gradients and heat flux obtained by its use. 


The measuring element of the instrument is a thermistor connected by a 
polythene cable to an A.C. bridge situated at the top of the hole. . Thermistors 
offer obvious advantages for temperature measurement since, because of their 
high temperature coefficients of resistance (of the order of 4 per cent.), the 
accuracy with which it is necessary to measure the resistance for a given accuracy 
of temperature measurement is much less than with other types of resistance 
thermometry. They have been used previously (Deeter 1948; Misener, 
Thompson, and Uffen 1951; Standard Telephones and Cables Ltd. 1952) in 
D.C. bridge circuits ; the novel feature of the present equipment is the use of 
an A.C. bridge. This was chosen mainly because of the ease of obtaining 
amplification. From the figures given in the paper it will be seen that to detect 
a temperature change of 0-01 °C requires the measurement of a current of 
10-* A which is about two orders of magnitude less than can be measured with 
available portable galvanometers. Electronic equipment has the advantages of 
being more portable, more robust, and more easily obtained than a special D.C. 
galvanometer. The use of D.C. amplifiers is not desirable either under field 
conditions or for the small voltages in question. Finally, the use of alternating 
current has other advantages, such as avoiding errors due to thermal and contact 
e.m.f.’s. It is found that, under typical field conditions, the absolute accuracy 
of the equipment is of the order of 0-01 °C or better. 


The whole of the measuring apparatus is mounted in a suitcase and can be 
carried in the field. It may be run from either a car battery or dry batteries. 
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While it was designed primarily for temperature measurements in boreholes, 
it is hoped to use it also for geothermal prospecting and for temperature measure- 
ments in mines and tunnels. 

No measurements of the geothermal flux have yet been made in Australia, 
and it was felt that Tasmania would be a particularly interesting field for them 
since it has been recently glaciated and has some boreholes through fairly homo- 


FROM OSCILLATOR : | 


THERMISTOR 


POLYTHENE CABLE 


TO AMPLIFIER 


Fig. 1.—Schematic diagram of bridge. 


geneous strata. It was hoped that, with the above accuracy in the temperature 
measurements, it might be possible to make a contribution towards the dating 
of the glaciation. In the event, however, many of the holes proved to be 
incomplete, unsuitable, or blocked, so that for the present it is only possible to 
give a few values for the heat flux. 


Fig. 2.—Oscillator circuit. 


Il. TEMPERATURE MEASURING EQUIPMENT 
A schematic circuit diagram is shown in Figure 1. The resistance & is a 
five dial Muirhead box, type A25U, the arms r are two 100 Q “ Minalpha”’ 
resistances, and the variable condenser C is built up from good quality mica ~ 
dielectric condensers with air dielectric trimmers. The thermistor is an 8.T.C. 
type A. Several values of resistance were used, but type A1522/100, which 
has a nominal resistance of 10° Q at 20 °C, was found best to cover the range of 


vu oOo UU f wo NO = 
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temperature in the boreholes. The cable was a Telcon type PT11 with about 
1500 ft always in circuit. 

The requirements for the oscillator are constancy of output and reasonable 
frequency stability and waveform. The frequency of 40 c/s was chosen in order 
to make the capacity currents in the cable small compared with the currents in 
the thermistor. A bridged T feedback oscillator with diode output stabilization 
as described by Lynch and Robertson (1946) and shown in Figure 2, was used. 
The oscillator develops 0-8 V across the bridge and a built-in voltmeter enables 
this voltage to be monitored. Controls are provided to set the output voltage 
and to vary the frequency by a small amount so as to centre it in the amplifier 
pass band. 


+180V 


100k 2 


200 k 241) 200k2Q) 


0-034F 


0-03,1F(1) 
0-03uF(1) 


50k ea) 


<b 


(1) COMPOSITE VALUE BUILT OF SELECTED COMPONENTS 


Fig. 3.—Amplifier circuit. 


The circuit diagram of the amplifier is shown in Figure 3. The first stage 
incorporates a bridged T feedback circuit (Valley and Wallman 1948) to make it 
very selective: the resonant frequency is 40 c/s and the pass band is only a few 
cycles centred about this. An EF37A pentode is used to cut down microphonic 
effects. The design of the last two stages is quite conventional. The first two 
steps of the attenuator reduce the gain of the second stage by introducing cathode 
degeneration, and the next steps attenuate the input; the reduction of gain is 
approximately seven times per step. Bridge balance is indicated as a minimum 
on the 0-100 pA meter which receives the rectified output of the third stage. 
On full sensitivity, 2-5 uV input gives full-scale deflexion ; this sensitivity is 
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more than required and allows for deterioration of the amplifiers as the batteries 
run down and the valves age. The input impedence at 40 c/s is 105 Q and the 
amplifier noise produces a standing current of 5 uA. The power consumption 
of the whole equipment is 0:6 A at 12 V and 15mA at 180 V. 

The 1500 ft of cable, which covers the depths of the boreholes investigated, 
is wound on a reel; because of the danger of overstressing the cable if the 
measuring head anes the head is supported by a thin wire rope wound on a 
separate reel and run over a measuring wheel connected with a counter which 
reads depth directly. The cable and wire rope were clipped together every 
100 ft. As an additional check on measured depths the wire rope was marked 
at 50-ft intervals. 

Details of the temperature measuring head are shown in Figure 4. The 
essential problem in the design of the head is the provision of a water-tight seal 
on the cable which will not strain its dielectric. This has been effected by 
modifying a method of Munroe and Penny (1952). A polythene plug P is 
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Fig. 4.—Temperature measuring head. 


compressed by a ring Q which is forced in by a screw R until the polythene flows, 
making a seal with the cable C ; the necessary setting of the screw R was found 
by preliminary experiments. These seals are easily made and have been tested 
in the laboratory to over 1000 lb/in.?.. This seal provides a watertight compart- 
ment S in which the thermistor 7 is situated. To facilitate assembly, which 
is frequently done in the field, the end of the compartment is removable and is 
sealed by a rubber O-ring at 0; a cover, not shown in the figure, protects the 
thermistor from damage when removing the end. A brass weight W brings 
the total weight of the head up to about 12 Ib. The diameter of the head is 
Leite, 

Enclosing the thermistor in this way implies that it requires several minutes 
to attain the temperature of its surroundings. This time lag has not proved to be 
a disadvantage, since in some earlier experiments with a thermistor in contact 
with the water it was found that fluctuations of temperature (presumably due 
to the stirring of water when lowering the head) occurred and took some minutes 
to die down. 


Ill. THEORY OF THE METHOD 
The balance condition of the bridge requires that the capacity C and 
resistance R be adjusted to be equal to the capacity and resistance in the cable 
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arm. The capacity balance is completed first ; it is found that this does not 
alter appreciably as the cable is unreeled, indicating that the effect of the strains 
which occur in the cable in practice is negligible. 

The thermistor with the cable in circuit was calibrated in the laboratory 
against a standardized mercury-in-glass thermometer (equipment for platinum 
thermometry not being available in Tasmania). The method is thus one of 
substitution and many sources of error are eliminated ; its performance, however, 
is limited by the stability of the thermistor. The makers’ data indicate that 
their products can be relied upon to 0-01 °C and Doucet (1951) gives the limits 
of a similar type as +-0-002 °C, but there is very little published information 
available on this point. In view of this we have adopted the practice of quickly 
checking the calibration at two or three points at each return to the laboratory. 
In all cases when a complete recalibration has been made, the original values 
have been reproduced to the required order of accuracy. 

The complete calibration was carried out in a bath which was thermo- 
statically controlled to 0-01 °C. Measurements were made at temperature 
intervals of about 1 °C, interpolation between these points being made by 
assuming the resistance R, of the thermistor at temperature 7 to be of the 
form 

Rr=a(T)e(M/2, 


where a(Z) and b(7) are slowly varying functions of 7. 

To determine the sensitivity and accuracy of the equipment, the theory of 
the resistance balance must be examined more closely. The resistance #, of the 
thermistor is of the order of 105 Q at 20°C and its temperature coefficient «- 
is of the order of 0:04. Thus a change in temperature of 0-01 °C causes a 
change in resistance of 40 Q and applies a voltage of 50 nV to the amplifiers, 
which are thus seen to have adequate sensitivity. 

The series resistance of the cable is approximately 14 Q per 1000 ft of lead 
and return : the constant part of this is eliminated by the method of calibration, 
and the change in series resistance caused by likely variations in temperature 
will be less than 2 Q with 1500 ft of cable in circuit. Thus the series resistance 
of the cable and the effect of temperature on it may be disregarded. 

The effect of the shunt resistance of the cable and its variation with temper- 
ature and strain is more difficult to estimate. Taking the capacity of 1500 ft 
of cable as 0-03 uF, 40 c/s for the frequency, and 3 x10~-4 for the power factor 
of polythene gives 450 MOQ for the shunt resistance R, of the cable. 


Since 
ele ae 
i TR, 
the change SR in RF due to a change dR, in R, is 
RR? 
oR =paoks 


and the change SF due to a 30 per cent. change of shunt resistance for the case in 
which R~R,~10° Q and R,=4-5 X108 Q, is about 7 Q, which again is negligible 
compared with the 40 2 change in R due to a change of 0:01 °C. 
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Another possible source of error is the heating of the thermistor by the 
voltage applied to it. The dissipation constant of the thermistor is 0-28 mW/°C 
and at balance the voltage applied to it is 0-4 V. Taking 105 Q ag the resistance 
of the thermistor, we get a temperature rise of 0-005 °C due to the applied 
voltage. That this effect is not causing error can be demonstrated by varying 
the voltage applied to the bridge and noting that the balance resistance setting 
is unchanged; if heating of the thermistor were causing false readings the 
balance resistance would be a rapidly changing function of the applied voltage. 
Nevertheless, the voltage in the thermistor is maintained at a constant value 
during the calibration and the measurements. 

The above discussion is intended only to indicate the orders of magnitude 
of the possible sources of error and to show the feasibility of the method in 
principle. To check it, and to test the behaviour of the cable and the general 
reliability of the equipment, a series of experiments was made in which the 
thermistor was replaced by a 200,000 Q resistance similar to those in the box R, 
and the cable was immersed in a tank whose temperature could be varied. It 
was found that a change of 20 °C in the temperature of the cable gave an error 
equivalent to approximately 0-01 °C. 


IV. TEMPERATURE MEASUREMENTS IN BOREHOLES 

The results of temperature measurements in five boreholes are recorded in 
Table 1; in all cases the holes had been drilled for some time and so were in 
thermal equilibrium. The depths given are corrected for stretch of the cable 
and, when necessary, for inclination of the hole. These results appear to 
represent all the useful information of this type at present availablein Tasmania— 
measurements were also made in a number of other holes but results are not 
recorded here because cores were not available. The holes studied are: 


Borehole No. 1.—Hole No. 5001 of the Hydro-electric Commission at the 
Great Lake; height above sea-level 3378 ft; mean annual* air temperature 
5:9°C. This hole is in a tholeiite (quartz-dolerite) sill with some evidence of 
multiple intrusion. The hole stopped at 1050 ft and did not penetrate the sill. 
There is no systematic jointing and no reason to believe that the hole departs 
from the vertical. Core recovery is complete and, as the core is being studied 
systematically from the petrological point of view elsewhere, we propose subse- 
quently to make more accurate measurements of its thermal conductivity and 
its variation with composition. The rock may be described roughly as consisting 
of plagioclase and pyroxene in approximately equal amounts with a mesostasis 
of 10-20 per cent. Magnetite and ilmenite are occasionally present in amounts 
of up to 5 per cent. The grain size ranges from 0-5 to 3 mm. 

Three independent sets of measurements, which are in excellent agreement, : 
have been made on this hole at different times, (i) those recorded in Table 1, 
(ii) some measurements with maximum thermometers, and (iil) another set of 


* In all cases the mean’ annual air temperatures are given merely as an instance of climate, 
they are not considered sufficiently reliable to use in connexion with the observations. Usually 
they represent averages over only a few years and are not for the actual site but for one considered 


to have similar climatic conditions. 
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readings which are not reproduced since the thermistor was not available for 
recalibration. 

Borehole No. 2.—Hole No. 7005 of the Hydro-electric Commission on the 
Dee tunnel line ; height above sea-level 2412 ft ; mean annual air temperature 
8-8 °C; in tholeiite similar to No. 1. There was a small flow of water from this 
hole. 

Borehole No. 3.—Hole No. 7006 of the Hydro-electric Commission on the 
Dee tunnel line; height above sea-level 2350 ft ; mean annual air temperature 
8-8 °C; in tholeiite similar to No. 1. 


Borehole No. 4.—Hole No. 48R of the Electrolytic Zine Company at 
Rosebery ; height above sea-level 651 ft ; mean annual air temperature 10-6 °C ; 
cased to 300 ft. 

This hole and No. 5, which is close to it, are drilled through a sequence of 
interbedded rhyolites and rhyolitic tuffs. Im some cases phenocrysts of plagio- 
clase, or plagioclase in the crystal tuffs, suggest that the magma approached a 
dacitic composition. Although devitrified, a few slides indicate perlitic cracking 
and suggest the former presence of obsidians and vitric tuffs. All the rocks 
have suffered recrystallization and, in some cases, a fine groundmass consists 
almost entirely of interlocking grains of quartz. A little sericite may be present 
in some rocks and a weak schistosity is indicated in some specimens. Veins of 
quartz and of quartz-calcite are common and in some rocks vughs and veins of 
chlorite also occur. Certain slides, showing silicification, probably contain as 
much as 90 per cent. of quartz. 


Both these holes have peculiarities which make them unsatisfactory for 
calculation of heat flux: (i) they are not straight, the depths given in the table 
are corrected for the known inclination of the hole to the vertical but not for 
possible wandering in azimuth; (ii) they are on a relatively steep hillside ; 
(iii) they are in the neighbourhood of an ore body of galena, blende, and pyrites ; 
(iv) large underground water movements occur in the area. 


Borehole No. 5.—Hole No. 42R of the Electrolytic Zinc Company at 
Rosebery ; height above sea-level 866 ft ; mean annual air temperature 10-7 °C ; 
material similar to No. 4. There was a small flow of water from the hole. 


V. CoNDUCTIVITY MEASUREMENTS Rs 

The thermal conductivities were measured in a divided bar apparatus 
similar to that described by Benfield (1939). The brass rods were calibrated 
against disks of crystalline quartz cut with their plane faces parallel to the optic 
axis, using the value given by Griffiths and Kaye (1923) for the conductivity 
of quartz. The cooling water was maintained at 26-+0-02 °C by a thermostat 
and the mean temperature of the specimens was about 30 °C in all cases. The 
temperature gradient in each brass rod was measured by three copper-constantan 
thermocouples used in conjunction with a Leeds and Northrup type K2 potentio- 
meter. Cores from holes 4 and 5 were 1 in. in diameter and were turned and 
ground down to 21 mm. The cores of holes 1 and 2 differed in diameter from 
21 mm by only 1 or 2 per cent. and were used as they stood, a correction being 
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TABLE 1] 
TEMPERATURES AND CONDUCTIVITIES IN BOREHOLES 
Conductivity Conductivity 
Hole Depth | Temperature} (cal, c.g.s., Hole Depth | Temperature) (cal, c.g.s., 
No. (ft) (°C) °C) No. (ft) (°C) °C) 
1 56 — 0-0046 4 51 10:16 — 
101 8-63 — 54 — 0-0080 
202 10-06 0-0047 87 — 0-0081 
302 11-42 — 101 10-44 — 
343 — 0-0047 138 — 0-0097 
480 — 0-0046 150 10:77 — 
513 14-34 -- 201 11-14 — 
603 15-53 — 250 11-41 — 
612 — 0-0046 300 11-73 — 
704 16-84 _- 350 12-20 — 
784 -—- 0-0049 359 —_ 0-0102 
804 18-13 —_ 399 12-73 — 
864 — 0-0048 410 = 0: 0092 
906 19-40 — 485 — 0:0077 
947 — 0-0048 497 13-70 — 
996 20-49 oe 548 — 0:0099 
1033 20-91 — 588 14-67 — 
=. ee 610 — 0-0057 
2 20 — 0-0046 640 15-22 — 
25 9-29 — 646 — 0-0043 
50 9-49 — 687 15-78 _ 
100 9-72 == ea 
122 — 0-0047 5 22 — 0:0140 
151 10-17 — 47 10-60 — 
200 10-96 — 98 10-97 — 
227 —- 0-0048 194 11-20 — 
252 T1858 2 242 “+ 00-0111 
314 — 0-0052 295 11:57 — 
316 12-38 — 393 12-43 ar 
“Ta ae a ee re, 445 a 0-0098 
3 95 7.72 es 493 13-33 = 
45 8-42 — 549 — 0-0101 
100 9-09 — 593 14-31 = 
151 9-78 — 645 — 0-0093 
202 10-46 a 691 15-16 os 
252 11-13 —_— 736 —_ 0-0118 
742 _ 0:0050 
787 16-04 — 
844 — 0-0058 
851 — 0-0060 
877 16:98 — 
898 17-17 — 


made for the error in diameter. This correction has been studied in detail both 
theoretically and experimentally and will be described elsewhere. The cores 
from hole No. 3 were only 3 in. in diameter and so could not be measured in this 
apparatus. Four sections, 1, 2, 4, and 6 mm in thickness, were cut for each 
experiment, the 1 mm section being used to make a slide for petrological examina- 
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tion and the others being ground flat to within 0-0005 in. In most cases a film 
of glycerol was used at the contact surfaces. 

Values of the conductivities are given in Table 1, the units being c.g.s., 
calorie, and °C. It is believed that these are accurate to within 4 per cent. 
Since we find a variation of this order between samples a few inches apart in the 
core, there is no point in pushing the accuracy further, though an attempt will 
be made with an improved apparatus to correlate the variations of conductivity 
with petrological properties for the case of hole No. 1. 


VI. THe HEAT FLUX 
In all cases this has been estimated by plotting temperature against thermal 
resistance from the surface. Results for the individual holes are as follows. 
Borehole No. 1.—The value of the heat flux is 2-04 x10-® cal cm~? sec. 
Borehole No. 2.—The anomalous behaviour at the lower depths is pre- 
sumably caused by the flow of water mentioned. Using only the results for 
depths greater than 100 ft gives a value of 2-06 x10-® for the heat flux. 


Borehole No. 3.—In this case, a8 mentioned above, conductivities were not 
measured but, since the hole is close to No. 2, a reasonable value of the heat flux 
may be obtained by using the observed thermal gradient in conjunction with the 
harmonic mean of the conductivities measured in hole No. 2. This gives a value 
of 2-07 x10-8. 

Borehole No. 4.—The temperature-depth curves both of this hole and No. 5 
suggest that they are ‘‘ two-layer ’”’ holes but in fact the rocks are of the same 
type throughout, though there are large variations both of composition and 
thermal conductivity. The heat flux in this case is 2-47 x10-§. 

Borehole No. 5.—The first 300 ft have been disregarded because of the water 
flow mentioned above. The lower depths give a heat flux of 2:54 x10-§ 


The general conclusion drawn from these results is that the heat flux in 
Tasmania has the relatively high value of 2x10-* cal em-? sec-l. This is 
based on hole No. 1 alone which has been very carefully investigated. It is 
unfortunate that no other hole which could be regarded as satisfactory from the 
point of view of thermal measurements was available and, for this reason, we 
have included the other four holes as corroborative evidence. Nos. 2 and 3 
confirm this value satisfactorily and Nos. 4 and 5, being in the neighbourhood 
of a sulphide ore body, would be expected to give somewhat higher values. : 

These values do not allow for the influence of the recent ice age on the present 
heat flux. It is usual to estimate this roughly by assuming that the surface 
assumed its present mean annual temperature V immediately on the conclusion 
of the ice age : if tis the time since this conclusion, and k, p, and ¢ are the thermal 
conductivity, density, and specific heat of the surface material, the heat flux 
at depth will be greater than that at the surface by an amount 


V (koe/znt)*, 
which, with the values V=5-9 °C for hole No. 1, pe=0-5, k=0-0050, gives an 


addition of 0-42 x10-® to the heat flux if t is given the reasonable value of 
5000 years. 
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SHORT COMMUNICATIONS 


THE INFLUENCE OF METEORITIC DUST ON RAINFALL* 
| By EK. G. BOWENT 


A great deal of attention has been given in the meteorological literature to 
periodicities in the weather and to singularities in temperature or pressure, 
that is, occasions on which these quantities tend to have an abnormally high or 
an abnormally low value. The analysis of daily rainfall figures has not received 
a8 much attention, however, and it is the purpose of this note to point out some 
unexpected features in the rainfall occurring in different parts of the world and 
to advance a possible explanation for the phenomenon. 

The weekly or monthly mean rainfall figures for any one station over a 
number of years seldom show departures from the mean which are greater than 
would be expected from statistical fluctuations. If the daily rainfall figures 
are examined, however, it is apparent that in some localities there is a marked 
tendency. for heavy falls of rain to occur on certain days rather than on others, 
and for this pattern to be repeated year after year. 
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Wig. 1.—Daily rainfall of Sydney for January. (a) 1859-1901 and (b) 1902-1944. 


For purposes of illustration the total daily rainfall of Sydney for J anuary 
and the first five days of February for the period from 1859 to 1901 is given in 
Figure 1 (a). It shows a general increase throughout the month, conforming 
to the seasonal pattern, and two exceptional peaks occurring respectively on 
January 12 and January 22. The magnitude of each peak is approximately 
twice the mean and their departure from the mean about four times the standard 


* Manuscript received October 6, 1953. 


} Division’ of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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deviation of the remainder. The corresponding curve for the period from 1902 
to 1944 is given in Figure 1 (6) and it is seen that two similar peaks occur on 
January 12-13 and January 23, while another appears on J anuary 31. It will 
be shown later than this third peak is a significant one. 

The near coincidence in time of the first two peaks was unexpected enough 
to stimulate an examination of the rainfall figures of other stations in corres- 
ponding latitudes to see whether they too showed any unusual characteristics. 
The surprising discovery was made that many stations over a wide area tended 
to show peaks of similar magnitude on nearly the same days. Figures for 
periods of approximately 50 years are available for seven stations in the southern 
hemisphere extending over 180° in longitude from South Africa to New Zealand. 
These are listed in Table 1, together with the dates on which the rainfall exceeds 
the mean by 50 per cent. 


30 


"1 


20 


NUMBER OF DAYS 


JANUARY FEBRUARY 


Fig. 2.—Number of occasions in January on which heavy falls 
of rain were recorded in the British Isles from 1919 to 1949. 


Figures for a comparable area in the northern hemisphere are, unfortunately, 
not available at the time of writing, but records are available for a few individual 
stations in the British Isles. They show that the rainfall there has a smaller 
variability than in the stations just discussed and they do not show peaks which 
depart significantly from the normal fluctuations. Examination of the daily 
records in localities which do show the peaks of rainfall indicates that they are 
due to a comparatively few days of exceptionally heavy rain and are not due to 
a greater frequency of rain on those days. The British records have therefore 
been re-examined, taking into account only exceptionally heavy falls. These 
are recorded in the publication “ British Rainfall” and Figure 2 gives the 
number of days on which heavy* rain fell anywhere in the British Isles during 
the period from 1919 to 1949. This curve shows a maximum on January 2 which 
does not correspond to those already discussed and three other maxima 


* Heavy rain is defined in the records as more than 24 in. in a day, or more than 74 per cent. 
of the annual rainfall in areas where this is less than 33-3 in. 
It 
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respectively on January 11, January 23, and February 1, corresponding closely 
to those in the Sydney rainfall. 

These peaks have been included with those of southern hemisphere stations 
in Table 1. It is seen that in all stations there is a remarkable grouping of the 
peaks, the actual distribution over the month being given in Figure 3. With 
the single exception of January 2 already noted, the peaks are grouped around 
January 13, 23, and 31 with a spread of +2 days about these dates. Although 
these examples are confined to January, similar results are obtained in other 
months of the year. 


TABLE 1 


DATES OF RAINFALL PEAKS 


Place Period Dates on which Peaks of Rain Occur 
Durban .. a 1900-53 Jan. 12 & 16 | Jan. 22 Jan. 30 
Perth ae x 1907-52 15 20 & 24 Sul 
Alice Springs se 1900-52 14 21 28 & 31 
Sydney .. a 1900-49 12 & 13 23 shl 
Brisbane .. aby 1900-49 13 24 Feb. 1 
Auckland .. aus 1900-53 13 21 Jan. 29 & 

Feb. 1 
Christchurch ei 1905-53 14 24 = 
Great Britain = 1919-49 Jan. 2 11 & 13 23 Feb. 1 

5 
o 4 
ns 
< 
Ww 
es) 
a 
ze | 
is 
Z 2 
< 
c 

1 

(eo) 

10 20 30 
JANUARY 
Fig. 3.—Distribution of rainfall peaks in January . 


for Durban, Perth, Alice Springs, Brisbane, Sydney, 
Auckland, Christchurch, and the British Isles. 


The question arises whether this phenomenon can be accounted for by 
climatological factors alone or whether some other influence is at work. If it 
were due to climatological effects one would expect it to be propagated with a 
velocity similar to those of weather systems. No such tendency is found and 
there is no evidence for progressive displacement in the timing of the peaks with 
geographical location. Furthermore, the particular years on which heavy falls 
of rain contributed to the peak on January 14, at Alice Springs for example, are 
quite different from those which gave a peak on the same date at Christchurch. 
Finally, it is difficult to conceive of any climatological effect which would give 
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heavy rainfall in the southern hemisphere on approximately the same dates 
as in the northern hemisphere. Clearly, the explanation of the effect is likely 
to be found in a phenomenon which can operate simultaneously over a large 
part of the world; this suggests that it is of extraterrestrial origin. Of the 
great number of extraterrestrial phenomena which could be responsible, the 
only one which meets the requirement of repeating year after year on the same 
dates is that of meteor showers. 


The average number of meteors which can be seen by eye in any part of the 
sky is10 or 12 perhour. These are due to meteor particles which are distributed 
more or less at random in the solar system. Occasionally, however, the Earth 
passes through vast meteor streams which follow elliptical orbits about the Sun 
and the number of visible meteors can then increase to upwards of 50 or 60 an 
hour. Ten night-time streams of this kind are known to observers in the 
northern hemisphere and they occur regularly year after year at fixed dates and 
times. Other, daylight streams have recently been discovered by radar methods 
and a complete description can be found in the literature (see Lovell and Clegg 
1952; Porter 1952). 


The dates of meteor streams nearest in time to the rainfall peaks already 
discussed are: 


Geminids December 13-14 
Ursids December 22 
Quadrantids January 3 


That is, the rainfall peaks tend to follow the meteor showers after an interval 
of about 30 days. 


Meteor streams occur predominantly at two periods of the year, during 
May, June, and July and again during October, November, and December. 
Those in May, June, and July are closely grouped in time and are difficult to 
distinguish from one another. Those in October, November, and December, 
however, are separated by longer intervals. If the Sydney rainfall for this 
period is examined it is found that distinct peaks of rainfall follow each meteor 
shower with an average delay of about 29 days. In Figure 4 is given the curve 
of the daily rainfall during November, December, and January from 1900 to 
1949. Immediately above are the dates of each meteor shower displaced 29 days 
in time. The correspondence with the rainfall peaks is obviously a close one. 


It can be concluded therefore that at certain stations and at certain times 
of the year there is a high probability of a peak of rainfall appearing some 29 or 
30 days after the Earth enters a major meteor stream. 


It remains to explore the physical process by which meteor showers might 
influence world rainfall in this way. One possibility is that the meteoritic dust 
accompanying meteors provides rain-forming nuclei when it falls into cloud 
systems in the lower atmosphere. It is well known that the formation of rain in 
clouds is dependent on the existence of certain types of nuclei. On occasion, 
these are not available from terrestrial sources and clouds build up to great 


heights without giving rain. 
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The dust in interplanetary space is known to consist of particles with a 
wide range of sizes. These are swept up by the Earth in its orbit, and Whipple 
(1950) has shown that those greater than 4 p in diameter have sufficient energy 
to burn up on entering the atmosphere and become visible as meteors. Those 
smaller than 4 are not consumed and fall slowly to the ground. The total 
mass of material falling on the Earth in sizes large enough to give visible meteors 
is estimated to be about a ton a day. The amount of accompanying material 
in smaller sizes appears to be very much greater and van de Hulst (1947) has 
shown, from considerations of the way in which they scatter light from the 
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Fig. 4.—Daily rainfall of Sydney for November, December, and January for 
the period 1900-1949, together with dates of the main meteor streams displaced 
29 days in time. 


Sun, that the concentration of these particles in free space is approximately 
10-*/m3, and the total mass swept up by the Earth is on the average about 
10,000 tons a day. 

The particles have velocities ranging from 10 to 30 km/sec in relation to 
the Earth and on entering the atmosphere they are decelerated suddenly at about 
100 km, a height which is relatively independent both of their initial velocity 
and direction of arrival. Their velocity falls abruptly from tens of kilometres 
a second to less than one centimetre a second. A sudden increase of particle 
density of about a million times therefore takes place at this level; that is, 
their concentration within the atmosphere will approach 1/m’. 

A calculation of the time of fall of particles of 1-4» diameter from the 
100 km level shows that they would take from 30 to 50 days to descend to the 
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40,000 or 50,000 ft level. At this height they could meet some of the larger 


cloud structures of the lower atmosphere and might thus influence the incidence 
of rainfall. 


It is seen therefore that meteoritic dust exists in adequate quantities to 
affect the rainfall of the lower atmosphere and its time of fall ig of the right order 


to account for the observed interval between meteor showers and peaks of 
rainfall. 


20 


24 
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Fig. 5.—Number of occasions on which noctilucent clouds have 
been observed for the period 1885-1933 (Vestine 1934). 


The Relation between Meteoritic Dust and Noctilucent Clouds 

If, in fact, meteoritic dust can influence rainfall in this way it might produce 
other effects in the atmosphere which can be recognized. Among the effects 
already reported is a reduction in atmospheric transparency about the time of 
the Perseids described by Zacharov (1952). The ionization produced by the 
heavier particles in the ionosphere is, of course, well known and will not be 
enlarged upon. 

The sudden stoppage of the smaller particles and the corresponding increase 
in their concentration in the 80-100 km region leads one to connect them with 
noctilucent clouds, which are occasionally seen at these heights. The origin 
of these clouds has never been completely determined but Vestine (1934) 
examined the possibility of their being due to dust from volcanoes, the debris 
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of comets, or meteoritic dust. He concluded that there was no evidence in 
favour of the first two and that they were probably due to the third. 


This probability becomes almost a certainty if a comparison is made between 
the incidence of noctilucent clouds and the time of occurrence of meteor streams. 
Vestine gives a curve, which is reproduced in Figure 5, of the total number of 
occasions on which noctilucent clouds have been seen in the period from 1885 
to 1933. These are concentrated around the summer solstice, when seeing 
conditions are good in the northern hemisphere. This curve has a number of 
well-defined peaks which occur on the dates given in the first column of Table 2. 
In the second column are given the dates of the principal meteor streams which 
occur during the same period. It is seen at once that the noctilucent clouds 


TABLE 2 


COMPARISON BETWEEN DATES OF APPEARANCE OF 
NOCTILUCENT CLOUDS AND METEOR SHOWERS 


Dates on which 
Noctilucent Clouds Date of Name of 

Observed Meteor Shower Meteor Shower 

(Vestine) (Lovell) 

June 3 June 3 C-Perseids 
8 : 8 Arietids 
23 25 54-Perseids 
30 July 2 6-Taurids 

July 7 —. — 
12 12 v-Geminids 
24 25 6-Aurigids 
27 28 3-Aquarids 


tend to appear either at precisely the same date or within a few days of the 
meteor streams. It is noteworthy that, with the exception of the 5-Aquarids 
on July 28, the whole of these are daylight streams which were not discovered 
until 1948 and were unknown when Vestine examined the data. 


It can be concluded with a fair degree of certainty, therefore, that noctilucent 
clouds have their origin in meteoritic dust. Whether the material which becomes 
visible is the dust itself or whether it acts as a nucleus for the formation of ite 
crystals or the condensation of water vapour remains to be decided. Noctilucent 
clouds have been seen at line-of-sight distances up to 600 km and the same 
cloud has been seen simultaneously from Canada and Siberia. Clearly a great 
number of particles are involved and when they fall to the lower atmosphere 
they might well influence the rainfall in the manner which has been discussed. 


- Meteorological Implications of the Phenomenon 


In conclusion, some brief remarks are made about the meteorological 
implications of the phenomenon discussed in this paper. 


In the first place, the art of forecasting might be influenced in one important 
respect. As pointed out earlier, while the amount of rain on a certain date 
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might be considerably in excess of normal, the probability of rain occurring on 
that day is no higher than on the days immediately preceding or following it. 
In other words, the probability that clouds suitable for the formation of rain 
will build up is determined by climatological factors and, averaged over a long 
period of years, would not show great variations from one day to the next. 
The amount of rain, however, is influenced by the supply of rain-forming nuclei 
in the atmosphere. In the absence of nuclei from terrestrial sources, knowledge 
of an impending fall of meteoritic dust might be important in estimating whether 
extremes of rain are likely to be obtained in any given climatological situation. 

Finally, the results might have an important bearing on the problem of 
artificial rainmaking. If the present results are substantiated it means that the 
presence of relatively small concentrations of particles falling from the upper 
atmosphere can result in the rainfall of particular days being about double that 
of days preceding them. It suggests that, at least in certain parts of the globe, 
the potential increase in rainfall which could be obtained by artificial methods 
might exceed the figure of 10 or 15 per cent. which has previously been estimated. 
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NOTE ON THE FACTORIAL MOMENTS OF STANDARD 
DISTRIBUTIONS* 


By BR. B. Potts} 


The factorial moments of the standard discontinuous distributions can be 
readily derived by means of a generating function, and it is well known that the 
formulae for these moments are much simpler than those for the more usual 
power moments. It is the purpose of the present note to draw attention to an 
interesting alternative method of deriving these factorial moments. 


If o(#) is the distribution function of a discrete variate x which is capable 
of only integral values, then the rth factorial moment about the origin is defined 
to be 


(the summation may be finite). The formula inverse to (1) is 


which expresses the distribution function ¢(x) in terms of the wth and higher 
factorial moments. It is this relation which will be used in deriving the factorial 
moments of the standard discontinuous distributions ; there is, incidentally, no 
relation as simple as (2) which expresses the distribution function in terms of 
the power moments. 


Binomial Distribution 


For the binomial distribution, . 


o(e)=(") pra Seas (de Mihag PPA ch REMC (3) 


which gives, by expanding (1—p)"-*, 


n—a(—1)i n! 
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* Manuscript received August 10, 1953. 
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By comparison with (2), the factorial moments of the binomial distribution are 
given by 


Poisson Distribution 
For the Poisson distribution, 


Pmrest 2 (1) ; 
(2) = ~ = 2 ayn migerlaslonion cls ToiieyeAS is ++ (6) 


by expanding the exponential. Hence, from (2), the factorial moments are 
Tan Oa a Ae ts A (7) 
Polya Distribution 
For this distribution, 
(x) =(1+b)(1+426)....{1+(x—1)b}a%(1+ab)-*-9"Ju!, (8) 


from which one obtains 


es 1B) 4 2h) ej 18 or (9) 


j=0 x7! 
Hence, from (2), the factorial moments of the Polya distribution are 


fs SG TMS: yh he A) 7 ee (10) 


Hypergeometric Distribution 
The distribution function is, in the usual notation, 


ola) =(*?) ae) | (7). PL ast ee (11) 


From the identity 


te ze? =F (—i("~*) eo —« = Se eae Se (12) 
Nn —X j=0 J nv J 
it follows that 
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and therefore, from (2), 
ey 
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“(Np—r)! (n—r)! WN! 

Recent work on number distributions occurring in cosmic ray cascade 
theory has revealed the especial importance of the factorial moments, and such 
relations as (2), for discontinuous distributions which are more complex than the 
‘simple standard ones considered above. 


ANOMALOUS ABSORPTION OF COSMIC RAYS IN LEAD* 
By W. L. KENNEDYT 


Anomalies in the lead absorption curve of the vertical component of cosmic 
radiation have been reported by several authors using counter telescopes (Aiya 
1944; George and Appapillai 1945 ; Swann and Morris 1947 ; Kellermann and 
Westerman 1949; Fenyves and Haiman 1950; Mazzolli de Mathov 1951 ; 
Abd El-Wahab Khalil 1952). However, in a recent detailed series of experi- 
ments, results of which were published as the experiment to be described here 
was nearing completion, Heyland and Duncanson (1953) found no evidence of 
any anomaly in the absorption curve. 

In the present experiment, the absorption of the vertical component of 
cosmic radiation in lead was measured at sea-level, geomagnetic latitude 43-5 °S., 
using narrow-angle triple-coincidence counter telescopes. Details of the 


COUNTS/HR 


[e) 8 16 24 32 
ABSORBER THICKNESS (CM) 


Fig. 1.—Absorption curve of cosmic rays in lead, showing counter 
arrangement inset. 


arrangement of the counters are inset in Figure 1. Four telescopes, consisting 

of trays 123, 124, 567, and 568, were in operation simultaneously, and results 

for four adjacent absorber thicknesses were obtained by having C=D=1 ecm 

lead, and B=A-+2cm. The effective area of each counter tray was 10-6 by 

Pa re le the angular aperture of each telescope was thus approximately 
Viel 2. 


* Manuscript received August 11, 1953. 
} Physics Department, University of Western Australia, Nedlands ; present address : 
Purdue University, Lafayette, Indiana, U.S.A. 
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Pressure and temperature coefficients were determined to be —3-0 per 
cent./em Hg and —0-20 per cent./°C for absorber thickness of 10 cm, and these 
coefficients were applied as corrections to observations at other absorber 
thicknesses. 

Before combining the results of the various telescopes, a check on relative 
efficiency was made. As the observed counting rates at the same absorber 
thickness were very closely in the ratio of the angular apertures, it was concluded 
that efficiencies were equal, and only a geometrical aperture correction was 
required. In this connexion, it followed that the shower counting rate was 
small and also, in view of the results obtained by Swan (1951), no corrections for 
showers were considered necessary. The accidental triple-coincidence counting- 
rate was less than 0-1 counts/day, and therefore negligible. 


The final results of the absorption measurements are presented in Figure 1. 
Each point is based on approximately 2000 counts, except for those at less than 
8 cm absorber thickness, for these latter were considered to be of lesser importance 
in the present investigation. 


Analysis of the absorption curve of Figure 1 indicates that there are a 
number of small deviations from the smooth curve occurring in the region from 
8 to 31 cm. It appears unlikely that these deviations result entirely from 
neglect of a shower correction or inaccuracies in applying barometric and temper- 
ature corrections ; these should of themselves introduce no maxima or minima 
in the absorption curve. 

As none of the deviations is statistically significant, it is concluded that 
the present results are in agreement with the assumption of a smooth absorption 
curve. 

Thanks are due to Mr. J. B. Swan for suggesting the project, and acknowledg- 
ment is made of a research grant from the University of Western Australia. 
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8Li(8)*Be*(22) HAMMER TRACKS IN PHOTOGRAPHIC EMULSIONS} 
By A. BR. W. Witsont 


The «-pair energy spectrum of 94 *Li(@)’Be*(2«) hammer tracks observed 
in photographic emulsion and reported in the literature has been shown by 
Pickup and Voyvodic (1950) to agree with the results of Bonner et al. (1948), 
and Bennett, Bonner, Mandeville, and Watt (unpublished data 1948, see Bonner 
et al. 1948), who used cloud chambers to measure the pair energy spectrum up to 
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Fig. 1.—Energy spectrum of pairs from ®Li()®&Be*(2«) hammer tracks. 
—--—- The 13 events found in this laboratory. 

The 107 events obtained by summing the results of Franzinetti 
and Payne (1948), Pickup and Voyvodiec (1950), and Titterton (1950), 
together with the present results. 

The smooth curve is drawn through the experimental results of 
Bonner et al. (1948) over the 0-10 MeV range and of Rumbaugh, 
Roberts, and Hafstad (1938) above the latter energy. It is normalized 

to agree with the solid line histogram at its maximum. 


about 10 MeV. Smith and Chang (1938), using counters, observed «-particles 
up to an energy of Hx=7-75 MeV, and Rumbaugh, Roberts, and Hafstad (1938) 
a-pairs up to an energy of 15-8-+0-5 MeV ; however, the number of disintegra- 
tions giving an «-pair energy greater than 9 MeV was <1 per cent. From an 
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analysis of the @-spectrum, Hornyak and Lauritsen (1950) have suggested that. 
about 10 per cent. of the SLi transitions should go to *Be states at ~10 MeV 
and ~13 MeV. The small fraction of «-pairs with energies near these levels. 
observed experimentally may be due to the states undergoing y-ray transitions. 
Hammer tracks with «-pair energies greater than 9 MeV have not previously 
been reported as observed in photographic emulsions. 

Thirteen hammer tracks have been found in 4000 stars in G5 plates exposed 
at approximately 80,000ft and scanned by the cosmic ray group in this. 
laboratory. The broken lines (Fig. 1) show the energy spectrum of the «-pairs ; 
it includes one pair with an energy of 13 MeV from an SLi fragment emitted 
from a light nucleus. 

The 13 «-pairs have been combined with the 94 previously reported to give 
the full-line histogram of Figure 1. This is consistent with the energy spectrum 
obtained by drawing a smooth curve through the cloud chamber results of 


TABLE 1 
ANALYSIS OF 13 ®1i()®Be*(2~%) HAMMER TRACKS 


Number of 
o-Pair Identification B-Energy Angle Angle shi Evaporation 
Energy of (MeV) between | between Energy Tracks in. 
(MeV) 6-Particles 6 and « | ®*Liand « (MeV) Star 
1-8 Certain 7 88° 88° 23 3 
6-1 55 ~1 62° 88° 20 16 
3-3 5 ~2 17° BBP 18 8 
5-2 Doubtful — = 82° 11 1k 
13-1 2 —_— — 76° 3 4 
4-1 Certain 10 192 62° 6 4 
2-7 Not observed _— = 75° 23 3 
4-3 Doubtful — — 64° 20 8 
3-9 Certain ~2 55° ple 9 4 
8-6 ap eal 34° 47° 44 11 
2-6 e 8 76° 36° 24 14 
3-3 ee 10 46° 88° 13 19 
4-1 Not observed _ _ 47° 14 13 


Bonner et al. (1948) up to 10 MeV and the counter results of Rumbaugh, Roberts, 
and Hafstad (1938) above that energy and normalizing the curve to agree with 
the block spectrum at its maximum. 

In eight of the 13 events, the track of the *Li decay electron was clearly 
observable and, in a further three events, what was probably a low energy 
electron track was observed coming from the vicinity of the *Be break-up point. 
The absence of electron tracks in the other two cases could reasonably be 
attributed in one case to the proximity of the break-up point to the emulsion 
surface and in the other to 6-emission in a direction unfavourable for observation. 
Table 1 sets out the data from the analysis of the 13 hammer tracks. 

The $-« angular correlation of the hammer tracks coming from the 3 MeV 
state of ®Be could be useful in deciding the spin and parity of *Li. Gardner 
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(1951) has shown that if the *Li has spin and parity 0+ the @-« angular distribu- 
tion should show a maximum near 45°, particularly for high energy 6-particles. 
If the Li spin and parity is 3—, the distribution, whilst still anisotropic, should 
not have a maximum between 0 and 90°. The statistics of the present events 
are insufficient to distinguish between these cases but could be added to the 
results of other laboratories. 
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